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PREFACE. 


No  department  of  science  has  probably  received  more 
attention  from  scientific  writers  than  Mechanics.  There 
are  numerous  treatises  on  this  subject  in  all  the 
languages  of  the  civilised  world,  adapted,  apparently, 
to  suit  the  intellectual  and  pecuniary  meatis  of  all 
classes,  and  including  the  costly  quarto  and  bulky 
octavo  for  the  advanced  mathematical  student,  as  well 
as  the  sixpenny  catechism  for  the  use  of  children. 
Between  these  two  extremes,  books  on  the  subject  are 
innumerable.  In  adding  one  more  to  the  number,  the 
writer  does  not  feel  any  apology  to  be  necessary,  be- 
cause, in  the  first  place,  he  is  not  aware  that  any  other 
treatise,  with  the  same  quantity  and  exactitude  of 
matter,  and  with  so  many  engravings,  is  to  be  had  at 
so  low  a  price  ;  and,  secondly,  if  he  has  approached  his 
subject  with  a  proper  appreciation  of  the  principlei> 
upon  which  mechanical  science  is  based,  he  can  scarcely 
fail  to  convey  to  the  diligent  and  attentive  reader  some 
idea  of  their  grandeur,  generality,  and  importance. 

In  every  scientific  work  where  principles  are  fairly 
enunciated,  the  reader  can  supply  facts  and  illustrations 
for  himself;  and  he  may  take  it  as  the  test  of  his  pro- 
gress,  if,  while  thinking  of  the  principle,  facts  rise 
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spontaneously  in  his  mind  to  illustrate  it ;  or  if,  while 
examining  facts,  he  clearly  perceive  the  operation  of 
the  governing  principle. 

The  sale  of  the  previous  Editions  of  this  Work,  con- 
sisting each  of  7,000  copies,  within  a  limited  period,  is 
a  suflfcient  proof  that  a  demand  has  long  existed  for 
a  cheap  popular  treatise  on  Mechanics,  in  which  the 
peculiar  difficulties  of  the  subject  should  be  fairly  met 
instead  of  being  slurred  over ;  and,  as  far  as  could  be 
done  with  the  merest  elements  of  Mathematics,  made 
intelligible  to  the  non-professional  reader. 

The  third  and  fourth  parts,  devoted  to  Hydrostatics 
and  Hydrodjoiaraics,  are  very  brief.  This  could  only 
have  been  remedied  by  one  of  two  methods  : — either 
by  encroaching  on  the  space  devoted  to  the  considera- 
tion of  Statics  and  Dynamics,  or  by  extending  this 
volume  beyond  seven  sheets,  thereby  enhancing  the 
price.  The  writer  considers  that  the  adoption  of  either 
of  these  methods  would  have  greatly  injured  the  utility 
of  the  work. 

The  work  has  been  carefully  read  for  this  Edition. 
It  is  hoped  that  no  material  errors  will  be  found  in  it 
to  detract  in  the  slightest  degree  from  that  success 
which  has  attended  the  previous  editions. 

C.  T. 
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Part  I.— STATICS. 


I.    ON    STATICAL    FORCES    OR    PRESSURES. 

1.  A  BODY  is  said  to  be  in  equilibrium  when  the  forces 
which  act  upon  it  mutually  counterbalance  each  other,  or 
when  they  are  counterbalanced  by  some  passive  force  or  re- 
sistance. Thus  a  body  suspended  from  the  end  of  a  thread 
is  in  equilibrium,  because  the  attraction  of  gravitation,  which 
would  cause  it  to  fall,  is  counterbalanced  by  the  resistance 
of  the  thread,  and  by  that  of  the  point  of  suspension.  A 
body  may  be  in  equilibrium  without  any  apparent  resistance. 
Thus  a  fish  may  be  in  equilibrium  in  the  water,  a  balloon  in 
the  air ;  but  in  such  cases  the  weight  which  would  cause  the 
fish  to  sink,  or  the  balloon  to  fall,  is  exactly  counterbalanced 
by  other  forces,  which  will  be  considered  hereafter.  We 
may,  however,  regard  all  bodies  which  appear  to  us  to  be 
at  resty  as  being  actually  in  a  state  of  equilibrium,  or  equally 
balanced  between  or  among  forces  which  destroy  each  other. 

2.  The  conditions  of  equilibrium  are  determined  by  the 
science  of  Statics,*  as  regards  solids ;  and  by  Hydrostatics,i 
as  regards  fluids.  The  laws  which  determine  the  motions  of 
solids,  form  the  science  of  Dynamics ;%  while  the  laws  of 
fluids  in  motion  belong  to  Hydrodynamics.  These  four 
divisions  form  the  science  of  Mechanics  §  in  its  wide«t 
sense ;  that  is,  the  science  of  forces,  producing  either  rest  oy 
motion. 

*  From  (Trarog,  standing  still.  f  From  u^a>(j,  water,  and  (narhs. 

X  From  5wvafit^,  force.  §  From /xijx«»''}iaD'i*chine. 

Mechanics.  n 


2  FORCES,    HOW    REPRESENTED.    ' 

3.  Forces  that  are  balanced,  so  as  to  produce  rest,  are 
called  statical  forces  or  pressures,  to  distinguish  them  from 
moving,  deflecting,  accelerating,  or  i^etarding  forces ;  i,  e.  such 
as  are  producing  motion,  or  a  change  in  the  direction  or  velocity 
of  motion.  This  distinction  being  wholly  artificial,  and  made 
for  the  purpose  of  facilitating  study,  must  not  mislead  the  stu- 
dent into  the  idea  that  these  are  difi'erent  kinds  of  forces ;  for 
the  same  force  may  act  in  any  of  these  modes  ;  it  may  some- 
times be  a  statical,  and  sometimes  an  accelerating  force ;  but  as 
the  consideration  of  forces  when  balanced,  is  much  more  simple 
than  that  of  forces  in  motion,  it  is  convenient  to  separate  the 
former,  and  to  confine  our  attention  in  the  first  instance  to 
them,  or  rather,  to  regard  all  forces  in  a  statical  point  of  view. 

4.  Statical  forces  or  pressures  can,  of  course  (like  other 
quantities  or  magnitudes),  be  compared  only  with  each  other, 
but  the  ratio  between  any  two  quantities  may  be  represented 
by  the  ratio  between  two  other  quantities,  however  diflerent 
in  kind  from  the  first  two ;  thus,  two  pressures  may  have 
the  same  ratio  as  two  lines,  or  two  surfaces,  or  two  bulks, 
or  two  times,  or  two  numbers ;  and  these  last  are  found  the 
most  convenient  class  of  magnitudes  by  which  to  represent 
the  ratios  of  all  others.  Now,  when  we  represent  magnitudes 
of  any  kind  by  numbers,  we  in  fact  compare  them  with 
some  fixed  or  standard  magnitude  of  the  same  kind,  which 
we  represent  by  the  number  1  :  thus,  the  units  commonly 
used  for  comparing  lengths,  are  inches,  feet,  miles,  &c. ;  and 
so  also  the  units  oi  pressure  are  ounces,  pounds^  tons,  &c.* 

*  In  strictness,  however,  these  terms  do  not  properly  express  units  of 
preggure,  but  of  mass  (or  quantity  of  matter)  ;  and  they  are  used  as 
standards  of  pressure,  simply  because  the  earth's  attraction  on  a  given 
quantity  of  matter  is  always  the  same  at  the  same  place,  and  differs  but 
shghtly  in  different  places.  But  we  must  not  forget  that  the  same  mass, 
in  a  different  situation  (as  regards  latitude,  or  level),  would  gravitate  with 
u  rather  greater  or  less  pressure.  (See  Introduction  to  the  Study  oj 
Natural  Philosophy,  p.  67.)  We  must  not  therefore  confound  mass 
with  tretgnt,  oecause  the  same  names  are  applied  to  the  units  of  both  ; 
for,  in  fact,  tne  units  of  pressure  are  auite  distinct  from,  though  founded 
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5.  Forces  may  also  (like  any  oilier  magnitudes)  be  repre- 
sented by  lines  of  definite  lengths.  A  unit  of  length  being 
taken  to  represent  the  unit  of  pressure,  the  length  of  the  line 
represents  the  magnitude  of  the  force  ;  but  the  line  has  this 
great  advantage  over  a  number, — its  direction  represents  the 
direction  of  the  force ;  and  its  commencement  or  extremity, 
the  point  at  which  the  force  acts,  or  its  point  of  application  : 
thus,  by  a  line,  the  force  is  completely  defined  in  all  its  three 
elements ;  while  a  number  can  only  represent  one  of  them, 
viz.,  its  magnitude. 

Agreeing,  therefore,  to  represent  a  force  by  a  number  or  by 
a  line,  a  double  force  would  be  represented  by  a  double  num- 
ber, or  by  a  line  of  double  length,  and  so  on.  In  this  way 
forces  can  be  brought  under  the  domain  of  mathematical 
science,  geometry  serving  to  investigate  their  various  rela- 
tions by  means  of  lines,  arithmetic  by  means  of  numbers, 
and  algebra  and  trigonometry  by  the  properties  common  to 
directions  and  magnitudes  of  all  kinds. 

6.  If  two  forces  be  in  equilibrium  at  a  point,  they  must 
be  equal  in  magnitude,  and  opposite  in  direction.  Two 
equal  forces  acting  together,  in  the  same  direction,  produce 
a  double  force ;  three  equal  forces,  a  triple  force,  and  so  on. 
But  whatever  number  of  forces  may  act  upon  a  point,  and 
whatever  their  directions,  they  can  only  impart  one  single 
motion  in  one  certain  direction.     We  may,  therefore,  incor- 

on  those  of  mass  ;  just  as  the  latter  are  derived  from  those  of  lengthy  and 
all  of  them  from  that  of  time;  the  connection  being  as  follows  : — 

1.  A  pound  pressure  means,  that  amount  of  pressure  which  is  exerted 
towards  the  earth,  in  the  latitude  of  London  and  at  the  level  of  the  sea, 
by  the  quantity  of  matter  called  a  pound. 

2.  A  pound  oy  matter  means  a  quantity  equal  to  that  quantity  of  purt 
water  which,  at  the  temperature  of  62  deg.  Fahrenheit,  would  occupy 
27*727  cubic  inchei 

3.  A  cubic  inch  is  that  cube  whose  side  taken  39-1393  times  would 
measure  the  effective  length  of  a  London  seconds  pendulum. 

4.  A  seconds  pendulum  is  that  which,  by  the  unassisted  and  unopposed 
effect  of  its  own  gravity,  would  make  86,400  vibrations  in  an  artidcial 
solar  day,  or  86163*09  in  a  natural  sidereal  day. 

h2 


4  THE    RESULTANT    OF    FORCES. 

porate  all  these  single  forces  into  one  force,  or  resultant^ 
capable  of  producing  the  same  mechanical  effect  as  the  forces 
themselves,  which  are  called  the  components.  It  is  evident^ 
that  if  to  a  system  of  forces  a  new  force  be  added  equal  to  the 
resultant,  and  acting  in  a  contrary  direction,  equilibrium  would 
be  maintained. 

If,  for  example,  a  boat  be  moving  by  the  force  of  the  cur- 
rent, by  the  force  of  the  wind,  and  by  the  oars,  we  may 
imagine  a  single  force,  such  as  a  strong  rope,  to  be  attached 
to  the  boat,  and  drawn  in  such  a  direction,  and  with  such  a 
force,  as  the  three  forces  together  would  produce.  The  cur- 
rent, the  vind,  and  the  oars  ceasing  to  act,  this  rope  would 
supply  their  place,  and  constitute  their  resultant.  Now  it  is 
evident  that  to  this  resultant  we  may  oppose  another  force ; 
a  rope,  for  example,  acting  or  resisting  with  the  same  power, 
and  in  an  opposite  direction.  The  boat  would  in  such  case  be 
as  completely  at  rest  as  if  it  were  at  anchor.  It  could  neither 
go  forwards,  nor  backwards,  nor  move  to  either  side,  until 
some  new  force  should  act  upon  it,  or  some  change  should 
take  place  in  the  existing  forces. 

"When  any  number  of  forces  act  at  a  point  in  the  same 
stmight  line,  and  in  the  same  direction,  the  resultant  is 
equal  to  their  sum ;  if  the  forces  act  in  opposite  directions, 
the  resultant  is  equal  to  their  difference.  For  example,  let 
a  point  be  pressed  upwards  with  a  force  of  7  pounds,  and 
downwards  with  a  force  of  4  pounds,  the  resultant  is  an 
upward  pressure  of  3  pounds.  Let  it  receive  pressures  from 
the  east  of  3  pounds,  6  pounds,  and  10  pounds;  and  from 
the  west^  of  2  and  3  pounds.  The  resultant  is,  of  course,  a 
westward  pressure  of  3  +  6  +  10  —  2  —  3  =  14  lbs.  If 
the  forces  in  opposite  directions  be  denoted  by  the  opposite 
signs  +  and  — ,  then  the  resultant  is  in  all  cases  their  alge- 
braical sum;  so  that,  having  taken  the  arithmetical  sum  of 
the  forces  acting  in  one  direction,  and  also  of  those  acting 
in  the  contrary  direction,  the  difference  of  these  sums  is  the 
resultant  force,  and  it  acts  in   the  direction   of  the  forces 
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which  form  the  larger  sum.  When  the  resultant  =  0,  the 
forces  balance  each  other. 

Hence  we  may  add  equal  and  opposite  forces  at  any  point, 
■without  affecting  a  system  of  statical  forces.  This  is  called  the 
superposition  of  equilibrium.  So  also  we  may  remove  from 
any  point  in  a  system  those  forces  which  are  equal  and  oppo- 
site, without  disturbing  equilibrium  thereby. 

7.  When  two  forces  act  upon  a  point  in  different  direc- 
tions, the  resultant  is  found  more  easily  by  the  geometrical 
method.  It  is  obvious,  in  the  first  place,  that  the  line  repre- 
senting the  resultant  must  lie  in  the  same  plane  which  con- 
tains the  directions  of  the  two  forces  :  for  if  not,  on  which 
side  of  the  plane  should  it  lie  ?  There  is  evidently  nothing  to 
determine  it  to  one  side  more  than  the  other.  For  the  same 
reason,  when  the  forces  are  equals  the  resultant  must  bisect 
the  angle  between  their  directions,  for  it  cannot  be  nearer 
one  than  the  other.*  Moreover,  in  all  cases,  whether  equal 
or  not,  we  naturally  expect  that  the  nearer  they  coincide  in 
direction,  the  greater  will  be  the  resultant,  and  vice  versa; 
and  as  their  exact  coincidence  makes  it  equal  their  sum, 
while  their  exact  opposition  makes  it  equal  their  differ- 
ence, we  conclude  that  in  all  intermediate  positions  it  will 
be  less  than  their  sum,  and  greater  than  their  difference. 
But  it  is  doubtful  whether  elementary  mathematics  will  carry 
us  further  than  this  without  the  aid  of  experimentjt  which 
teaches  us  the  following  beautiful  law. 

Let  the  point  p  (Fig.  1)  be  acted  on  by  two  forces,  press- 
ing in  the  directions  p  a  and  p  b.     From  the  point  p,  upon 

*  This  kind  of  proof,  by  what  is  called  iht  principle  qf  sufficient  reason, 
is  of  very  extensive  use  in  Mechanics. 

t  The  first  experimepte  for  this  purpose  were  made  by  Galileo,  in  some 
boats,  at  Venice,  about  the  year  1592.  This  was  the  first  step  in  induc- 
tive (or  natural)  science,  or  the  first  direct  question  put  to  nature,  at  least 
since  the  time  of  Archimedes.  But  although  this  point  was  first  deter- 
mined by  experiment,  it  must  be  classed  among  abstract  or  necessary 
truths,  being  deducible  from  the  simple  principle  above  mentioned.  Tat 
proof  is  too  long  to  be  given  here. 
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PARALLELOGRAM    OF    FORCES. 


the  line  p  a,  measure  off  any  length  pa;  and  from  the 
point  p,  upon  the  line  p  b,  take  a  length  p  h  bearing  the  same 
ratio  to  p  a  that  the  force  b  bears  to  the  force  A.  The  easiest 
way  to  do  this  is  to  make  the  lines  p  a,  p  i,  contain  respec- 
tively, as  many  units  of  length  (inches  or  feet,  for  example), 
^^S*  !•  as  the  forces  a  b  contain 

units  of  force  (ounces  or 
pounds,  for  example). 
Through  a  draw  a  line 
parallel  to  p  b,  and 
through  h  draw  a  line 
parallel  to  p  a,  and  sup- 
pose these  lines  to  meet 
ate.  We  thus  get  a  pa- 
rallelogram, V  ach ;  and 
the  line  p  c,  called  its 
diagonal^  will  represent 
a  single  force  acting  in  the  direction  p  c,  and  consisting  of  as 
many  units  of  force  as  the  line  p  c  contains  units  of  length; 
and  this  force  will  produce  upon  the  point  p  the  same  effect  aa 
the  two  forces  a  and  b  produce  acting  together. 

This  method  of  finding  an  equivalent,  or  the  resultant  of 
two  forces,  is  called  the  parallelogram  of  forces^  and  is 
thus  concisely  expressed : — If  two  forces  be  represented,  in 
magnitude  and  direction,  by  the  sides  of  a  parallelogram,  an 
equivalent  force  will  be  represented,  in  magnitude  and  direc- 
tion, by  its  diagonal. — The  two  forces  are  called  the  com- 
ponents of  the  resultant. 

8.  Any  number  of  forces,  acting  at  one  point,  can  be  com- 
pounded by  the  same  rule.  For  instance,  let  the  body  x 
(Fig.  2)  be  pressed  at  once  by  the  three  forces,  whose  direc- 
tions are  expressed  by  the  arrows  a,  b,  c,  and  their  magnitudes 
by  the  lengths  x  a^  xh^  x  c.  We  may  first  compound  any 
two  of  them  (such  as  A  and  b),  by  completing  the  parallelo- 
gram X  a  dh,  by  whicli  we  find  that  the  direction  of  their 
resultant  is  x  d^  and  that  its  magnitude  is  to  their  magnituded 
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as  the  length  a;  rf  is  to  the  lengths  x  a,  x  b.     We  may  then 
compound  this  resultant  Fig-  2. 

with  the  remaining  force        v:"" :^>, 

X  c,   hy  completing  the         \  'K  ■v''/  "■\".""^r 

parallelogram  xd  e  c,  the  \  \    ^,''''   /  y'    \  \ 

diagonal    of  which,   viz.  c'v^V... -y%^:l X^  \ 

X  e,  will  represent  both      j^ ^^r ~*^* 

the  magnitude  and  direc-  \^C 

tion  of   the  general  re-  ^ 

sultant  of  all  three  forces ;  so  that  a  force  of  the  magnitude 

expressed  by  this  length  x  e,  and  acting  in  the  direction  e  x, 

would  balance  those  three  forces.     Of  course,  the  resultant 

of  any  greater  number  of  pressures  might  have  been  found  in 

the  same  way,  by  combining  two  at  a  time. 

In  this  problem,  it  matters  not  whether  the  directions  of 
the  forces  lie  all  in  the  same  plane  or  in  different  planes.  In 
the  latter  case,  the  three  lines  x  a^  x  h,  x  c,  would  form  the 
three  edges  that  meet  at  one  solid  angle  of  z,  parallelopiped ; 
and  by  completing  this  solid  figure  (as  shown  by  the  outer 
dotted  lines  of  Fig.  2),  its  diagonal  x  e  will  represent  the  re- 
sultant. Hence,  whether  we  regard  the  lines  of  this  figure 
as  they  really  lie  flat  on  the  paper,  or  as  the  projection  or  pic- 
ture of  a  solid  parallelepiped,  the  law  is  equally  true.  The 
same  process  is  of  course  capable  of  being  extended  to  any 
number  of  forces  in  different  planes. 

9.  The  problem  of  the  composition  of  forces^  which  is  thus 
solved  with  so  much  ease  by  construction  (or  drawing  on 
paper),  often  becomes  extremely  complex  in  calculation, 
especially  when  in  dynamics  the  element  of  time  is  added, 
and  the  forces  are  of  constantly- varying  magnitude.  In  fact, 
it  would  scarcely  be  possible  to  arrive  at  some  of  the  simplest 
results  of  its  application  to  every  branch  of  physics,  if  re- 
course were  not  constantly  had  to  the  inverse  problem  of  the 
resolution  of  forces.  It  is  constantly  necessary  to  consider  a 
force  (however  simple  its  origin)  as  capable  of  being  resolved 
into  two  or  tliree  distinct  forces,  having  different  directions ; 
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for  it  is  evident  that  we  may  substitute  for  any  given  force, 
any  number  of  other  forces,  having  any  given  directions  (not 
opposite  to  each  other)  ;  for  we  may  make  the  line  x  e  the 
diagonal  of  any  number  of  parallelograms,  or  parallelepipeds, 
having  their  sides  running  in  any  proposed  directions.  When 
their  directions  are  decided  on,  their  lengths  will  be  discover- 
able ;  and  thus  we  shall  know  both  the  directions  and  magni- 
tudes of  the  forces  into  which,  for  convenience  sake,  the  whole, 
or  resultant  force,  has  been  resolved. 

10.  Examples  of  the  composition  of  pressure  are  of  con- 
stant occurrence,  as  in  the  exertions  of  our  limbs,  the  action 
of  the  various  tools  and  implements  which  we  employ,  and 
the  external  actions  in  which  we  participate.  It  is  frequently 
of  importance  to  consider  whether  the  component  forces  are 
employed  so  as  to  produce  the  best  resultant;  that  is,  one 

acting  in  a  direction  most 
available  for  the  object 
intended  to  be  accom- 
plished, and  with  as  small 
an  expenditure  of  force 
as  possible. 

Birds  have  a  figure 
symmetrica]  with  respect 
to  a  vertical  plane,  a  b 
(Fig.  3),  which  passes 
through  the  body.  "When 
they  fly,  their  wings  exe- 
cute symmetrical  nv>ve- 
ments,  and  strike  the  air  with  equal  pressures.  The  resistance 
of  the  air  to  the  pressure  of  the  wings  is  perpendicular  to  their 
surface.  Hence  the  direction  of  the  resultant  will  be  found 
by  the  parallelogram  of  forces,  for  which  purpose  draw  c  a 
and  D  A  perpendicular  to  the  surfaces  of  the  two  wings, 
these  lines  representing  the  directions  of  the  forces  by  which 
the  bird  presses  backward  with  each  wing ;  or,  in  other  words, 
A  c  and  A  D  are  the  directions  of  the  resistances  exerted  by 
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the  air  against  the  two  wings  ;  and  neither  of  these  pressures 
(when  the  wings  are  in  this  position)  tends  to  impel  the 
bird  straight  forward  ;  but  their  resultant  does  so ;  for  if  the 
wings  be  similarly  extended,  and  act  with  equal  force,  the 
lines  A  c  and  a  d  will  make  equal  angles  with  the  line 
A  B,  passing  through  the  centre  of  the  bird ;  and  two  lines 
representing  the  intensities  of  the  two  pressures,  as  a  e  and 
A  F,  being  equal,  the  diagonal  AG  will  coincide  with  that 
line,  and  the  motion  of  the  bird  will  be  directly  forward. 

A  man  in  swimming  impels  himself  in  directions  perpen- 
dicular to  the  soles  of  his  feet  and  the  palms  of  his  hands. 
If  these  forces  be  equal  on  either  side  of  his  body,  the  re- 
sultant is  a  line  passing  through  the  centre  of  his  body. 

The  motion  of  a  boat  rowed  by  oars  is  evidently  similar 
to  the  cases  already  noticed,  where  the  forces  are  symmetrical 
on  either  side  of  a  central  vertical  plane  :  but  when  sails  are 
acted  on  by  the  wind,  and  the  force  thereby  transmitted  to 
the  keel  is  modified  by  the  action  of  the  rudder,  various 
problems  arise,  which  are  too  complex  to  be  studied  here. 
We  may,  however,  take  a  case,  where  the  sail  is  supposed  to 
be  stretched  so  as  to  form  a  plane  surface ;  and,  neglecting  the 
action  of  the  rudder,  as  well  as  that  of  any  tide  or  current 
in  the  water,  let  us  consider  the  force  of  the  wind  only. 
Let  a  b  (Fig.  4)  be  the  length  or  keel  of  a  sailing  vessel, 
and  let  the  right  line  m  n  represent  the  projection  of  a  sail, 
supported  at  o  against  a  mast.  Let  o  p  represent  in  magni- 
tude and  direction  the  force  w,  with  which  the  wind  acts 
upon  the  sail.  Construct  the  parallelogram  o  c  p  d,  of  which 
0  p  la  the  diagonal.  This  force  o  p  is  evidently  decomposable 
into  two  other  forces  ;  the  first,  o  c  in  the  direction  of  the 
plane  of  the  canvas,  and  producing  no  effect  in  advancing  the 
vessel ;  the  second,  o  d,  perpendicular  to  the  sail,  which  is  the 
only  force  which  presses  on  the  sail  and  gives  motion  to  the 
vessel.  But  o  d  may  also  be  decomposed  into  two  other 
forces ;  the  one  o  e  in  the  direction  of  the  keel  or  length  of 
the  vessel,  and  which  tends  to  advance  it  in  the  direction  c/ 

B  3 
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the  arrow  ;  the  other  o  /  acting  at  right  angles  to  the  length 
of  the  vessel,  so  as  to  urge  it  sideways.  The  form  of  the 
vessel  enables  it  to  offer  a  great  resistance  to  the  latter 
force,  and  very  little  to  the  former,  so  that  it  proceeds  with 
considerable  velocity  in  the  direction  o  e  of  its  keel,  and 
Fig.  4. 


makes  very  little  lee-way^  as  the  sideward  direction  o  f  h 
called.*  Thus  some  idea  may  be  formed  of  the  manner  in 
which  a  wind,  which  is  sometimes  within  five  points  (or 
56*:};°)  of  being  opposed  to  the  course  of  the  vessel,  may,  with 
the  aid  of  sails  judiciously  applied,  be  made  to  impel  it. 

*  If  this  do  not  seem  satisfactory,  it  must  be  remembered,  that  our 
present  business  is  not  with  motions,  but  with  pressures,  and  that  we 
must  consider,  not  what  proportion  the  head-way  bears  to  the  lee-way 
(f .  e.  what  proportion  exists  between  the  velocity  of  the  vessel  in  the 
direction  o  e,  and  that  in  the  direction  of),  for  statics  has  nothing  to  do 
with  velocities ;  but  we  must  reduce  the  problem  to  its  statical  form,  by 
imagining  the  introduction  of  such  a  force  or  forces  as  would  produce  equili- 
brium. Now  this  would  (in  the  present  case)  require  a  greater  force  in  the 
direction  opposed  to  the  lee-way,  than  in  that  opposed  to  the  head-way  ;  for 
though  the  vessel  moves  faster  forwards  than  sideways,  yet  %\ie presses  more 
in  the  latter  direction  than  in  the  former,  in  the  proportion  that  o  J 
exceeds  o  -. 


EXAMPLES.  1 1 

In  the  flying  of  a  boy's  kite  we  may  study  similar  effects. 
To  counteract  (permanently)  the  force  of  gravity  which 
would  bring  it  to  the  ground,  two  other  forces  at  least  are 
required — viz.  the  wind,  and  the  resistance  of  the  string  or 
of  the  point  where  it  is  fixed  or  held.  The  wind  alone  would 
keep  it  suspended,  but  only  for  a  time— viz.  until  the  kite  had 
either  turned  its  edge  to  the  wind  (so  as  to  be  pressed  no 
more  on  the  under  than  on  the  upper  side),  or  else  had  become 
vertical,  so  as  to  be  pressed  only  horizontally,  and  not  upwards. 
If  the  kite  had  no  tail,  the  former  effect  would  rapidly  ensue, 
and  with  a  tail  the  latter  would  be  equally  certain.  It  is 
necessary,  therefore,  that  the  kite  be  inclined,  and  this  is 
effected  by  the  string  being  attached  at  such  a  point  as  to 
leave  more  surface  (and  therefore,  a  greater  pressure  of  wind) 
below  the  point  of  attachment  than  above  it.  This  excess  of 
pressure  on  the  lower  half  drives  it  to  leeward,  but  only  to 
a  certain '  extent,  where  it  is  counterbalanced  by  the  weight 
of  the  tail;  but  the  maintenance  of  the  inclined  position 
depends  on  laws  which  will  be  explained  further  on.  It  is 
sufiicient  for  the  present  to  observe,  that  the  horizontal  force 
of  the  wind  w  (Fig.  5),  the  intensity  of  which  may  be 
represented  by  the  line  o  w,  must  (like  every  other  farce  that 
impinges  obliquely  on  a  surface,  as  on  the  sail  in  the  last 
example)  be  resolved  into  two  portions,  one  parallel,  and  the 
other  perpendicular  to  the  surface.  The  former  portion  o  a 
has  no  effect ;  the  kite  is  pressed  only  by  the  other  portion,  in 
the  direction  o  6,  in  which  direction  it  would  move,  if  it 
maintained  its  inclined  position,  and  were  subject  to  no  other 
force  than  the  wind.  But  we  have  to  consider  two  other 
forces, — the  string  and  gravity.  Supposing  the  string  to  pull 
in  the  direction  o  s,  we  shall  find  the  intensity  of  this  force 
by  resolving  the  whole  effect  of  the  wind  on  the  kite,  repre- 
sented by  0  6,  into  two  portions,  o  d  perpendicular  to  the 
string  (and  therefore  not  resisted  by  it),  and  o  c,  which  must 
be  balanced  by  an  equal  and  opposite  force  in  the  string, 
•^hich  will  accordingly  be  represented  by  o  s.     The  action  of 
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the  string  and  of  the  wind  would  therefore  "be  to  urge  the  kite 

in  the  diagonal  o  dot  the  parallelogram  o  b  d  s ;  but  with  this 

we  must  further  compoi^nd  the  force  of  gravity,  which  (the 

Fig.  5. 


kite  being  very  light)  we  will  represent  by  the  short  line 
0  g^  and  this,  compounded  with  o  d,  gives  the  resultant  o  p, 
in  which  direction  the  kite  will  rise  when  subject  to  all  three 
forces,  in  the  degrees  here  supposed.  Supposing  the  wind 
suddenly  to  cease,  we  shall  find  the  resultant  of  the  string 
and  of  gravity  by  compounding  o  s  with  oy,  which  gives  o  ^  as 
the  direction  in  which  the  kite  would  then  be  pulled ;  and 
this  compounded  with  the  effective  portion  of  the  wind's  force, 
viz.  0  I,  will  give  o  f  as  before.  In  this  direction,  the 
kite  will,  under  these  circumstances,  rise  till  it  has  attained 
a  position  where  the  three  forces  o  6,  o  5,  and  o  ^  are  in 
equilibrium,  i.  e.  where  each  is  equal  and  opposite  to  the  re- 
sultant of  the  other  two,  in  which  case  we  should  on  our  con- 
struction find  0  F  =  0,  or  the  point  p  would  coincide  with  o.* 

*  In  order  to  raise  the  kite  to  its  greatest  altitude,  the  most  advan- 
tageous angle  for  the  kite  to  form  with  the  horizon  is  54°  44';  which  is 
the  same  as  the  rudder  of  a  ship  should  make  with  the  keel,  in  order  that 
the  vessel  may  be  turned  with  the  greatest  facility,  supposing  the  current 
to  have  a  direction  parallel  with  the  keel ;  and  the  same  that  the  sails  of  a 
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Id 


11.  The  property  of  a  system  of  statical  or  balanced  forces 
acting  on  a  point,  that  each  is  exactly  equal  and  opposite  to 
the  resultant  of  all  the  rest,  whatever  may  be  their  number^ 
leads  to  a  very  simple  and  elegant  theorem,  called  the  Polygon 
of  Forces.  By  this,  any  number  of  statical  forces  are  repre- 
sented in  direction  and  magnitude  by  the  sides  of  a  polygon, 
taken  in  order ;  and  they  will,  when  applied  to  one  point, 
produce  equilibrium;  or,  in  other  words,  in  order  that  the 
forces  may  form  a  polygon,  they  must  be  in  equilibrium. 

In  Fig.  6,  let  p^  p2  p3  p4  p5  ^jg  forces  in  equilibrium  acting 
on  a  point  A,  and  represented  in  magnitude  as  well  as  in 
direction    by   the    lines 

AP^  Ap2,  AP^,  AP^  AP^ 

To  find  the  resultant 
of  p^  and  p2,  complete 
the  parallelogram  a  p^ 
c  p2,  A  c  will  represent 
this  resultant.  Com- 
pounding this  resultant 
with  the  force  p^,  by 
means  of  the  parallelo- 
gram AC  D  p3,  we  see  that 
A  D  represents  their  re- 
sultant, or  the  resultant  of  p^,  p^,  and  p^.  Compounding  this 
last  resultant  with  the  force  p'*,  by  the  parallelogram  a  P^  E  d, 
we  see  that  their  resultant  is  represented  by  the  line  A  e, 
opposite  in  direction  to  the  last  force  p^  and  equal  to  A  p*. 
This  line  completes  the  polygon  A  p^  c  D  E  A,  of  which  the  sides 
A  p^,  p^  c,  CD,  D E,  E  A  represent  severally,  in  magnitude  and 
direction,  the  forces  p^,  p2,  p3,  i>4  i>6. 

It  is  not  necessary  that  the  forces  should  all  lie  in  one 
plane  :  but  we  may,  perhaps,  make  this  theorem  clearer  by 
attaching  a  number  of  pulleys  to  a  vertical  plane,  such  as  an 

windmill,  and  the  vanes  of  a  smoke-jack,  or  of  a  screw-propeller,  should 
make  with  the  plane  of  their  rotation.  The  reason  cannot  be  shown  in 
this  elementary  work. 


Fig.  6. 

■ 
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upright   board,    and    carrying    over    them    the   lines   which 
represent  the  forces,  and  attaching  weights  to  their  extremities, 


Fig.  7. 


IhIh^ 


as  in  Fig.  7.  Then  take 
any  part  A  a  on  the  string 
A  7W,  and  from  a  on  the 
board,  draw  a  line  paral- 
lel to  the  string  a  w,  and 
take  a  part  a  h  upon  that 
parallel,  such  that  A  «  is 
to  a  ^,  as  M  is  to  n.  Again, 
through  h  draw  a  parallel 
to  the  string  a  o,  and  on 
that  parallel  take  a  part 
h  c  such  that  a  5  is  to  5  c 
as  N  is  to  o.  In  like 
manner,  draw  c  d  parallel 
to  A  /?,  and  such  that 
h  c  '.  c  d::  O'.v;  and  draw 
d  e  parallel  with  a  </,  and  bearing  the  same  relation  to  the  other 
lines  that  q  bears  to  the  otner  weights.  Finally,  join  the 
points  e  and  a  by  a  right  line.  A  single  force  r,  acting  in 
the  direction  of  the  line  e  a,  and  having  the  same  ratio  to 
each  of  the  other  forces  as  the  line  e  A  has  to  the  side 
of  the  polygon,  which  is  parallel  to  that  other  force,  will  pro- 
duce a  pressure  on  the  fixed  point  A,  equivalent  and  opposite 
to  the  combined  actions  of  the  forces  M,  n,  o,  p,  q.  This  may  be 
proved  by  attaching  any  weights  at  random  to  the  various 
strings,  and  (when  they  have  settled  in  equilibrium)  making 
the  construction  above  described,  beginning  with  any  side  of 
the  polygon,  and  making  all  its  sides,  except  one,  parallel 
with  their  respective  strings,  and  with  lengths  proportional 
to  their  respective  weights.  The  remaining  side  will  then  be 
found  to  lie  always  in  a  straight  line  with  the  remaining 
string,  and  to  have  the  exact  length  proportioned  to  the 
remaining;  weisrht. 

12.  Parallel  Forces. — It  is  evident  that  forces  may  be  made 
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to  act  side  by  side  with  quite  as  much  effect  as  in  the  same 
straight  line.  Two  horses  drawing  a  cart  may  of  course  be 
placed  side  by  side,  or  one  before  the  other,  and  the  effect 
will  be  the  same.  Hence,  the  resultant  of  two  parallel  forces, 
acting  in  the  same  direction,  is  equal  to  their  sum ;  it  has  the 
^ame  direction  with  them,  and  when  they  are  equals  is  applied 
at  a  point  midway  between  their  points  of  application.  All 
this  is  obvious  from  the  principle  of  sufficient  reason ;  but 
when  they  are  unequal^  their  resultant,  though  still  parallel 
with  them  and  equal  to  their  sum,  does  not  act  midway 
between  them,  as  we  shall  presently  see.  And  when  they 
are  equal,  but  act  in  contrary  directions,  they  have  no  simple 
resultant,  for  they  tend  to  produce  rotation^  and  this  tendency 
cannot  be  counterbalanced  by  any  single  force.  But  let  us 
here  confine  our  attention  to  the  simple  case  of  such  parallel 
forces  as  are  equal,  and  have  the  same  direction. 

The  resultant  of  a  number  of  parallel  forces  is  obtained  by 
a  principle  which  is  called  the  equality  of  moments^  on  which 
we  shall  enter  shortly.  It  will  be  found  that  the  point  of 
application  of  this  resultant  will  depend  solely  on  the  points 
of  application  and  the  intensities  of  the  components,  and  will 
not  be  affected  by  any  change  in  their  directions^  so  long  as 
they  retain  their  parallelism  and  equality  to  each  other. 

II.    THE  CENTRE  OP  GRAVITY. 

13.  The  forces  with  which  the  particles  of  a  body  at  the 
earth's  surface  tend  to  descend,  or,  in  other  words,  their  iceights 
or  gravitating  forces,  may  be  considered  as  parallel  to  one 
another,  since  they  converge  towards  a  point,  the  earth's  centre, 
the  distance  of  which  may  be  regarded  as  infinite,  compared 
with  the  size  of  the  body.  Now  all  these  equal  and  parallel 
forces,  infinite  in  number  as  they  are  in  a  body  of  any  size, 
may  be  replaced  by  a  single  force  applied  to  a  certain  point ; 
and  this  point  of  application  is  called  the  centre  of  gravity  of  a 
body,  or  the  centre  of  parallel  and  equal  forces.  It  is  a  charac- 
teristic property  of  the  centre  of  gravity,  that  it  is  a  fixed 
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point  ill  the  interior  of  solids,  and  does  not  change,  whatcvei 
position  these  bodies  may  be  placed  in,  with  respect  to  gravity. 
Thus  the  point  g  (Fig.  8)  is  the  centre  of  gravity  of  the  body 
ABC,  whether  the  point  c  be  upwards  or  downwards,  or  in 
any  other  position  ;  for,  as  we  have  already  stated,  the  point  of 
Fig.  8. 


application  of  the  resultant  of  parallel  forces  is  independent 
of  the  direction  of  these  forces. 

14.  In  order  that  a  heavy  and  perfectly  rigid  body*  be  in 
equilibrium,  there  is  only  one  condition  to  be  fulfi'l-.^d,  namely, 
that  its  centre  of  gravity  be  supported.  Consequently, 
if  the  centre  of  gravity  be  fixed,  we  may  turn  the  body 
about  in  all  directions,  and  it  will  always  rest  in  what- 
ever position  it  may  be  placed,  because  it  will  always  be  in 
equilibrium.  When  a  body  is  supported  at  a  fixed  point, 
which  is  not  the  centre  of  gravity,  equilibrium  can  be  main- 

*  That  is,  a  body  supposed  to  be  totally  incapable  of  any  change  of 
form.  In  Mechanics,  it  is  constantly  necessary  to  abstract  or  omit  the 
consideration  of  certain  properties  of  bodies,  in  order  to  reduce  a  problem 
to  its  simplest  form  ;  for  these  complicating  circumstances  can  always  be 
added  afterwards,  one  by  one,  though  it  would  be  impossible  to  encounter 
them  all  at  the  outset.  Hence  it  is  necessary  at  first  to  assume  a  perfec- 
tion not  found  in  any  natural  body  ;  and  as  in  geometry  we  must  consider 
lines  without  breadth,  and  surface  without  thickness  ;  so  in  Mechanics  we 
must  assume  imaginary  solids,  fluids,  and  airs,  which  are  not  the  solids, 
fluids,  or  airs  of  nature.  The  solids  must  be  perfectly  inelastic,  or  else 
perfectly  elastic,  the  levers  without  flexibility,  cords  without  rigidity, 
liquids  without  compressibility  or  viscosity,  and  airs  must  have  their 
density  and  elasticity  always  proportional. 
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tained  only  when  the  centre  of  gravity  is  in  the  vertical  of  the 
fixed  point,  either  above  or  below.  This  consideration  affords 
an  experimental  means  of  finding  the  centre  of  gravity  in  a 
body.  Suppose  we  have  to  fix  a  handle  to  a  sextant  a  (Fig.  9) 
in  the  best  position  for  holding  it  steadily.  This  position  will  be 
at  its  centre  of  gravity.  It  must  be  suspended,  as  at  a,  by 
means  of  a  thread  from  some  point  of  its  surface,  as  c;  and  when 
at  rest,  we  mark,  as  accurately  as  possible,  the  point  ?w,  or  the 
point  at  which  the  thread  would  come  out  if  it  had  proceeded 

Fi?.  9. 


in  its  straight  course  through  the  body.  From  what  has 
been  said,  it  is  evident  that  the  centre  of  gravity  must  he 
situated  somewhere  in  this  line  c  m.  The  centre  is  exactly 
found  by  suspending  the  body  from  some  other  point,  as  at 
B,  and  marking  the  vertical  continuation  of  the  thread,  as  at 
n.  The  centre  of  gravity  is  also  in  this  line,  d  n,  and  must 
therefore  be  at  the  point  where  the  lines  c  m  and  d  n  cross 
each  other. 

With  heavy  bodies  the  experiment  is  made  by  turning 
them  on  their  sides,  or  placing  them  upon  narrow  supports ; 
but  for  bodies  whose  forms  are  regular,  and  the  substance 
homogeneous,  or  of  uniform  density  throughout,  the  centre 
of  gravity  is  determined  by  certain  geometrical  rules.  Thus, 
the  centre  of  gravity  of  a  cylinder  is  evidently  the  middle 
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of  its  axis  ;  and  whenever  a  body  possesses  a  centre  of  figure^ 
i.e.  a  point  so  situated  that  every  plane  which  can  be  con- 
ceived to  pass  through  it  must  bisect  the  body,  this  point  is  the 
centre  of  gravity  (supposing  the  body  to  be  of  uniform  density). 
Moreover,  whenever  a  body  has  an  axis  of  figure,  that  is,  a 
line.^  every  plane  passing  through  which  bisects  the  body, 
then  the  centre  of  gravity  must  be  somewhere  in  that  line. 
Consequently,  when  the  body  has  more  than  one  such  axis, 
the  centre  must  be  found  at  their  intersection.  In  other 
cases,  however,  and  especially  when  the  body  is  not  homo- 
geneous, the  deduction  of  the  centre  of  gravity  becomes  too 
complex  to  be  useful,  considering  how  easily  it  can  always 
be  found  by  experiment.* 

The  centre  of  gravity  is  not  necessarily  in  the  bodi/,  but 
may  be  in  some  adjoining  space.  This  is  obviously  the  case 
with  a  ring^  an  empty  hox^  and,  in  general,  any  hollow 
vessel. 

In  Theoretical  Mechanics,  the  principle  already  noticed, 
of  abstraction^  or  considering  certain  properties  of  matter 
apart  from  others,  has  often  to  be  carried  so  far,  as  to  assume 
bulk  without  weight,  or  weight  without  bulk.  Hence  an 
imaginary  heavy  line,  or  heavg  surface,  may  have  its  centre 
of  gravity  found ;  and  if  the  line  or  surface  be  curved,  it  is 
obvious  that  this  centre  must  in  general  lie  out  of  the  line 
or  surface  itself.  ' 

15.  Centroharyc  theorem,  ov  Method  of  Guldinus. — These 
centres  of  gravity  of  lines  or  surfaces  (which  can  be  found 
approximately  by  experiments  on  thin  wires  or  plates)  afford  an 
easy  means  of  solving  certain  useful  problems  in  mensuration, 

*  The  following  rules  may,  however,  be  useful.  Every  pyramid  or 
cone  has  its  centre  of  gravity  at  \  of  its  height,  from  the  base, — every 
paraboloid  at  ^  of  its  height, — every  hemisphere  or  hemispheroid  at  f , 
— a  hemicylinder  at  "4244  of  its  radius  from  the  axis  of  the  cylinder.  To 
find  the  distance  of  the  centre  of  gravity  of  any  segment  of  a  disc  or 
cylinder,  from  the  axis,  divide  the  cube  of  the  chord  by  twelve  times  the 
area  of  the  segment.  To  find  the  same  in  a  sector,  multiply  twice  the  chord 
by  the  radius  and  divide  by  three  times  the  arc. 
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the  solution  of  which  deductively  (or  by  pure  mathematics) 
would  be  extremely  difficult,  if  Dot  impossible.  For  instance, 
any  solid  of  revolution^  however  complex  or  irregular  its  out- 
line, may  have  both  its  solidity  and  its  superficial  contents  found 
by  the  following  very  simple  methods.  Let  A  (Fig.  10)  be  the 
solid,  and  a  6  c  its  half  section,  or  that  plane  figure  which,  in 

Fig.  10. 


/^^^n^^^^^V^^^H 


revolving  round  the  line  a  c  as  an  axis,  would  require  a 
space  equal  and  similar  to  ^be  solid — or,  as  it  is  commonly 
expressed,  would  generate  the  solid.  Cut  out  this  figure 
in  some  thin  substance  of  uniform  thickness,  and  by  sus- 
pending it  as  above  described  (Fig.  9)  find  its  centre  of  gravity, 
which  we  will  suppose  to  be  g.  Now  the  volume  cf  this  solid 
is  equal  to  the  product  of  the  area  a  b  c  x  into  the  circum- 
ference described  by  the  point  g  (which  circumference  will 
of  course  be  found  by  applying  the  well-known  multiplier, 
3*14159,  &c.  to  twice  the  distance  of  g  from  the  axis,  or 
twice  d  g).  Again,  to  find  the  surface  of  the  solid  or  of  any 
portion  of  it,  as  formed  by  the  revolution  of  the  whole  or 
any  portion  of  the  curve  a  b  c^  bend  a  wire  into  the  form  of 
that  portion  required.  Let  this  wire  be  ef  and  suppose  that 
(by  suspension)  we  find  its  centre  of  gravity  to  be  at  g'; 
then  the  surface  generated  by  the  revolution  of  e  /  =  its 
length  X  the  path  described  by  its  centre  of  gravity,  which 
path  is  found,  of  course,  by  multiplying  its  radius  g'  h  by 
twice  3-14159,  &c. 


20 


EQUILIBRIUM,    STABLE, 


Among  other  useful  deductions  from  the  properties  of  the 
centre  of  gravity,  we  may  observe  that  the  force  expended  in 
erecting  a  building,  or  lifting  all  its  materials  from  the  ground 
to  their  places,  is  the  same  as  would  be  required  to  lift  them 
all  to  the  height  of  the  centre  of  gravity  of  the  building. 

16.  It  has  been  said  that  the  only  condition  of  equilibrium 
in  a  solid  body  is,  that  its  centre  of  gravity  be  supported. 
There  are,  however,  various  ways  in  which  this  condition  is 
fulfilled,  according  as  the  body  is  suspended  from  fixed  points, 
or  placed  upon   supports.     If  the   hand  of  a  clock  moved 

freely    upon    its    axis  on  a 
^^'  vertical  dial,  a  B  c  d  (Fig. 

11),  in  order  that  its  centre 
of  gravity  be  supported,  it 
must  be  in  a  vertical  plane 
passing  through  the  axis;  and 
this  can  only  take  place  when 
G,  the  centre  of  gravity,  is 
below  or  above  the  axis,  as 
at  g'  and  g,  which  gives  two 
positions  of  equilibrium;  one 
of  which,  when  the  hand  is 
below  the  axis,  is  called 
stable  equilibriutn^  because,  in  drawing  the  hand  aside  and 
letting  it  fall,  it  will  oscillate  a  few  times,  and  then  settle  in 
this  position,  g'.  On  the  other  hand,  when  G  is  above  the 
axis,  the  equilibrium  is  said  to  be  unstable^  because,  on 
moving  the  hand  aside,  it  would  not  return  to  its  previous 
position.  Between  these  two  positions,  equilibrium  is  im- 
possible;  and  althoUj^^h,  in  the  case  of  a  clock,  the  hand  is 
retained  in  all  positions  by  its  friction  against  the  axis,  yet 
there  is  a  constant  tendency  in  the  hand  to  drag  the  axis 
into  a  position  of  stable  equilibrium,  and  the  more  so  in  pro- 
portion as  the  centre  of  gravity  is  removed  from  the 
vertical.  Thus,  with  a  heavy  clock  hand,  in  which  the 
ceutre  of  gravity  is  far  removed  from  the  axis,  the  clock 
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would  gain  from  12  to  6  a.m.,  and  lose  from  6  a.m.  to  12, 
were  it  not  for  the  counterweight  usually  attached  in  large 
clocks,  as  shown  at/. 

17.  A  body  placed  upon  a  horizontal  surface,  touching 
it  only  at  one  point,  may  assume  various  positions  of  equi- 
librium, some  of  which  are  stable,  and  some  unstable;  and 
there  are  other  positions  which  are  said  to  be  indi^erent, 
because  when  the  body  is  disturbed  therefrom  it  does  not 
tend  either  to  regain  its  former  position,  or  to  increase  the 
disturbance,  but  simply  remains  in  the  new  position.  If 
from  the  centre  of  gravity  of  a  body,  rays  are  produced  to 
every  part  of  its  surface,  the  greater  number  of  these  rays 
are  oblique  to  such  surface ;  but  there  are  always  some 
which  are  perpendicular,  or  normal  thereto,  whatever  be  the 
external  form  of  the  body :  there  is,  in  general,  a  maximum 
ray  among  them,  and  a  minimum  ray,  both  normal  to  the 
surface.  There  are  also  other  rays  which  are  maximum  or 
minimum  among  the  surrounding  rays,  and  which  arc 
essentially  normal.  It  is  evident,  then,  that  if  the  body 
touch  the  horizontal  plane  by  the  extremity  of  one  of  thes-f 
normal  rays,  the  centre  of  gravity  is  in  the  vertical  of  the 
point  of  contact,  and  there  is  equilibrium.  If,  on  the  con- 
trary, the  body  touch  the  plane  at  the  extremity  of  an 
oblique  ray,  the  centre  of  gravity  is  not  sustained,  since  it 
is  no  longer  in  the  vertical  of  the  point  of  contact.* 

18.  If  the  ray  of  the  point  of  contact  be  normal,  but  not 
maximum  nor  minimum,  but  simply  equal  to  the  neighbour- 
ing rays,  the  equilibrium  is  indifferent.  Such  is  the  case 
when  a  sphere  is  placed  on  a  horizontal  plane  ;  it  is  in  equi- 
librium in  every  position,  and  consequently  in  indifferent 
equilibrium,  for  the  centre  of  gravity  can  fall  no  lower  than 
it  is.     Now,  if  a  portion  of  the  upper  part  be  removed  (as 

*  It  may  be  stated  generally  that  a  body  is  in  the  position  of  stable 
equilibrium  when  the  centre  of  gravity  is  the  lowest  possible,  because  in  a 
body  free  to  move  in  any  direction,  the  centre  of  gravity  always  assumed 
the  lowest  possible  position. 
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by  making  a  hole  there),  the  equilibrium  becomes  stable^ 
because  the  centre  of  gravity  is  brought  below  the  centre  of 
figure,  there  being  in  such  case  more  matter  below  the  centre  of 
figure  than  above  it.  Now,  in  this  case  it  is  easy  to  see  that 
the  ray  from  the  centre  of  gravity  to  the  point  opposite  the 
hole  is  a  minimum  ray ;  but  let  the  hole  be  filled  up,  by 
inserting  a  small  cylinder  long  enough  to  project  beyond  the 
surface  ;  it  is  now  plain  that  the  centre  of  gravity  being 
nearer  this  projection  than  the  opposite  point,  a  ray  drawn 
to  the  latter  will  be  a  maximum,  ray,  so  that  the  balance 
thereon  will  be  unstable^  because  any  motion  sideways  tends 

FiV    1?, 


to  lower  the  centre  of  gravity,  and  to  enable  it  to  fall  still 
lower ;  whereas,  when  a  body  rests  on  a  minimum  ray, 
any  rocking  must  raise  the  centre  of  gravity,  so  that  it  will 
fall  back  to  its  previous  position.  If  the  normal  ray  of  the 
point  of  contact  be  only  the  minimum  among  several  other 
neighbouring  rays,  equilibrium  is  stable  only  as  far  as  these 
rays  extend  ;  and  lastly,  if  the  ray  is  in  one  direction  equal 
to  adjacent  rays,  whilst  it  is  in  other  directions  a  minimum, 
equilibrium  is  indifferent  in  the  one  direction,  and  stable  in 
the  other  directions.  This  is  the  case  with  an  Qgg  placed 
on  its  side. 

An  egg  on  one  end  is  resting  on  a  maximum  ray,  and 
is  therefore  in  unstable  equilibrium,  so  that  it  cannot  in 
general  remain  thus  poised  for  a  moment.  There  are  two 
modes,  however,  by  which  this  feat  is  sometimes  accom- 
plished,  both    of    which    afford    good   illustrations   of    the 
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above  principles.  If  we  neglect  the  difference  between  the 
two  ends,  and  regard  the  egg  as  having  a  centre  of  figure 
(14),  this  would  also  be  its  centre  of  gravity  if  it  were  of 
uniform  density.  Although  the  yolk  is  denser  than  the 
white,  yet  if  they  be  concentric,  as  in  Fig.  13,  a,  the  centre 
of  gravity  will  still  be  at  their  common  centre  g,  and  the 
ray  a  will  plainly  be  longer  than  b  b,  &c.,  rendering  the 
equilibrium  unstable  in  every  direction.  But  if  the  egg  be 
shaken,  so  as  to  break  the  membrane  that  encloses  the  yolk, 
and  allow  that  fluid  to  sink  to  the  lower  end,  as  in  Fig.  13,  B, 
the  centre  of  gravity  is  lowered,  and  may  in  some  cases  be 

Rg.  13. 


below  o',  the  centre  of  curvature  of  the  surface  at  the  point  of 
contact ;  in  which  case  the  ray  a'  will  become  a  minimum 
with  regard  to  b'  b\  &c.,  and  the  equilibrium  will  be  stable. 
This  is  more  likely  to  happen,  the  shorter  or  more  spherical 
the  egg ;  but  it  is  also  more  probable  at  the  small  end  than 
at  the  larye,  because  the  latter  contains  a  cavity  full  of  air, 
which  must  throw  the  centre  of  gravity  towards  the  small 
end.  The  other  method  (commonly  ascribed  to  Columbus) 
consists  in  scraping  off  a  little  of  the  shell,  so  as  to  flatten  a 
small  extent  of  surface  (Fig.  13,  c),  when  (the  centre  of 
gravity  remaining  at  o")  the  ray  a"  becomes  a  minimum 
among  all  those  drawn  to  this  small  surface  (all  those  between 
b"  and  h"  for  instance),  so  that  if  the  egg  be  not  disturbed 
beyond  this  extent,  it  will  stand. 


Si4  EXAMPLES    OP    CENTRE    OF    GRAVITY. 

19.  When  a  body  is  supported  on  a  plane  by  two  poiuts, 
tbe  vertical,  let  fall  from  the  centre  of  gravity,  ought  to  fall 
upon  the  line  which  connects  these  two  points.  Thus,  in 
two-wheeled  carriages,  the  vertical  of  the  centre  of  gravity 
ought  to  fall  between  the  wheels,  and  upon  the  line  which 
unites  their  point  of  contact  with  the  ground.  If  it  fall  either 
in  advance  or  in  the  rear,  the  carriage  is  too  much  loaded  in 
front  or  behind.  "When  carriages  go  down  hill,  they  are  liable 
to  upset,  if  the  centre  of  gravity  fall  out  of  the  line  of  contact 
of  the  wheels,  but  this  is  less  likely  to  happen  with  large 
wheels  and  a  heavy  load  placed  low  down. 

20.  When  a  body  rests  upon  a  base  more  or  less  extended, 
equilibrium  obtains  only  when  the  vertical  of  the  centre  of 
gravity  falls  within  the  area  of  the  base.  It  matters  little 
"whether  this  base  be  continuous  or  not ;  the  base  of  a  square 
"h^ble,  supported  on  four  legs,  is  formed  by  the  square  of 
which  the  four  legs  form  the  four  corners.  In  proportion  as 
the  base  is  extensive,  the  centre  of  gravity  may  be  disturbed, 
7nthout  deranging  the  support  of  the  body. 

21.  A  variety  of  toys,  and  feats  of  posturing,  &c.,  depend 
upon  the  dexterity  with  which  the  vertical  of  the  centre  of 
gravity  is  supported  on  a  very  narrow  base.  In  some  toys, 
the  base  is  fixed,  but  exceedingly  narrow ;  and  on  this  base 
are  placed  the  hind  legs  of  the  figure  of  a  prancing  horse, 
and  the  figure  rocks  backwards  and  forwards  in  an  appa- 
rently impossible  position,  by  means  of  a  leaden  weight 
attached  to  the  further  end  of  a  bent  wire,  proceeding  from 
the  lower  part  of  the  figure,  the  efi*ect  of  which  is  to  throw 
the  centre  of  gravity  helow  the  centre  of  motion ;  in  which 
case,  equilibrium  is  always  stable,  because  every  disturbance 
must  raise  the  centre  of  gravity  above  its  natural  (or  lowest^ 
position,  to  which  it  will  therefore  return,  as  is  the  case 
with  a  pendulum,  or  any  hanging  body.  In  balancing  roda 
on  the  hand,  chin,  &c.,  the  base  is  in  constant  motion,  and 
the  art  is  to  keep  this  base  under  the  centre  of  gravity.  Tlio 
tight-rope  dancer  has  the  double  disadvantage  of  a  narrow 
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and  also  a  moveable  base.  He  is  greatly  assisted  hj  holding 
in  his  hands  a  heavy  pole,  the  effect  of  which  is  to  remove 
the  centre  of  gravity  from  his  body  into  the  centre  of  the 
pole;  or  rather,  the  centre  of  gravity  of  the  dancer  and  of 
the  pole  taken  together  is  situated  near  the  centre  of  the 
pole,  so  that,  as  has  been  well  observed,  the  dancer  may  be 
said  to  hold  in  his  hands  the  point  on  the  position  of  which 
the  facility  of  his  feats  depends.  Without  the  aid  of  the 
pole,  the  centre  of  gravity  would  be  within  the  trunk  of  the 
body;  and  those  performers  who  dispense  with  the  pole 
may  astonish  more,  but  their  motions  are  far  less  graceful, 
because  they  are  unable  to  modify  the  position  of  the  centre 
of  gravity  with  ease  and  rapidity. 

III.     PARALLEL     FORCES MOMENTS      OP     FORCE THE     PRIN- 
CIPLE   OF   VIRTUAL    VELOCITIES. 

22.  We  have  seen  that  when  the  centre  of  gravity  of  a 
body  is  supported,  there  is  equilibrium,  and  that  if  a  rigid 
line  or  aans  be  passed  through  the  centre  of  gravity,  as  in 
Fig.  11,  the  body  will  rest  indifferently  in  any  position. 

The  centre  of  gravity,  then,  in  any  body  may  be  regarded 
as  the  centre  of  any  set  of  equal  and  parallel  forces  acting  in 
the  same  direction  on  all  the  particles  of  the  body ;  that  is 
to  say,  it  matters  not  in  what  direction  these  parallel  forces 
act,  provided  they  act  all  in  the  same  direction,  their  resultant 
will  always  pass  through  this  point. 

23.  We  have  seen  that  the  resultant  of  two  parallel  and 
equal  forces  is  a  parallel  line  lying  midway  between  them ;  but 
we  have  now  to  observe  that  when  they  are  unequal^  the  re- 
sultant is  no  longer  half-way  between  them,  but  so  situated 
that  its  distances  from  them  shall  be  inversely  as  their  inten- 
sities. The  property  of  the  centre  of  gravity  enables  us  to 
prove  this  in  the  following  manner.  Let  a  b  (Fig.  14)  repre- 
sent a  rigid  bar  of  equal  thickness  and  density  throughout  its 
length.  It  may  obviously  be  balanced  on  a  single  point  at 
its  centre  c,  so  that  all  its  weight  acts  as  if  it  were  codcau- 
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tratd  at  this  one  point.  The  same  would  be  true  of  any  other 
such  bar ;  for  instance,  if  we  suppose  the  bar  to  be  divided 
into  two  bars  of  unequal  lengths  A  D  and  d  b,  the  former 
might  be  balanced  on  its  centre  E,  and  the  latter  on  its  centre 
p.  Hence  we  see  that  two  parallel  and  unequal  forces  (viz. 
the  weight  of  a  d  and  the  weight  of  d  b),  acting  at  the  points 
E  and  F,  have  not  their  resultant  passing  through  the  centre 
between  e  and  f,  but  through  c,  which  is  nearer  e  than  F  in 
the  exact  ratio  that  the  force  at  e  exceeds  that  at  F ;  for  the 

weights  of  the  two 
bars  A  D  and  d  b  are 
as  their  lengths,  and 
it  is  easily  seen  that 
E  c  equals  half  the 
length  of  D  b,  and 
that  F  c  equals  half  the  length  of  A  d  ;  so  that  the  distantie 
E  c  is  to  the  distance  f  c  mversely  as  the  weight  whose 
centre  is  at  e  is  to  the  weight  whose  centre  is  at  f.  To  test 
the  truth  of  this  conclusion,  suspend  from  these  points  e 
and  F  two  additional  weights,  bearing  the  same  ratio 
to  each  other  as  the  weights  of  a  d  and  d  b,  so  that  the 
ratio  of  the  whole  force  at  e  to  the  whole  force  at  f,  may 
remain  unchanged  ;  and  we  shall  find  the  balance  of  the 
bar  continues  undisturbed,  though  there  is  manifestly  more 
weight  on  one  side  the  fulcrum  c  than  on  the  other. 

24.  Hence  we  learn,  that  when  two  parallel  but  unequal 
forces  are  supported  or  balanced  by  a  third,  this  third  force 
T'ie:-  15.  must  be  equal  to  the  sum  of 

the  other  two  ;  it  must  act  in 
the  contrary  direction,  and 
must  be  applied  at  a  point 
nearer  the  greater  force  than 
theless,its  distances  from  them 
being  inversely  as  their  inten- 
sities. TJius,  in  Fig.  15,  any 
two  parallel  forces  acting  at 
A  a',  anil  having  their  intensities  expressed  by  the  lengths  a  b 
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and  a'  b',  will  be  balanced  by  a  force  whose  intensity  is  ex- 
pressed by  the  length  r  p  =  a  b  -f  a'  b',  provided  it  act  at  a 
point  p,  so  situated  that  pa  :  p  a  : :  a  b  :  a'  b'.  And  it 
matters  not  what  may  be  the  common  direction  of  the  three 
lines  representing  these  forces,  provided  they  be  all  parallel ;  so 
that  if  a'  b'  and  A  B  move  into  the  positions  a'  (/  and  a  c,  with- 
out any  change  of  intensity,  then  r  p  must  be  moved  into  the 
position  r'  p,  and  the  equilibrium  will  remain  undisturbed. 

When  therefore  a  force,  applied  to  any  point  of  an  inflexible 
bar,  supports  two  other  forces  applied  in  the  contrary  direc- 
tion to  two  other  points  of  the  bar,  the  above  conditions  must 
apply.  Thus,  in  Fig.  16,  when  the  three  forces  at  b,  a,  and 
a  are  in  equilibrium,  b  :  a  :  :  the  distance  a  a  :  the  distance 
B  a.     In   its  present  ^'.?-  1^'- 

))OsitioD,  the  figure 
may  represent  a  steel- 
yard, B  and  A  the 
weights  pulling  down 
its  two  ends,  and  a 
the  upward  reaction 
of  the  point  of  support ;  but  if  we  turn  the  figure  upside 
down,  then  it  may  represent  a  pole,  by  which  two  porters 
are  carrying  a  load,  the  weight  of  which  acts  at  a.  In  such  case 
B  and  A  will  be  the  upward  forces  which  the  porters  must  exert 
in  order  to  support  it ;  and  it  is  thus  evident  that  the  bur- 
then is  not  shared  equally  between  them,  unless  its  centre 
of  gravity  be  over  or  under  the  middle  of  the  pole.  In  its 
present  position,  b  has  to  support  more  than  a,  in  the  pro- 
portion that  A  a  exceeds  b  a. 

25.  When  one  point  of  a  rigid  body  is  supposed  to  be  im- 
moveably  fixed,  the  efiect  of  any  forces  applied  to  that  body 
can  only  be  to  turn  it  round  the  fixed  point,  as  a  centre  of 
motion ;  and  when  two  points  are  fixed,  the  motion  can  only 
be  round  the  line  joining  them,  which  thus  becomes  an  axis. 
Now  it  is  plain  from  what  has  been  said  above,  that,  in  these 
cases,  two  forces  which  tend   to  turn  the  body  in  contrar' 
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directions  will  be  in  equilibrium  if  their  intensities  are  in- 
versely as  their  distances  from  the  centre  or  axis ;  that  is,  if 
A  :  B  : :  the  distance  of  b  from  the  axis,  or  a  b  :  the  distance  of 
A  from  the  axis,  or  a  a.  But  in  every  proportion,  the  product 
of  the  first  and  last  terms  is  equal  to  the  product  of  the  second 
and  third;  or,  as  it  is  commonly  said,  the  product  of  the 
extremes  =  that  of  the  means.  Thus,  instead  of  saying  that  the 
forces  A  and  b  are  inversely  as  the  distances  a  a  and  a  b,  we 
may  express  the  same  thing  by  saying  that  the  product  of  the 
force  A  X  the  distance  a  a  =  the  product  of  the  force  b  x  the 
distance  a  b.  That  is,  if  both  forces  be  measured  by  the  same 
unit  of  pressure  (both  in  ounces  or  both  in  pounds,  for  ex- 
ample), and  if  both  distances  be  measured  by  the  same  unit  of 
length  (both  in  inches,  or  both  in  feet,  for  example),  then,  the 
number  that  represents  each  force  being  multiplied  by  the  num- 
ber that  expresses  its  distance  from  the  axis,  the  product  will 
be  the  same  in  each  case.  Thus,  if  a  straight  bar  be  balanced 
(as  in  Fig.  16),  and,  at  the  distance  of  one  foot  from  its  fulcrum, 
or  point  of  support,  a  weight  of  12  pounds  be  suspended,  it 
will  be  found  that  this  weight  will  be  balanced  by  a  weight 
of  6  pounds,  distant  2  feet  on  the  other  side  of  the  fulcrum  ; 
or  by  a  weight  of  4  pounds  at  the  distance  of  3  feet ;  or  by 
a  weight  of  3  pounds  at  the  distance  of  4  feet.  Now  by 
multiplying  these  weights  by  the  number  of  units  (feet)  re  • 
presenting  the  distances  from  the  centre,  we  get  in  each  case 
12;  thus,  6  pounds  at  2  feet  =  12  pounds  placed  at  1  foot; 
or,  6  X  2  =  12  X  1.  In  like  manner,  4  pounds  at  3  feet,  or 
4  X  3  =  12  ;  and  3  pounds  at  4  feet,  or  3  x  4  =  12. 

These  products  are  called  the  moments  of  the  force,  and  it 
is  important  to  observe  that  any  two  forces  applied  to  a  body 
supported  on  an  axis,  and  tending  to  turn  it  round,  will  be 
in  equilibrium  when  the  moments  of  the  two  forces  arc  the 
same.  In  like  manner  if  the  moment  be  doubled  or  halved, 
or  increased  or  decreased  in  any  proportion,  the  efficacy  of 
the  force  in  turning  the  body  round  the  axle  is  doubled  or 
halved,  or  increased  or  decreased,  in  exactly  the  same  pro- 
portion.    For  example,  if  the  weight  of  12  pounds  in  the 
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last  example,  situated  at  1  foot  from  the  axis,  be  brought  6 
inches  nearer  that  axis,  its  moment  is  reduced  one  half,  and 
to  produce  equilibrium,  the  moment  of  the  weight  of  6 
pounds  on  the  other  side  of  the  axis  must  be  halved  also, 
either  by  bringing  it  to  one  foot  from  the  axis,  or  by  re- 
ducing its  weight  to  three  pounds ;  or  if  the  counterbalancing 
weight  be  at  3  feet,  it  will  be  2  pounds  ;  or  if  at  4  feet,  it  will 
now  be  1^ ;  and  it  will  be  found  that  each  of  these  weights, 
multiplied  into  the  distance,  will  equal  6,  as  the  weight  on 
the  other  side  (12  pounds)  x  its  distance  (J  afoot)  =  6. 

26.  It  may  be  evident  also  from  what  has  been  said,  that 
by  increasing  the  number  of  forces  on  each  side  of  the  axis, 
the  body  will  be  in  equilibrium,  provided  the  sum  of  the  mo- 
ments on  one  side  of  the  axis  equal  the  sum  of  the  moments 
on  the  other  side  of  the  axis.  For  instance,  suppose  that  on 
one  side  of  the  axis  we  have  three  weights,  a,  b,  c ;  a  of 
2  pounds,  at  the  distance  of  2  inches ;  b  of  3  pounds,  at  the 
distance  of  3  inches ;  and  c  of  3  pounds,  at  the  distance  of 
5  inches.  The  moment  of  A  is  2  x  2  =  4 

The  moment  of  b  is  3  x  3=  9 
The  moment  of  c  is  3  x  5  =  15 

Then  the  sum  of  the  moments  on  "i 

i  -.OR 
one  side  of  the  axis  ....  J 

Now,  suppose  that  on  the  other  side  of  the  axis  we  have 

two  weights  :  d,  of  4  pounds,  at  the  distance  of  4  inches ;  and 

E,  of  2  pounds,  at  the  distance  of  6  inches.     Then 

the  moment  ofD  is  4x4  =  16 

and  the  moment  ofE  is  2x6=12 


and  the  sum  of  the  moments  on 

^  =28 
the  other  side  of  the  axis 


;s  on") 

Hence,  if  several  forces  tend  to  turn  a  body  round  its 
axis,  they  will  be  in  equilibrium  if  the  sum  of  the  moments 
of  those  forces  which  tend  to  turn  it  round  in  one  direction, 
be  equal  to  the  sum  of  the  moments  of  the  forces  which  tend 
to  turn  it  round  in  the  other  direction.* 

*  It  may  here  be  stated,  that  in  order  to  measure  the  effects  offerees,  or 
to  find  a  resultant,  an  imjiginary  axis  m-ay  be  assumed  anywhere  iu  or  ou*. 


30  VIRTUAL    VELOCITIES. 

27.  As  the  principle  which  we  are  now  illustrating  is  the 
most  important  in  the  whole  range  of  mechanical  science,  and 
may  indeed  be  considered  as  the  basis  of  mechanical  science, 
it  is  desirable  to  illustrate  it  by  another  method.  If  two 
weights  in  equilibrium,  as  in  Fig.  16,  at  the  extremities  a 
and  B  of  a  bar  supported  on  an  axis  a,  passing  through  its 
centre  of  gravity,  be  made  to  oscillate  gently  through  a  small 
space,  it  is  evident  that  the  spaces  moved  through  by  the 
two  ends  of  the  bar  will  be  directly  as  their  distances  from 
the  axis ;  for,  the  angles  a  a  w  and  Ban  being  equal,  the 
arcs  A  m  and  b  n,  are  as  their  radii  a  a  and  a  b.  For  in- 
stance, if  the  weight  b  be  12  pounds,  suspended  at  3  inches 
from  a,  its  moment  may  be  expressed  by  the  number  36; 
and  it  will  be  balanced  by  a  weight  of  6  pounds,  6  inches 
from  a,  because  its  moment  is  also  36.  Now  if  these  two 
weights  be  made  to  oscillate  through  a  small  space,  such  as 
B  m,  for  the  weight  which  descends,  and  a  n,  for  the  weight 
which  ascends,  the  latter  space  will  be  only  half  the  former, 
because  it  bears  the  same  ratio  to  a  b  (or  3  inches)  that  a  m 
bears  to  a  A  (or  six  inches). 

Hence,  if  b  n  be  one  inch,  a  m  will  be  two  inches,  and 
the  products  of  these  two  quantities,  with  their  respective 
weights,  will  be  equal  to  each  other ;  that  is,  the  effect  of  1 2 
pounds  moving  through  1  inch,  or  of  6  pounds  moving 
through  2  inches  of  space,  is  the  same.  And  though  we  are 
not  now  concerned  with  motions,  but  with  pressures,  the 
same  principle  applies  to  them.  Any  two  pressures,  how- 
ever unequal  (a  pressure  of  one  pound  and  one  of  1,000  pounds, 
for  instance),  will  balance  each  other,  if  they  are  so  applied 
that  the  motion  of  the  first  through  1,000  inches  would  be 
necessarily  accompanied  by  a  motion  of  the  second  through 
one  inch,  and  vice  cersd.  Any  means  by  which  this  connection 
between  the  two  pressures  is  effected,  is  called  a  machine. 

of  the  body,  and  then  the  distances  of  the  forces  being  measured  from  this 
imaginary  axis  by  perpendiculars  let  fall  from  it  upon  their  respective 
directions,  the  principle  of  the  equality  of  moments  obtains  in  respect  to 
those  forces  about  that  imaginary  axis*. 
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28.  The  principle  which  has  thus  been  illustrated  (27),  io 
known  under  the  name  of  the  principle  of  virtual  velocities,  and 
is  that  which  regulates  the  action  and  constitutes  the  efficacy 
of  every  machine  in  which  power  is  employed  to  overcome 
weight  or  resistance.  In  the  composition  of  machines,  it  is 
usual  to  speak  of  six  mechanical  powers  ;*  namely,  the  lever, 
the  tcheel  and  axle,  the  pulley,  the  inclined  plane,  the  wedge, 
and  the  screw ;  although  in  reality  these  contrivances  are 
but  applications  of  the  principle  of  virtual  velocities,  whereby 
a  small  force  acting  through  a  large  space  is  converted  into 
a  great  force  acting  through  a  small  space.  But  in  this 
there  is  no  gain  of  power,  neither  is  there  any  loss ;  the  ad- 
vantage is  in  its  application.  Every  pressure  acting  with  a 
certain  velocity,  or  through  a  certain  space,  is  convertible 
into  greater  pressure,  acting  with  a  less  velocity,  or  through 
a  smaller  space ;  but  the  quantity  of  mechanical  force  is  not 
altered  by  the  transformation,  and  all  that  the  mechanical 
powers  can  accomplish  is  to  effect  this  transformation. 

29.  Before  proceeding  further  with  our  subject,  it  may  be  as 
well  to  notice  that  the  laws  of  mechanical  science  are  founded 
on  the  principle,  explained  at  page  16,  note,  of  considering 
the  various  properties  of  bodies  (as  weight,  rigidity,  elasti- 
city, &c.)  apart  from  each  other,  before  attempting  to  put 
them  together,  as  they  really  exist  in  natural  bodies.  Thus, 
in  the  above  reasonings  on  bars  or  levers,  we  confine  our 
attention  at  first  to  one  property — viz.  their  rigidity,  neglect- 
ing the  effects  of  flexibility,  &c. ;  because  these  effects  caj 
afterwards  be  separately  considered  and  allowed  for.  Thus, 
in  order  to  facilitate  the  study  of  Mechanics,  and  even  to 
render  it  possible,  it  is  necessary  to  assume,  at  first,  a  per- 
fection which  does  not  exist.     Tiie  effects  of  forces,  as  they 

*  More  properly,  mechanical  elements,   or  simple  machines,   by  the 
combinatiou  of  which,  all  other  machines  are  formed. 
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are  modified  by  machines  of  various  kinds,  could  not  be 
studied,  without  some  provision  of  this  kind  ;  thus,  cords  and 
rods,  or  levers,  which  are  machines  of  the  simplest  kind,  are 
considered  as  without  weight,  the  cords  perfectly  flexible, 
and  the  levers  perfectly  rigid.  In  short,  bodies  must  be 
deprived  of  one  or  more  of  their  essential  properties,  or 
mechanical  problems  would  be  too  complicated  for  solution ; 
but  having  obtained  a  solution  on  these  terms,  we  are  then 
in  a  condition  to  modify  the  result  by  considering  the  eflfects 
of  friction,  adhesion,  weight,  elasticity,  compressibility,  and 
such  like  elements,  which  had  been  omitted  in  the  first  solu- 
tion of  the  problem. 

30.  The  Lever. — The  lever  is  a  bar  or  rod,  supposed  to  be 
perfectly  rigid,  and  without  weight.  It  may  be  straight  or 
hent^  simple  or  compound.  "We  shall  confine  our  attention 
chiefly  to  the  simple,  straight  lever,  of  which  there  are  com- 
monly reckoned  three  kinds  or  varieties,  depending  upon  the 
position  of  the  points  of  application  of  the  moving  power,  and 
the  resisting  power,  with  respect  to  a  certain  fixed  point 
called  i\iQ  fulcrum^  about  which  the  lever  is  supposed  to  turn 
freely.  The  portions  of  the  lever  situated  on  each  side  of 
the  fulcrum  are  called  the  arms  of  the  lever. 

31.  A  lever  of  the  first  kind  is  represented  in  Fig.  17, 1.,  in 
which  the  fulcrum  f  is  situated  between  the  moving  power 
p  and  the  resistance  or  load  "W. 

Fig.  17,  II.,  is  a  lever  of  the  second  kind,  in  which  the 
mover  p,  and  the  resistance  w,  act  on  the  same  side  of  the 
fulcrum ;  the  load  moved  being  between  the  fulcrum  and 
the  mover. 

In  a  lever  of  the  third  kind.  Fig.  17,  III.,  the  mover  and 
the  load  also  act  on  the  same  side  of  the  fulcrum,  but  the 
mover  p  is  between  the  fulcrum  f  and  the  load  w.  Hence, 
in  considering  the  lever  statically/  (or  when  the  two  forces 
are  balanced),  there  is  no  difi*erence  between  the  second 
and  third  kind;  for,  as  we  are  not  supposing  any  motion 
to  be  produced,  neither  force  can  be  regarded  as  the  mover 
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cr  the  moved.     To  produce  motion,  it  is  necessary  that  one 

force  should  prevail,  and  then  the  lever  will  become  a  lever 

of  the  second  or  the  third  kind,  according  as  the  force  nearer 

tx)  or  further  from  the  p.     ^^ 

fulcrum  prevails.  Thus 

Fig.  II.  is  a  lever  of  the 

second  kind,  and  Fig. 

III.  of  the  third  kind, 

only  while  the  weight 

w,    in    each    case,    is 

\aemg  lifted;  but  when 

w  is  being  lo'cered,  it 

becomes     the     mover, 

and    p   the  moved,  so 

that  Fig.  II.  becomes 

a   lever   of    the   third 

kind,  and  Fig.  III.  one 

of  the  second  kind. 

32.  From  what  has 
been  already  said  (25), 
it  is  evident  that,  in 
all  these  levers,  the 
power  p  will  sustain 
the  weight  w,  provided  the  moment  of  p  be  equal  to  that  of  the 
weight.  Thus,  in  the  lever  of  the  first  or  second  kind,  if  w  be 
12  lbs.  at  the  distance  of  3  inches  from  f,  its  moment  will  be 
36,  and  it  will  be  balanced  by  p=:6  lbs.  at  the  distance  of 
6  inches  from  f,  or  by  p  =  4  lbs.  at  the  distance  of  9  inches 
from  p,  and  so  on.  Or,  if  w  be  12  lbs.,  as  before,  and  be  situ- 
ated at  the  distance  of  3  inches  from  the  fulcrum,  its  moment 
will  be  36  ;  consequently,  a  power  of  3  lbs.  at  the  distance 
of  12  inches  from  the  fulcrum,  or  2  lbs.  at  the  distance  of 
18  inches,  will  produce  equilibrium. 

33.  Levers  of  the  first  kind  are  in  very  common  use  ;  such 
are  a  crowbar,  used  for  raising  stones,  and  a  poker,  used  for 
rdising  the  coals  in  the  grate,  the  bar  of  the  grate  being  the 

c  3 
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fulcrum.  The  comnion  crowbar  is  sometimes  used  as  a  lever  of 
the  first  kind,  as  in  Fig.  18';  sometimes  as  a  lever  of  the  second 
kind,  as  in  Fig.  19.     The  former  is  the  case  whenever  we 

Fig.  18.  Fig.  19. 


press  downwards  to  lift  the  load,  and  the  latter  whenever  we 
press  upwards.  Now,  in  either  figure,  a  man  at  p  pressing 
the  long  arm  of  the  lever,  is  able  to  raise  the  weight  of  the 
stone  A  or  b,  provided  that  weight  do  not  exceed  his  pressure 
on  P,  in  so  great  a  ratio  as  the  distance  p  /  exceeds  w  /. 
If  a  pressure  of  50  lbs.  at  p  lift  300  lbs.  at  w,  then  p  must 
move  more  than  six  times  the  distance  that  w  rises  ;  for,  if  it 
move  only  six  times  that  distance,  the  pressures  of  50  lbs.  and 
300  lbs.  would  balance  each  other.  Thus,  what  is  gained  in 
pressure  is  lost  in  distance  moved  through.  If  the  man  applied 
his  power  halfway  between  /  and  p,  he  need  only  press  through 
half  the  distance,  to  produce  the  same  efiect  on  the  stone,  but 
he  must  exert  twice  the  pressure. 

34.  We  have  an  instance  of  the  lever  of  the  second  kind 
in  a  chipping-knife,  fixed  at  one  end,  which  is  the  fulcrum  ; 
the  wood  to  be  cut  is  placed  under  it,  and  is  the  load,  or 
resistance  to  be  moved  or  overcome,  and  the  power  is  the 
hand  of  the  workman  at  the  extremity  of  the  blade.  A 
wheelbarrow  is  also  a  lever  of  this  kind,  the  wheel  being  the 
fulcrum,  the  contents  of  the  barrow  the  weight,  and  the 
man  wheeling  it  the  power.  In  the  common  form  of  wheel- 
barrow, the  load  is  made  to  incline  as  much  as  possible 
towards  the  wheel.  This,  of  course,  is  an  advantage,  because 
the  man  bears  as  much  less  of  the  load  as  its  centre  of  gravity 
is  nearer  to  the  axle  of  the  wheel  than  to  his  hands.     An  oar 
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may  also  be  regarded  as  a  lever,  but  to  explain  its  action  fully 
would  lead  us  far  from  our  present  subject.* 

35.  In  a  lever  of  the  third  _,.     __ 

Fig.  20. 
kind,  as  the  fishing-rod,  in  Fig. 

20,  if  w  be  12  lbs.  at  a  distance 
of  9  feet  from  the  fulcrum  /, 
its  moment  may  be  expressed 
by  108.  To  keep  this  in  equi- 
librium by  a  power  nearer  to 
the  fulcrum  than  the  weight  is, 
such  as  p  at  the  distance  of  3  feet,  would  require  a  force  of 
36  lbs.  (because  3  x  36  =  108),  or,  in  other  words,  the 
power  is,  in  this  case,  three  times  the  weight  or  resistance ; 
and,  in  all  levers  of  the  third  kind,  the  power  must  exceed 
the  load  ;  hence  they  are  never  used  where  a  great  weight  is 
to  be  lifted,  or  a  great  resistance  overcome,  but  only  when  it 
is  required  to  move  a  small  weight  through  a  greater  distance 
than  it  would  be  convenient  to  move  the  hand  through. 
From  the  principle  of  virtual  velocities,  before  explained  (27), 
it  will  be  evident  that  the  advantage  of  this  kind  of  lever  is, 
that  it  commands  speed,  rather  than  force. 

36.  The  symmetry  and  compactness  of  the  frames  of 
animals  depend  on  the  fact,  that  all  their  limbs  are  levers  of 
the  third  kind.  The  lifting  of  our  forearm  and  hand  through  a 
considerable  space  (say  a  foot),  is  effected  by  the  power  of  a 

*  As  there  is  no  fixed  fulcrum,  the  easiest  way  is  to  regard  the  oar  as 
being  circumstanced  like  the  rigid  line  a  a'  in  Fig.  15,  which  is  acted  on 
by  three  forces,  viz.  a  b,  the  hand  of  the  rower,  a'  b',  the  resistance  of 
the  water  against  the  blade,  and  r  p,  the  resistance  of  the  water  against 
the  bow  of  the  boat  (transmitted  through  the  boat's  side  to  p)  ;  but,  as 
this  last  is  not  equal  to  the  sum  of  the  others,  it  is  overcome  by  them  ; 
and,  as  its  point  of  application,  p,  is  not  situated  in  their  resultant,  they 
do  not  balance  each  other,  but  a  b  prevjiils  over  a'  b',  as  in  a  lever  of  the 
first  kind,  having  its  fulcrum  at  that  point  between  p  and  a' which  remains 
stationary  during  the  stroke  ;  and  the  same  point  may  also  be  considered 
as  the  fulcrum  of  a  lever  of  the  second  kind,  by  which  the  power  at  a  over- 
comes the  resistance  at  p. 
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muscle  applied  very  near  the  fulcrum,  or  elbow,  and  moving 
through  a  very  much  smaller  space  (say  an  inch).  This 
muscle  must  then  exert  12  times  the  force  with  which  the 
hand  is  moved  ;  so  that  when  we  use  a  purchase  (i.  e.  a  lever 
of  the  first  or  second  kind),  in  order  to  lift  a  great  weight 
through  a  small  space,  by  the  motion  of  our  hand  through 
12  times  that  space,  this  is  simply  undoing  what  has  been 
done  by  the  natural  leverage  of  the  arm.  "We  might  have 
dispensed  with  the  lever,  if  the  muscle  had  been  applied  to 
the  extremity/  of  our  limb,  instead  of  its  origin.  But  what 
a  clumsy  contrivance  would  the  animal  frame  have  presented, 
if  thus  rigged  with  muscles,  like  a  ship !  In  fact,  rigging 
presents  us  with  an  exact  inversion  of  the  muscular  system 
of  animals.  The  yards  are  moved  through  small  spaces 
with  great  force,  by  the  taking  in  of  much  rope  with 
comparatively  little  force.  The  limbs,  on  the  contrary,  are 
moved  through  great  spaces  with  little  force,  by  the  contrac- 
tion of  muscles  through  very  small  spaces  with  much  greater 
force. 

In  raising  a  ladder  by  the  usual  method,  it  is  a  lever  of 
the  second  kind,  while  the  centre  of  gravity  is  between  the 
hands  that  raise  it  and  the  end  on  which  it  rests ;  and  when 
the  hands  pass  the  centre  of  gravity,  it  is  a  lever  of  the  third 
kind. 

37.  If  the  arms  of  the  lever,  instead  of  being  straight,  are 
curved  or  bent,  their  length  must  be  reckoned  by  perpen- 
diculars drawn  from  the  fulcrum,  upon  the  directions  of  the 
power  and  weight ;  and  when  the  lever  is  straight,  if  the 
power  and  the  weight  be  not  parallel  in  direction,  the  same 
rule  must  be  observed.  Thus  Fig.  21  is  a  bent  lever  of 
the  first  kind,  and  Fig.  22  a  straight  lever  of  the  second 
TT  third  kind,  according  as  the  flag  or  the  weight  prepon- 
derates. In  either  figure,  the  fulcrum  is  f,  A  a  the  direc- 
tion of  the  power,  and  b  w  the  direction  of  the  weight. 
If  the  lines  a  a  and  b  w  be  continued,  and  perpendiculars 
F  a  and  p  5,  drawn  from   the  fulcrum  to  those  lines,   the 
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moment  of  the  power  will  be  found  by  multiplying  tlie  power 
by  the  line  f  a,  and  the  moment  of  the  weight  by  multiplying 
the  weight  hy  f  b.  If  these  moments  be  equal,  the  power 
will  balance  the  weight. 

Fig.  21. 


Fig.  22. 

^hi^BSiBI  w  fl 

38.  Many  of  the  most  useful  implements  consist  of  bent 
double  levers,  or  pairs  of  levers,  connected  by  a  joint,  which 
forms  their  common  fulcrum  ;  so  that  they  require  no  external 
fulcrum,  or  resisting  point,  for  each  supplies  the  necessary 
resistance  to  the  other.  Thus  scissors,  pincers,  snuffers,  are 
pairs  of  levers  of  the  first  kind ;  nutcrackers,  of  the  second 
kind ;  and  tongs,  of  the  third  kind.  In  the  first,  when  the 
blades  are  longer  than  the  handles  (as  in  shears),  there  is  a 
gain  of  speed  and  loss  of  power ;  but  when  the  handles  are 
the  longer  of  the  two  (as  in  pincers),  there  is  a  loss  of  speed 
and  gain  of  power.  In  the  second  this  is  always  the  case,  and 
in  the  third,  on  the  contrary,  power  is  always  lost,  and  extent 
of  motion  gained. 

"  In  drawing  a  nail  with  steel  forceps,  or  nippers,  we  have 
a  good  example,"  says  Arnott,  ''  of  the  advantages  of  using  a 
tool :  1st,  the  nail  is  seized  by  the  teeth  of  steel,  instead  of  by 
the  soft  fingers ;  2nd,  instead  of  the  griping  force  of  the 
extreme  fingers  only,  there  is  the  force  of  the  w^hole  hand 
conveyed  through  the  handles  of  the  nippers ;  3rd,  the  effec- 
tive force  is  rendered  perhaps  six  times  more  effective  by  the 
lever  length  of  the  handles ;  and  4th,  by  making  the  nippers, 
in  drawing  the  nail,  rest  on  one  shoulder,  as  a  fulcrum,  it 
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acquires  all  the  advantages  of  the  lever,  or  claw-hammer,  foi 
the  same  purpose." 

39.  When  the  power  is  required  to  be  considerable,  and  it 
is  not  convenient  to  construct  a  ve?y  loug  lever,  a  compound 
lever,  or  a  composition  of  levers,  is  employed.  "When  a 
system  of  this  kind  is  in  equilibrium,  of  course  the  ratio  of 
the  power  to  the  load  will  be  compounded  of  the  ratios  sub- 
sisting between  the  arms  of  each  lever ;  or,  in  other  words, 
the  power  multiplied  by  the  continued  product  of  the 
alternate  arms  commencing  from  the  power,  is  equal  to  the 
weight  multiplied  by  the  continued  product  of  the  alternate 
arms,  beginning  from  the  weight.  For  example,  in  the  follow- 
ing arrangement  (Fig.  23)  we  have  three  levers,  two  of  the 
Fig-  23.  second  kind,  a  f, 

a"  p",  and  one  of 
the  first  kind,  a'  b'; 
and  we  will  now 
consider  the  man- 
ner in  which  the 
power  p  is  trans- 
mitted to  the 
weight  w.  The 
power  p,  acting 
upon  the  lever  a  f, 
produces  a  down- 
ward force  at  B, 
which  bears  to  P 
the  same  propor- 
tion as  A  F  to  B  P. 
Thus,  if  a  F  be  eight 
times  B  F,  tiie  force  at  ij  ia  eight  times  the  power  p.  The 
arm  a'  f'  of  the  second  lever  is  pulled  down  by  a  force 
equal  to  eight  times  the  power  at  p ;  and  this  will  produce  a 
force  at  b',  as  many  times  greater  than  a',  as  a'  f'  is  greater 
than  b'  f'.  Thus,  if  a'  f'  be  10  times  b'  f',  the  force  at  b'  or 
a"  will  be  10  times  that  at  a'  or  b;  but  this  last  was  8  times 
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the  power,  and  therefore  the  force  exerted  at  a"  will  be  80 
times  the  power.  So,  also,  it  may  be  shown  that  the  weight 
w  is  as  many  times  greater  than  the  force  at  a",  as  a"  f''  is 
greater  than  b"  p".  If  a"  f"  be  6  times  b"  f",  the  weight  w 
will  be  6  times  the  force  at  a".  As  we  know  this  to  be  80 
times  the  power  p,  the  weight,  where  there  is  an  equilibrium, 
must  be  480  times  the  power. 

The  same  result  might  have  been  obtained  more  quickly, 
by  dividing  the  product  of  a  f,  a'  f',  and  a"  f",  by  that  of 
B  p,  b'  f',  and  b"  p".  Thus,  if  the  three  former  distances  were 
16  inches,  20  inches,  and  18  inches;  and  the  three  latter, 
2  inches,  2  inches,  and  3  inches;  then  (16  X  20  X  18)  -r- 
(2x2x3)  =  480.  The  mtio  of  480  :  1  is  said  to  be 
compounded  of  the  three  ratios  of  8  :  1,  10  :  1,  and  6:1. 

The  weighing-machine  for  turnpike-roads  is  formed  of  a 
compositiou  of  levers.  It  is  chiefly  used  for  weighing 
waggons,  to  ascertain  that  they  are  not  loaded  beyond 
what  is  allowed  by  law  to  the  breadth  of  their  wheels.  It 
consists  of  a  wooden  platform,  placed  over  a  pit  made  in  the 
line  of  the  road,  and  level  with  its  surface  ;  and  so  arranged, 
as  to  move  freely  up  and  down,  without  touching  the  walls  of 
the  pit.  The  levers  upon  whicb  the  platform  rests  are  four ; 
viz.  a,  b,  c,  d.  Fig.  24,  all  converging  towards  the  centre,  and 
each  moving  on  a  fulcrum,  at  a,  b,  c,  d,  securely  fixed  in  each 
corner  of  the  pit.  The  platform  rests  by  its  feet,  a'  c'  d^ 
upon  steel  points,  a,  h  c,  d.  The  four  levers  are  supported 
at  the  point  p,  under  the  centre  of  the  platform,  by  a 
long  lever  g  e  resting  upon  a  steel  fulcrum  at  f,  while 
its  further  end  g  is  carried  upwards  into  the  turnpike 
house,  where  it  is  connected  with  one  arm  of  a  balance, 
while  a  scale,  suspended  from  the  other  arm,  carries  the 
counterpoise  or  power,  the  amount  of  which,  of  course,  indi- 
cates the  weight  of  the  waggon  on  the  platform.  Now,  as  the 
four  levers  a,  b,  c,  d,  are  perfectly  equal  and  similar,  the  effect 
of  the  weight  distributed  amongst  them  is  the  tame  as  if  the 
whole  weight  rested  upon  any  one.     In  order,  therefore,  to 
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ascertain  the  conditions  of  equilibrium,  we  need  only  con- 
eider  one  of  these  levers,  such  as  a  f.  Suppose,  then,  the 
distance  from  a  to  p  to  be  10  times  as  great  as  that  from  a 

Fig.  24. 


to  a,  a  force  of  I  lb.  at  p  would  balance  10  lbs.  at  a,  or  on  the 
platform.  So,  also,  if  the  distance  from  e  to  G  be  10  times 
greater  than  the  distance  from  the  fulcrum  e  to  f,  a  force  of 
1  lb.  applied  so  as  to  raise  up  the  end  of  the  lever  g,  would 
counterpoise  a  weight  of  1 0  lbs.  on  p ;  therefore,  as  we  gain 
10  times  the  power  by  the  first  levers,  and  10  times  more  by 
the  lever  e  g,  it  is  evident  that  a  force  of  1  lb.  tending  to 
raise  g,  would  balance  100  lbs.  on  the  platform.  If  the 
weight  of  10  lbs.  be  placed  in  the  opposite  arm  of  the 
balance  to  which  g  is  attached,  this  10  lbs.  will  express 
the  value  of  1,000  lbs.  on  the  platform.  "When  the  platform 
is  not  loaded,  the  levers  are  counterpoised  by  a  weight 
applied  to  the  end  of  the  last  lever. 

40.  The  Balance. — One  of  the  most  useful  and  interesting 
applications  of  the  lever  is  to  the  balance.^  which  consists 
essentijilly  of  a  lever  of  the  first  kind  suspended  at  its  c(!ntre, 
and  consequently  having  the  two  arms  equal.  This  lever 
is  called  the  beam,  A  b,  Fig.  25  :  the  fulcrum,  or  centre  of 
motion,  on  which  the  beam  turns,  is  in  the  middle ;  and  the 
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two  extremities  of  the  beam,  called  the  points  of  suspension^ 
serve  to  sustain  the  pans  or  scales :  ^  is  the  centre  of  gravity 
of  the  beam ;  and  this  should  be  situated  a  little  below  the 
fulcrum,  for  if  it  were  to 
coincide  therewith,  that  is, 
if  the  centre  of  motion  and 
the  centre  of  gravity  were 
situated  in  the  same  point, 
the  beam,  as  we  have  seen 
(22),  would  rest  indiffe- 
rently in  any  position. 
If,  on  the  contrary,  the 
centre  of  gravity  were  above  the  centre  of  motion,  the  least 
disturbance  would  cause  the  beam  to  upset. 

The  points  of  suspension  should  be  situated  so  that  a 
straight  line  A  B  joining  them  is  perpendicular  to  the  line  of 
symmetry  formed  by  joining  the  centre  of  gravity  ^  with 
the  centre  of  motion  m. 

The  direction  of  the  line  m  ^  is  shown  by  a  needle  or 
index  attached  to  the  beam,  which  in  delicate  balances 
moves  over  a  graduated  arc.  This  needle  may  proceed 
either  upwards  or  downwards,  provided  it  be  in  the  vertical 
of  the  centre  of  gravity.  "When  the  needle  points  to  the 
zero  line  of  the  arc,  which  is  of  course  also  in  the  vertical  of 
the  centre  of  gravity,  the  beam  must  be  horizontal.  But  by 
means  of  this  index  we  can  also  ascertain  whether  equili- 
brium has  been  attained,  without  actually  waiting  until  the 
beam  comes  to  rest.  While  the  beam  is  oscillating,  if  it 
really  be  in  equilibrium,  the  needle  will  describe  equal  arcs 
on  the  graduated  scale  on  each  side  of  the  zero  point ;  while, 
if  either  scale  b©  overloaded,  the  needle  will  move  through 
more  degrees  on  one  side  of  the  scale  than  on  the  other. 

41.  In  a  perfect  balance,  all  the  parts  must  be  symmetrical 
with  the  centre  of  gravity  ;  that  is,  the  parts  on  either  side 
of  this  point  must  be  absolutely  equal.  Such  a  state  of  per- 
fection, however,  cannot  be  attained  in  practice ;  the  two  arms 


42  WEIGHING    BY    THE    COMMON    BALANCE. 

cannot  be  made  perfectly  equal ;  all  that  the  most  skilful 
maker  can  do  is  to  render  the  inequality  very  small.  When, 
however,  it  is  necessary  to  obtain  a  very  exact  result,  the 
error  occasioned  by  the  inequality  of  the  arms  of  the  balance 
can  be  avoided  by  the  ingenious  artifice  of  double  weighing^ 
invented  by  Borda.  To  weigh  a  body,  is  to  determine  how 
many  times  the  weight  of  this  body  contains  another  weight, 
of  known  value,  such  as  ounces,  or  portions  of  ounces. 
Place  the  body,  which  we  will  call  m,  in  one  scale-pan, 
A,  Fig.  25,  and  produce  equilibrium  by  placing  in  the  other 
scale-pan,  b,  some  shot,  or  dry  sand,  or  other  substance  in  a 
minute  state  of  division,  so  that  very  small  portions  may  be 
added  or  subtracted,  as  occasion  requires ;  by  this  means 
the  needle  can  be  brought  exactly  to  zero,  thereby  indicating 
the  horizontality  of  the  beam.  This  being  done,  we  remove 
the  body  m,  and  substitute  for  it  known  weights,  such  as 
ounces  and  portions  of  ounces,  until  the  beam  is  again  hori- 
zontal. The  amount  of  this  weight  will  express  exactly  the 
weight  of  the  body  m,  because  these  ounces,  &c.,  being  placed 
under  exactly  the  same  circumstances  of  equilibrium  as  the 
body  m,  produce  exactly  the  same  efiect. 

By  this  method,  then,  it  is  not  only  possible,  but  easy, 
to  weigh  truly  with  a  false  balance.  Under  ordinary  cir- 
cumstances, an  error  amounting  to  a  fraction  of  a  grain 
would  be  of  no  consequence ;  but,  in  weighing  for  the 
purposes  of  chemical  analysis,  an  error  amounting  to  the 
thousandth  of  a  grain  might  be  of  importance  ;  hence,  this 
method  is  commonly  adopted  in  such  investigations. 

42.  In  ordinary  scales,  one  can  readily  ascertain  whether 
the  point  of  support  is  in  the  middle  of  the  beam,  by  changing 
the  scale-pans  when  the  balance  is  in  equilibrium.  If  the 
horizontal  position  is  disturbed  by  this  process,  the  two  arms 
are  not  of  the  same  length.  A  false  balance  can  also  be 
detected  by  shifting  the  weights  which  produce  equilibrium  : 
this  also  will  destroy  the  horizontal  position  of  the  arms,  if 
they  are  sensibly  unequal.     But  this  method  also  furnishea 
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the  means  for  ascertaining  the  true  weight  of  the  substance. 
Some  persons  are  satisfied  with  taking  the  arithmetical 
mean*  of  the  two  weights  found  in  this  manner;  but  this  is 
quite  erroneous,  and  will  always  give  too  high  a  result.  As 
the  body  is  over  estimated  in  one  weighing  in  the  same  ratio 
that  it  is  under  estimated  in  the  other  weighing,  the  true 
weight  must  plainly  be  the  geometrical  mean  t  between  the 
two  false  estimates. 

43.  The  stability  of  a  balance  is  its  tendency  to  return  to, 
and  oscillate  about,  the  position  of  rest,  after  being  disturbed. 
The  position  of  the  centre  of  gravity  below  the  point  of 
support  determines  the  stability  of  a  balance.  Stability  is 
far  more  easily  attained  than  sensibility^  or  the  tendency  of 
a  loaded  balance,  when  poised,  to  turn  when  a  very  small 
additional  weight  is  placed  in  either  scale.  If  there  were 
no  friction,  the  scale  would  turn  by  the  addition  of  the 
smallest  weight.  Friction  is  diminished  as  much  as  possible 
by  placing  the  beam 

upon  the  support  by  ^^^'  ^"' 

means  of  knife  edges, 
of  hard  steel,  the 
support  being  also  of 
the  same  material. 
See  Fig.  26. 

The  stability  and  sensibility  of  a  balance  are  ascertained 
by  the  following  means.  First,  as  to  the  stability  of  one 
balance  compared  with  that  of  another.  A  small  amount  of 
disturbance  being  given  to  both,  such  as  one  degree,  if  the 
force  with  which  the  first  endeavours  to  recover  its  position 
be  double  or  triple  that  of  the  second,  the  stability  of  the 
first  is  double  or  triple  that  of  the  second.  To  compare 
these  forces,  the  weight  of  both  scales,  multiplied  into  c  D, 

*  The  arithmetical  mean  of  two  quantities,  a  and  b,  is  half  their  sum, 
or  \  (a  +  i). 

t  The  geometrical  mean  of  two  quantities,  a  and  b,  is  the  square  root  of 
their  product,  or  ^i. 
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or  the  distauce  between  the  centre  of  motion  and  the  inter- 
eection  of  the  line  drawn  through  the  points  of  suspension  with 
the  vertical  through  the  centre  of  motion,  must  be  added  to 
the  weight  of  the  beam,  multiplied  into  c  G,  or  the  distance 
between  the  centre  of  motion  and  the  centre  of  gravity  of  the 
beam.  For  example ;  suppose  that  in  two  balances  these 
quantities  are  as  follows : — 

FIBST   BALANCE.  SECOND   BALANCE. 

The  arm  A  D     .     .     12  inches.  14  inches. 

„        c  G     .     .       2      „ 
c  D     .     .       1      „ 

Weight  of  beam  30  oimces. 

Weight  of  both  scales  24      ,, 
In  such  case,  the  stabilities   of  the 
balance  will  be  as  84  to  210  ;  because  24 
84,  and  30  X  2  +  50  X  3  =  210. 

44.  The  sensibility  is  ascertained  by  comparing  the  angles 
through  which  very  small  equal  weights  incline  the  balances. 
Thus,  if  a  grain  put  into  a  scale-pan  of  each  inclines  one 
balance  4  degrees,  and  the  other  only  2  degrees,  the  first 
is  twice  as  sensible  as  the  second.  To  compare  the  sen- 
sibilities, multiply  the  length  of  the  arm  of  each  by  the 
number  which  represents  the  stability  of  the  other  in  the 
rule  given  above.  Thus,  the  sensibilities  of  the  preceding 
balances  are  as  12  x  210  to  14  x  84,  or  as  2520  to  1176. 

The  sensibility  of  a  balance  is  also  ascertained  by  observing 
the  smallest  additional  weight  that  will  turn  it,  and  then 
comparing  this  addition  with  the  whole  load.  Thus,  if  a 
balance  have  a  troy  pound  in  each  scale-pan,  and  the  hori- 
zontality  of  the  beam  varies  by  a  small  quantity,  only  just 
perceptible  on  the  addition  of  ^i^th  of  a  grain,  the  balance  is 
said  to  be  sensible  to  i  isloTfTS^^  P^^^  ®^  '^^^  load,  with  a  pound 
in  each  scale,  or  that  it  will  determine  the  weight  of  a  troy 
pound  within  j7/x)V'5^^  P^^*"  ®^  ^^®  whole.  Perhaps  the  most 
sensible  balance  ever  constructed,  was  that  employed  for 
verifying  the  national  standard  bushel,  the  weight  of  which, 
tofifether  with  the  80  lbs.  of  water  it  should  contain,  was 
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about  250  lbs.  With  this  weight  in  each  scale,  the  addition 
of  a  single  grain  occasioned  an  immediate  variation  in  the 
index  of  one-twentieth  of  an  inch,  the  radius  being  50  inches  ; 
80  that  this  balance  was  sensible  to  TTshnTfJ!^^  P^^^  ^^  ^^® 
weight  to  be  determined. 

The  following  are  the  general  rules  respecting  the  sen- 
sibility of  a  balance  : — 

1.  That,  all  other  things  being  the  same,  the  sensibility  is 
increased  by  increasing  the  lengths  of  its  arms. 

2.  That,  all  other  things  being  the  same,  the  sensibility  i& 
increased  by  diminishing  the  weight  of  the  beam.* 

3.  That  the  sensibility  is  increased  by  diminishing  the 
distance  between  the  centres  of  gravity  and  motion. 

4.  That  the  sensibility  is  increased  by  diminishing  the 
distance  of  the  line  joining  the  points  of  suspension  from  the 
centre  of  motion. 

5.  That  the  sensibility  is  greater  when  the  load  is  smaller. 
45.  In  addition  to  the  balance  with  equal  arms,  there  are 

various  modifications  of  the  lever  of  the  first  kind  in  common 
use  for  ascertaining  the  weights  of  bodies.  Such  is  the 
instrument  used  by  the  ancient  Romans,  called  the  Roman 
statera  or  steelyard.  It  consists  of  a  beam  of  iron,  resting 
upon  knife-edges  or  a  pivot,  with  one  arm  longer  than  the 
other.  Supposing  the  shorter  arm,  with  the  attached  scale, 
to  be  sufficiently  heavy  to  balance  the  longer  arm,  when  the 
instrument  is  unloaded,  the  beam  will  of  course  be  horizontal. 

•  It  has  been  already  seen  that  the  sensibility  of  a  balance  depends 
on  the  suspension  at  the  fulcrum,  or  middle  of  the  beam.  It  will  be 
perfect,  in  proportion  as  friction  is  diminished  between  this  point  and 
the  plane  which  bears  it ;  for  the  friction,  which  results  from  the  super- 
position of  two  bodies,  is  a  force  which  acts  in  the  direction  of  their 
surfaces,  and  which  is  in  opposition  to  other  forces  tending  to  detach 
these  surfaces  from  each  other.  Thus,  the  friction  of  the  knife-edge  on 
its  support  must  oppose  the  turning  of  the  beam  round  this  point. 
This  rotation  cannot  take  place  without  detaching  some  part  of  the 
knife-edge  and  its  support  from  each  other.  The  force  required  to  over- 
come their  adhesion  is,  as  we  have  seen,  a  measure  of  the  sensibility  of  the 
balance. 
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The  substance  to  be  weighed,  w,  is  suspended  from  a  hook 
attached  to  the  shorter  arm,  and  a  constant  weight,  p,  is  made 
to  slide  upon  the  longer  arm,  until  equilibrium  is  established. 
Now  we  know  that  in  the  lever  the  condition  of  equilibrium 
is,  that  the  weight  w,  multiplied  by  its  distance  from  the 
fulcrum,  is  equal  to  the  power  or  counterpoise  p  multiplied 
by  its  distance  from  the  fulcrum.  Now,  as  the  distance  of 
the  weight  from  the  fulcrum  is  constant,  and  as  the  counter- 
poise is  also  constant,  it  is  evident  that  in  whatever  propor- 
tion w  is  increased  or  diminished,  the  distance  between  p 
and  the  fulcrum  must  be  increased  or  diminished  in  the 
same  proportion ;  thus,  if  w  be  doubled  or  trebled,  the 
distance  of  p  from  the  fulcrum  must  also  be  doubled  or 
trebled. 

Hence    the    principle    upon    which    this    instrument    is 
graduated  is  sufficiently  simple.      Suppose  the  instrument  is 
first  to  be  graduated  for  weighing  pounds.     A  pound  weight 
Y\cr,  27.  is  placed  in  the  scale, 

and  the  counterpoise 
moved  towards  the 
centre  c,  Fig.  27,  un- 
til the  beam  is  hori- 
zontal. A  mark  is 
then  made  with  a 
file  at  c.  A  second 
pound  is  then  placed 
in  the  scale,  and  the 
counterpoise  moved 
from  c,  until  the  beam  is  again  horizontal.  A  second  mark 
is  then  made ;  after  which,  the  whole  length  of  the  arm  is 
marked  with  divisions  of  the  same  length  as  that  between  the 
first  and  second  divisions  obtained  experimentally.  Of  course 
the  number  of  any  division  from  c  will  express  the  number  of 
pounds  which  the  counterpoise  p,  resting  on  that  division,  will 
sustain,  and  this  is  the  weight  of  the  body  w. 

The  above  illustration  is  intc  nded  to  show  the  principle 
of  the  insti'ument,  rather  than  to   describe  that  in  common 
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nae.  In  an  ordinary  steelyard,  the  centre  of  gmvity  is  not 
at  the  fulcrum,  so  that  when  the  weight  p  is  removed,  the 
longer  arm  usually  preponderates ;  hence  the  graduation 
must  be  commenced,  not  from  c,  but  from  some  point 
between  s  and  c.  These,  however,  are  matters  of  detail, 
which  will  be  found  treated  of  fully  in  larger  works.  The 
great  convenience  of  the  steelyard  is  in  its  requiring  only  one 
weight.  When  the  substance  to  be  weighed  is  heavier  than 
the  constant  weight,  the  pressure  on  the  fulcrum  is  less  than 
in  the  balance,  because  with  the  latter,  equilibrium  is  only 
produced  by  a  weight  equal  to  that  of  the  body  to  be  weighed  ; 
but  in  the  steelyard  a  less  weight  will  suffice.  For  example, 
to  balance  10  lbs.  in  a  pair  of  common  scales,  we  must  have  a 
weight  of  10  lbs.,  making  together  a  load  of  20  lbs. ;  but  in  the 
steelyard  a  weight  of  10  lbs.  may  be  balanced  by  only  1  lb., 
making  together  a  load  of  only  11  lbs.  When,  on  the  con- 
trary, the  constant  weight  exceeds  the  substance  to  be 
weighed,  the  pressure  on  the  fulcrum  is,  of  course,  greater  in 
the  steelyard  than  in  the  balance ;  hence  the  balance  is  prefer- 
able in  determining  small  weights. 

When  the  counterpoise  p  is  moved  to  the  extreme  end  of 
the  beam,  it  represents  the  greatest  weight  that  the  instru- 
ment, as  hitherto  described,  can  determine.  There  are. 
however,  two  methods  by  which  the  same  beam  can  be  made 
to  determine  heavier  weights:  1st,  by  having  another  point 
of  suspension  on  the  shorter  arm,  nearer  to  the  fulcrum  ;  or, 
2ndly,  by  using  a  heavier  counterpoise. 

46.  The  Danish  balance 
(Fig.  28)  differs  from  the  ^'^*  ^^' 

steelyard,  just  described, 
in  having  the  fulcrum  f 
moveable,  instead  of  the 
counterpoise  P,  which  is 
fixed  at  one  extremity* 
while  the  body  to  be 
weighed,  w,  is  suspended  from  a  hook  at  the  other  extremity. 


4S 


THE    BENT-LEVER    BALANCE. 


If  c  be  the  centre  of  gravity  of  the  unloaded  beam  and  scale- 
pan,  the  graduation  must  commence  from  that  point,  since, 
when  the  fulcrum-loop  is  there,  it  poises  the  unloaded  beam  and 
scale-pan.  By  suspending  from  the  hook  at  w,  1,  2,  3,  &c 
pounds  in  succession,  the  divisions  may  be  found  to  which  the 
fulcrum  must  be  removed  in  order  to  produce  equilibrium. 

4?.   The  hent-lever  balance  is  also  a  convenient  form  of 
scale  in  which  the  weight  is  constant.     It  consists  of  a  bent 
p.       g  lever  a  b  c,  Fig.  29,  to  one  end 

of  which  a  weight,  c,  is  fixed, 
and  to  the  other  end,  a,  a  hook 
carrying  a  scale-pan,  w,  in 
which  the  substance  to  be 
weighed  is  placed.  This  lever 
is  moveable  about  an  axis, 
B.  As  the  weight  in  w  de- 
presses the  shorter  arm  b  a, 
its  leverage  is  constantly  di- 
minished, while  that  of  the 
arm  c  B  is  constantly  in- 
creased. When  c  counter- 
poises the  weight,  the  division  at  which  it  settles  on  the 
graduated  arc  expresses  its  amount.  The  graduation  of  the 
instrument  of  course  commences  at  the  point  where  the 
index  settles  when  there  is  no  load  in  w.  The  scale-pan  is 
then  successively  loaded  with  1,  2,  3,  &c.  ounces  or  pounds, 
and  the  successive  positions  of  the  index  marked  on  the 
arc. 

48.  Before  we  conclude  this  section  on  the  lever,  it  may  be 
as  well  to  notice  a  common  rule  for  determining  the  mechanical 
efficacy^  or  power,  of  a  machine.  This  is  said  to  be  greater 
or  less,  according  as  the  ratio  of  the  weight  to  the  power  is 
greater  or  less.  Thus,  if  the  weight  be  20  times  the  power, 
the  mechanical  efficacy  is  said  to  be  20 ;  if  4  times  the  weight 
is  equal  to  25  times  the  power,  the  mechanical  efficacy  is  ^^ 
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As  the  mechanical  efficacy  of  the  lever  admits  of  being 
varied  at  pleasure  by  varying  the  distances  of  the  power 
and  weight  from  the  fulcrum,  so  we  may  imagine  a  lever  with 
a  power  equal  to  that  of  any  given  machine ;  such  a  lever 
is  called  an  equivalent  lever^  with  respect  to  that  machine. 
As  all  simple  machines  may  be  represented  by  simple  equi 
valent  levers,  so  the  most  complex  machine  may  be  repre- 
sented by  a  compound  system  of  equivalent  levers,  whose 
alternate  arms,  beginning  from  the  power,  bear  the  same 
proportion  to  the  remaining  arms. 

49.  The  principal  use  of  the  common  lever  is  for  raising 
weights  through  small  spaces,  which  is  done  by  a  series  of 
short  intermitting  efforts.  After  the  weight  has  been  raised, 
it  must  be  supported  in  its  new  position  while  the  lever  is 
re-adjusted  to  repeat  the  action.  The  chief  defect,  therefore, 
of  the  common  lever  is  want  of  range  and  of  the  means  of  sup- 
plying continuous  motion.      This  defect  would   be  supplied 


Fig.  30. 


if  the  moving  power,  which  in 
all  levers  must  describe  an  arc 
of  a  circle,  could  be  made  to 
move  round  the  entire  circle, 
and  so  continue  to  revolve  for 
any  length  of  time,  still  pro- 
ducing always  the  due  propor- 
tion of  effect  on  the  resistance 
to  be  overcome.  Now,  if  the  re- 
sistance be  acting  always  in  one 
straight  line  (if  it  be  a  weight 
to  be  lifted,  for  example),  there 
are  many  ways  in  which  the 
action  of  the  lever  may  be  rendered  continuous.  Its  short 
arm  may  be  repeated  several  times  as  the  radii  of  a  circle,  and 
each  of  these  radii  in  succession  may  catch  and  lift  some  part 
of  the  weight,  or  of  a  contrivance  connected  with  it.  Thus  we 
pret  the  machine  called  the  rack  and  jpmiow  (Fig.  30),  in  which 
the  centre,  or  axi?  of  motion,  c  c,  forms  the  fulcrum  of  a  lever, 
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-whose  longer  arm  c  a  is  called  the  winch,  and  describes  a 
complete  circle ;  the  shorter  arm  is  repeated  in  the  figure 
8  times,  forming  the  8  leaves  or  teeth  of  tl»e  pinion,  and 
there  is  always  one  of  these  employed  in  lifting  by  one  of 
its  teeth  the  rack  b  c  to  which  the  load  or  other  resistance 
is  applied.  Thus,  as  soon  as  one  of  these  short  arms  of  the 
lever  has  done  its  work,  another  is  ready  to  supply  its  place  ; 
and  although  each  lifts  the  weight  through  only  a  very  small 
space,  the  entire  range  is  limited  only  by  the  length  of  the 
rack.  Bat  in  lifting  the  weight  through  this  range,  the 
hand  at  a  must  describe  altogether  a  space  much  greater,  viz. 
in  the  proportion  that  the  circumference  add  exceeds  the 
height  occupied  by  8  teeth  of  the  rack. 

50.  The  flexibility  of  cor<5?5  affords  another  still  easier  means 
of  increasing  the  range  of  action  of  the  lever  to  almost  any 
extent.  By  filling  up  the  spaces  between  the  leaves  of  the 
pinion,  in  the  last  example,  we  may  convert  it  into  a  cylinder 
or  barrel,  on  which  if  a  rope  be  coiled,  and  the  load  be  sus- 
pended from  it,  this  rope  will  supply  the  place  of  the  rack 
B  c,  and  be  wound  up  in  the  same  manner.  This  constitutes 
the  common  windlass,  in  which  the  weight  hanging  on  the 
rope  will  exceed  the  force  applied  to  the  winch,  and  just 
Bupporting  it,  in  the  ratio  that  the  length  of  the  winch, 
measured  from  its  centre  of  motion,  exceeds  the  mean  radius 
of  a  coil  of  rope,  i.  e.  the  radius  of  the  barrel  -f  half  the  thick- 
ness of  the  rope. 

51.  Thus  the  efficiency  of  this  machine,  the  windlass,  as  a 
concentrator  of  force,  is  augmented  either  by  diminishing  the 
thickness  of  the  barrel,  or  by  increasing  the  length  of  the 
winch ;  but  the  barrel  would  be  too  much  weakened  if 
diminished  beyond  a  certain  extent,  and  the  winch  becomes 
useless  if  lengthened  beyond  the  radius  of  the  circle  which  the 
hand  and  arm  can  conveniently  describe.  Hence  arises  a 
necessity  for  multiplying  the  long  arm  of  the  lever  and  making 
it  into  several  radii,  in  the  same  way  that  the  short  arm  was 
multiplied  to  form  the  pinion  or  the  barrel.     This  repetition  of 
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the  longer  ann  constitutes  the  wheels  which  is  commonly 
reckoned  as  the  second  simple  machine^  although,  as  we  have 
seen  (49),  it  is  only  a  particular  modification  of  the^^r*^,  viz. 
the  lever.  The  advantage  of  the  wheel  over  the  single  spoke 
or  \^'^nctlt  s,  that  however  long  its  radius,  it  can  always  be 
turned  continuously  by  a  force  whose  action  is  confined  to  a 
small  part  only  of  the  circumference.  This  can  be  efiected  in 
either  of  the  modes  above  described  in  the  case  of  the  short 
arm — viz.  first,  by  forming  projections  on  the  rim  of  the  wheel, 
to  be  successively  acted  on  by  the  power  in  the  same  way  that 
the  leaves  of  the  pinion  successively  act  on  the  resistance ;  or 
secondly,  by  passing  a  rope  or  band  round  the  wheel. 

52.  The  latter  afi'ords  an  easy  mode  of  exhibiting  the  pro- 
perties of  this  most  important  machine.  For  this  purpose  the 
power  is  usually  represented  by  a  small  weight  suspended 
from  a  cord  which  is  wound  on  the  circumference  of  the 
wheel  ;  and  the  resistance  by  a  larger  weight  on  a  cord  that 
is  wound  in  a  contrary  direction  round  the  axle. 

It  will  be  evident,  from  an  inspection  of  this  machine,  that 
its  condition  of  equilibrium  is  precisely  that  of  the  lever ; 
only,  in  this  case,  the  power  is  multiplied  by  the  radius  c  b 
of  the  wheel,  and  this  will  be  found  equal  to  the  resistance 
multiplied  by  the  radius  of  the  axle.  If,  for  example,  the 
power  be  1  lb.  and  the  radius  of  the  wheel  22  inches,  and 
the  load  11  lbs.,  while  the  radius  of  the  axle  is  2  inches, 
there  will  be  equilibrium,  because  the  moments  are  in  each 
case  the  same.     (26.) 

We  may  also  prove  the  same  thing  by  the  principle  of 
virtual  velocities  (27),  for  in  one  revolution  of  the  wheel 
the  power  descends  through  a  space  equal  to  the  circum- 
ference of  the  wheel,  and  the  weight  is  raised  through  a 
space  equal  to  the  circumference  of  the  axle.  Hence,  the 
moving  power,  multiplied  by  the  velocity  of  its  motion,  is 
not  less  than  the  load  moved,  multiplied  by  the  velocity  ot 
its  motion. 

53.  The  axle  in  the  wheel  is  evidently  not  intermitting  iu 
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its  action,  as  in  the  case  of  the  common  lever ;  but  the  motion 
which  the  power  communicates  to  the  load,  although  slow, 
is  constant.  Hence  it  has  been  called  the  continual  or  per- 
petual lever,  and  its  mechanical  efficacy  depends  on  the  ratio 
of  the  radius  of  the  wheel  to  the  radius  of  the  axle,  or  the 
length  of  the  lever  by  which  the  power  acts,  to  the  length  of 
that  by  which  the  load  resists. 

54.  The  power  may  be  applied  to  the  wheel  in  various  ways  , 
such  as  by  pins  placed  at  various  distances  round  its  circum- 
ference, as  in  the  wheel  used  to  work  the  rudder  of  a  ship,  in 
which  case  the  hand  is  used  as  the  power  :  in  some  cases  the 
rim  of  the  wheel  is  dispensed  with,  and  a  number  of  long  bars 
are  inserted  in  the  axle,  as  in  the  larger  kinds  of  windlass,  in 
which  the  axle  is  usually  horizontal.  In  the  capstan  it  is 
vertical.  In  either  case  the  wheel  consists  only  of  diverging 
spokes,  rendered  portable  by  a  number  of  holes  in  the  axle, 
into  which  men  insert  the  ends  of  these  spokes  or  hand- 
spikes. When  the  axis  is  horizontal,  each  hand-spike  is 
removed  from  one  hole  to  another,  the  weight  being  mean- 
while sustained  by  the  action  of  a  ratchet-wheel.  When  the 
axis  is  vertical,  a  number  of  men  may  work  at  it,  pushing 
the  bars  before  them,  and  thus  there  need  be  no  intermission 
of  the  power.  An  enormous  weight  may  be  raised  in  this 
way. 

The  ratchet  or  racket-wheel  (Fig. 
31)  just  referred  to,  is  a  simple  con- 
trivance for  preventing  a  wheel  from 
turning  except  in  one  direction.  A 
catch  c  plays  into  the  teeth  of  the 
wheel  A  B,  permitting  it  to  revolve 
in  the  direction  of  c  b,  but  prevent- 
ing any  recoil  on  the  part  of  the 
weight  or  resistance  contrary  to  the 
direction  of  the  power. 

55.  By  increasing  the  size  of  tho 
wheeJ   in  proportion  to  that  of  the 
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axle,  forces  of  very  different  intensities  may  be  balanced  ; 
but  as  the  larger  force  increases  in  magnitude,  the  size  of 
the  wheel  is  increased  to  an  inconvenient  extent.  Hence  the 
use  of  a  combination  or  system  of  wheels  and  axles.  Now, 
as  the  wheel  and  axle  is  only  a  modification  of  the  lever,  w 
may  expect  to  find  that  a  system  of  wheels  and  axles  is  only 
a  modification  of  the  compound  lever  already  described 
(39).  Such  is  the  case,  and  the  conditions  of  equili- 
brium are  also  the  same.  The  power  being  applied  to  the 
circumference  of  the  first  wheel,  transmits  its  effect  to  the 
circumference  of  the  first  axle ;  this  acts  upon  the  circum- 
ference of  the  second  wheel,  which  transfers  the  effect  to  the 
circumference  of  the  second  axle,  which,  in  its  turn,  acta 
upon  the  circumference  of  the  third  wheel,  and  this  trans- 
mits its  effect  to  the  circumference  of  the  third  axle  ;  and  thus 
the  force  is  transmitted  until  it  arrives  at  the  circumference 
of  the  last  axle,  where  it  encounters  the  load  or  resistance. 

56.  There  are  various  methods  by  which  the  circumferences 
of  the  axles  are  made  to  act  upon  the  wheels.  Sometimes, 
by  the  mere  friction  of  their  surfaces,  the  friction  being 
increased  by  cutting  the  wood  so  that  the  grains  of  the 
opposed  surfaces  may  run  in  opposite  directions  ;  in  othei 
cases  the  surfaces  are  covered  with  buff  leather ;  but  the 
most  usual  method  of  transmitting  power  in  complex  wheel- 
work  is  by  means  of  teeth  or  co^s  raised  on  the  surfaces  of 
the  wheels  and  axles.  The  word  teeth  is  usually  applied  to 
the  cogs  on  the  surface  of  the  wheel,  while  those  on  the  sur- 
face of  the  axle  are  called  leaves,  and  the  part  of  the  axle 
from  which  they  project  is  named  a  pinion,  as  already 
noticed  (Fig.  30).  In  a  train  of  wheels  thus  arranged 
(Fig.  32),  the  conditions  of  the  equilibrium  are  the  same 
as  in  a  train  of  levers  (Fig.  23),  that  is  to  say,  the  power  p  is 
to  the  resistance  w,  as  the  continued  product  of  the  radif 
of  tl;e  pinions  6,  c,  d  is  to  the  continued  product  of  the  radii 
of  the  wheels  a,  e,  /.  Thus,  if  the  pinions  in  Fig.  32  had 
be€n  respectively  1,  2,  and  3  inches  radius,  and  the  wheels 
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respectively  8,  9,  and  1 2  inches  radius,  then  1  x  2  x  3  =  6, 
and  8x9x12  =  864,  or,  in  other  words,  a  power  ex- 
presssed  by  6  would  counterbalance  a  weight,  or  overcome  a 
resistance,  equal  to  864. 

When  a  system  thus  constructed  is  in  action,  the  leaves  of 
the  pinion  must  pass  in  succession  between  the  teeth  of  the 
wheel ;  consequently,  the  circumferences  of  the  wheels  and 
pinions  must  bear  a  certain  proportion  to  the  numbers  of 
teeth  and  leaves ;  and  as  the  circumferences  are  as  the  radii, 
the  numbers  of  the  teeth  or  leaves  must  be  proportional  to 
the  radii.  Hence,  in  assigning  the  condition  of  equilibrium, 
the  number  of  teeth  and  leaves  must  be  substituted  for 
the  radii  of  the  wheels  and  axles  mentioned  above, 
otherwise  there  might  be  some  doubt  as  to  the  real  or 
effective  radius  of  these  bodies,  viz.  to  what  part  of  the 
toothed  circumference  it  should  be  measured.  This  is  known 
by  dividing  the  distance  between  the  centres  of  the  wheel 
and  pinion  into  as  many  parts  as  there  are  teeth  in  both  of 
them  together.  Thus,  if  the  wheel  have  51,  and  the  pinion 
10  teeth,  then,  the  space  between  their  centres  being  divided 
into  61  parts,  the  tenth  division  from  the  centre  of  the  pinion, 
or  the  fifty-first  from  the  centre  of  the  wheel,  will  mark  the 
extent  of  both  their  effective  radii ;  and  two  circles  drawn  with 
these  radii,  so  as  to  touch  at  the  said  division,  are  called  the 
pitch-lines^  or  pitch-circles^  which,  as  will  presently  be  seen, 
form  the  bases  for  determining  the  form  and  size  of  the  teeth. 
In  wheel- work,  therefore,  the  condition  of  equilibrium  is,  as 
expressed  by  the  ratio  above,  that  the  power  multiplied  by  the 
product  of  the  numbers  of  teeth  in  all  the  wheels,  is  equal  to 
the  load  multiplied  by  the  product  of  the  number  of  leaves  in 
all  the  pinions.  If,  as  in  Fig.  32,  some  of  the  wheels  and 
axles  carry  teeth,  and  others  not,  then,  the  effective  radii  of 
the  former  being  measured  from  their  centre  to  their  pitch-line, 
those  of  the  latter  must  be  measured  from  their  centre  to  the 
middle  of  the  thickness  of  the  surrounding  rope  or  band. 

67.  The  law  of  virtual  velocities  (27)  applies  also  to  coci- 
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plex  wheel-work.  The  teeth  and  leaves  being  equal,  the 
circumference  (i.  e.  the  pitch-line)  of  each  wheel  moves 
with  the  same  velocity  as  that  of  the  pinion  by  which  it  is 
driven.  Now,  as  each  wheel  revolves  in  the  same  time  with 
its  axle,  the  velocities  of  their  circumferences  are  as  their 
effective  radii  or  numbers  of  teeth.  Hence  the  velocity  of 
the  power,  or  the  velocity  of  the  circumference  of  the  first 
wheel,  is  to  that  of  the  first  axle  as  their  radii.  But  the 
velocity  of  the  circumference  of  the  first  pinion  is  equal  to 
the  velocity  of  the  circumference  of  the  second  wheel,  which 
is  to  that  of  the  second  pinion  as  their  radii ;  and  by  calcu- 
lating in  this  way  to  the  end  of  the  train,  it  will  be  found 
that  the  velocity  of  the  power  is  to  that  of  the  load  as  the 
product  of  the  radii  of  the  wheels  to  the  product  of  the  radii 
of  the  pinions ;  or  that  the  power,  multiplied  by  the  velocity 
of  the  power,  is  not  less  than  the  load  multiplied  by  the 
velocity  of  the  load. 

For  example,  in  Fig.  Fig.  32. 

32,  let  the  number  of 
leaves  on  the  axle  b  of 
the  first  wheel  a  be 
six  times  less  than  the 
number  of  teeth  in  the 
circumference  of  the 
second  wheel  e,  so 
that  the  wheel  may  be 
turned  only  once  by 
every  six  turns  of  the 
axle  h.  In  like  manner 
the  second  wheel  e,  by 
turning  six  times,  turns 
the  third  wheel  /  only 
once ;  so  that  the  first 
wheel  turns  thirty- six 

times  for  only  one  turn  of  the  third  wheel ;  and  as  the 
diameter  of  the  wheel  a  to  which  the  power  is  applied  is 
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three  times  as  great  as  that  of  the  axle  d,  which  bears  the 
weight  w  or  the  resistance,  3  X  36  =  108.  So  that  1  :  108 
is  in  this  case  the  ratio  between  the  velocities  w  and  p 
when  moving,  and  consequently  between  their  weights  or 
pressures  when  in  equilibrium. 

58.  But  as  neither  this,  nor  any  other  system  of  machinery 
(except  that  of  simple  levers),  is  ever  used  for  weighing^  but 
always  for  communicating  motion^  we  must  remember  that 
the  conditions  of  equilibrium  only  inform  us  what  degree  of 
force  applied  to  one  part  of  the  machine  will  balance  a  given 
resistance  at  another  part.  But  before  motion  can  be  pro- 
duced, there  must,  in  addition  to  this,  be  a  redundancy  of 
one  force  over  the  other,  sufficient  to  overcome  the  friction 
and  other  passive  resistances,  the  determination  of  which,  as 
well  as  of  the  rate  of  motion  produced,  belongs  to  dynamics. 
Now,  as  the  levers  (in  Figs.  20,  22,  24)  become  levers  of  the 
second  or  third  kind,  according  as  the  slower-moving  or 
quicker-moving  force  preponderates,  so  the  train  of  w^heels 
(Fig.  32)  serves  to  concentrate  or  diffuse  force  according  as 
p  or  w  preponderates ;  for  in  one  case  a  weak  force,  by  acting 
through  a  great  space,  is  brought  to  bear  upon  a  powerful 
resistance ;  in  the  other,  a  great  force  moving  through  a 
small  range  expends  itself  in  moving  weak  re.sistances 
through  great  spaces.  Thus,  when  a  heavy  weight  hanging 
from  a  crane  descends,  it  drags  the  winch  round  with  extreme 
rapidity,  but  with  so  little  force,  that  the  pressure  of  a  child 
may  not  only  keep  it  from  turning,  but  reverse  its  motion,  and 
so  raise  the  weight.  Hence  power  is  conceritrated  when  the 
pinions  turn  the  wheels,  but  diffused  when  the  wheels  turn 
the  pinions.  Thus  the  former  arrangement  is  used  in  a 
crane  to  gain  power^  the  latter  in  a  clock  or  watch  to  gain 
extent  of  motion.  In  one  machine,  many  large  turns  of  the 
handle  are  necessary  to  lift  the  weight  a  few  inches  ;  in  the 
others,  the  descent  of  the  weight  a  few  feet,  or  the  recoil  of 
the  spring  through  three  or  four  turns,  suffices  to  carry  the 
seconds  hand  through  10,080  cr  1,440  revolutions. 
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59.  In  machines  where  this  increase  of  motion  is  the  object, 
and  where  no  exact  proportion  between  the  motions  is  neces- 
sary, the  system  of  teeth  or  cogs  is  seldom  used,  but  the  com- 
munication of  motion  from  a  large  wheel  to  a  small  one  is 
effected  in  a  better  as  well  as  cheaper  masner  by  a  strap  or 
endless  hand  passing  over  them  both.  They  may  thus  be  at 
any  distance  apart,  and  may  turn  either  the  same  way  or 
contrary  ways,  according  as  the  strap  does  or  does  not  cross 
between  them  ;  whereas  a  toothed  wheel  and  its  pinion  must 
always  turn  in  contrary  directions.  The  strap  may  also  be 
conducted  over  pulleys  in  any  direction. 

60.  Since  wheel-work  is  used,  like  other  machinery,  to  trans- 
mit and  modify  force,  it  is  often  a  matter  of  nice  calculation 
and  contrivance  that  the  precise  effect  intended  should  be 
accomplished,  especially  in  watch  and  clockwork,  where  the 
object  is  to  produce  uniform  motions  of  rotation,  in  times 
which  are  exact  multiples  of  each  other. 

In  ordinary  wheel-work  it  is  usual,  in  any  wheel  and 
pinion  that  act  on  each  other,  to  use  numbers  of  teeth  that 
are  prime  to  each  other,*  so  that  each  tooth  of  the  pinion 
may  encounter  every  tooth  of  the  wheel  in  turn  ;  by  which 
means  any  irregularities  will  tend  to  diminish  by  constant 
wear,  instead  of  increasing^  as  they  must  do,  in  watches 
and  clocks,  where  the  above  plan  is  evidently  inapplicable. 
In  these,  as  well  as  in  all  other  systems  of  wheel-work,  great 
attention  must  be  paid  to  the  forms  „.     „, 

of  the  teeth  and  leaves,  otherwise  ^^^^^^^^^^sm 
there  will  be  a  jolting,  grinding  ac- 
tion, which  would  end  in  their  mu- 
tual destruction.  The  teeth  should 
be  formed  in  such  a  manner  that 
tliose  of  one  wheel  press  in  a  direc- 
tion perpendicular  to  the  radius  of 
the  other  wheel ;  that  is,  the  pressure 

*  Numbers  prime  to  each  other  are  such  as  have  no  comTTion  mcafrar?* 
except  1. 

Dd 
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should  be  tangential  to  the  wheel,  as  the  line  a  6,  Fig.  33,  or 
tangential  to  the  pinion,  as  the  line  a  b.  It  is  also  desirable 
that  during  the  entire  action  of  one  tooth  upon  another, 
the  direction  of  the  pressure  should  be  the  same,  so  as 
to  produce  a  uniform  effect,  by  acting  with  the  same  lever- 
age. The  teeth  should  be  so  formed  that  one  may  roll 
upon  the  other,  and  not  rub  or  scrape.*  It  is  also  of  impor- 
tance that  as  many  teeth  as  possible  should  be  in  contact  at 
the  same  time,  so  as  to  distribute  the  pressure  amongst  them, 
and  thus  to  diminish  the  pressure  upon  each  tooth.  Hence 
pinions  of  less  than  10  or  12  leaves  are  objectionable;  but 
there  is,  of  course,  a  limit  to  the  multiplication  of  teeth,  from 
'their  becoming  too  thin  to  withstand  the  pressure.  It  is  also 
desirable  that  the  same  teeth  in  the  wheel  should  be  engaged 
as  seldom  as  possible  with  the  same  leaves  of  the  pinion  which 
works  it.  If,  for  example,  the  number  of  teeth  in  the  wheel 
were  60,  the  number  of  leaves  in  the  pinion  10,  each  leaf  of  the 
pinion  would  engage  every  tenth  tooth  of  the  wheel,  and 
would  always  work  on  the  same  six  teeth  with  every  revolu- 
tion of  the  wheel.  In  clockwork  this  is,  of  course,  unavoid- 
*  The  complete  attainment  of  all  these  conditions  at  the  same  time 
is  impossible,  and  very  profound  analysis  has  been  found  necessary  to 
determine  what  forms  of  teeth  will  secure  the  nearest  approach  thereto. 
For  some  purposes,  the  epicycloid  (or  curve  described  by  a  point  in  the 
circumference  of  a  small  circle  rolling  round  the  rim  of  the  wheel)  has 
been  proposed  ;  and  for  others,  that  the  side  of  each  tooth  should  be  an 
involute  from  the  pitch-line  (that  is,  that  it  should  be  described  by  a  pencil 
confined  by  a  thread  that  is  unwound  from  that  line).  When  the  teeth 
are  numerous,  this  curve  will  approach  to  a  circular  arc.  In  all  cases, 
the  teeth  should  project  the  same  distance  beyond  the  pitch-line,  that 
their  intervals  recede  within  it ;  and  the  portions  of  their  sides  situated 
within  this  circle  are  usually  made  straight  and  radial.  The  conditions 
above  mentioned  are  less  attainable  in  pinions  than  in  wheels,  and  still 
less  in  proportion  as  the  leaves  are  fewer.  Hence,  the  best  form  of 
pinion,  where  great  strength  is  not  required,  is  that  called  the  trundle  or 
lantern  pinion,  which  consists  of  two  discs,  connected  near  their  circum- 
ference by  8  or  10  cylindrical  rods,  which  serve  instead  of  leaves ;  and  if 
these  be  made  to  turn  freely  on  their  axes,  the  rolling  motion  is  insured, 
together  with  other  advantages. 
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able,  but  millwrights  generally  cojitrive  so  that  the  number  of 
teeth  is  just  one  more  than  a  number  ichich  is  exactly  divisible 
by  tJie  number  of  leaves.  This  odd  tooth  is  called  the  hunting- 
cvg.  If,  for  example,  the  pinion  contain  8  leaves,  and  the 
wheel  65  teeth,  it  is  evident  that  the  wheel  must  revolve  8  tames, 
and  the  pinion  65  times,  before  the  same  leaves  and  teeth  will  be 
again  engaged. 

O'l.  Toothed  wheels  are  usually  divided  into  three  classes, 
according  to  the  position  of  the  teeth  with  respect  to  the 
axis  of  the  wheel.  When  the  teeth  are  raised  upon  the  edge 
of  the  wheel,  as  in  Fig.  33,  they  are  called  sjmr-ucheels.,  or 
spur-gear^  which  necessarily  turn  both  in  the  same  plane. 
When  raised  parallel  to  the  axis,  as  in  Fig.  34,  they  fonn  a 
crown-wheel^  which,  by  acting  on  a  spur-wheel,  turns  the 
latter  in  a  plane  at  right-angles  to  itself.  When  the  teeth 
are  raised  on  a  surface  inclined  to  the  Fig.  34. 

plane  of  the  wheel,  they  are  called 
bevelled  wheels^  which  are  capable  of 
Communicating  motion  in  planes  in- 
clined at  any  angle  to  each  other 
(Fig.  35).  Spur-gear  is,  therefore, 
used  for  communicating  motion  round 
one  axis  to  another  axis  parallel  to  it. 
See  Fig.  32,  where  the  three  axes  are 
parallel  to  each  other.  Where  the 
axes  are  at  right  angles  to  eacli 
other,  a  crown-wheel,  working  in 
a  spur-pinion,  as  in  Fig.  34,  may  be 
used.  The  same  object  may  also  be 
better  accomplished  by  two  bevelled  wheels.  But  by 
bevelled  wheels  also,  a  motion  round  one  axis  can  be  com- 
municated to  another,  inclined  to  it  at  any  proposed  angle. 
See  Fig.  35.  In  such  a  case,  the  surfaces  on  which  the  teeth 
are  raised  are  parts  of  the  surfaces  of  two  cones,  and  the 
mode  in  which  they  act  may  be  conceived  by  placing  two 
ooues  side  by  side,  as  d  a  e,  e  a  d'.    If  one  be  made  to  revolve, 
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Fig.  35.  it  will   cause  the  other  to  re- 

volve also.  If  the  bases  of  the 
cones  be  equal,  they  will  re- 
volve in  equal  times ;  if  un- 
equal, the  number  of  revolutions 
will  bear  the  same  proportion 
as  the  bases.  So  also  the 
properties  which  belong  to  the 
whole  cones  will  belong  to  any 
corresponding  parts  of  them, 
such  as  h  h\  c  c\  d  d\  and  would 
therefore  apply  to  wheels,  the 
edges  of  which  are  parts,  h  b\ 
c  c\  &c.,  of  the  conical  surfaces. 
It  is  necessary,  however,  that  the 
vertices  of  both  cones  should  coincide  as  at  a  ;  therefore  the 
axes  of  both  wheels  must  be  imagined  to  be  prolonged  till  they 
meet,  and  this  point  will  be  the  common  vertex  of  the  cones. 
62.  The  machines  which  have  been  hitherto  considered  are 
of  two  kinds,  rigid  and ^exible.  The  former  owe  much  of  their 
mechanical  advantage  to  their  inflexibility  ;  for  if  levers  were 
capable  of  bending,  it  is  obvious  that  the  laws  which  regu- 
late their  action,  on  the  supposition  that  they  are  rigid, 
would  no  longer  apply,  or  at  least  would  require  considerable 
modification.  In  the  cords,  however,  used  as  in  Figs.  31,  32,  for 
converting  a  straight  into  a  circular  motion,  or  one  circular 
motion  into  another,  as  in  the  endless  band  described  in  59, 
perfect  flexibility  is  as  great  a  desideratum  as  perfect  rigidity 
was  in  the  former  case.  Of  course  it  cannot  be  attained,  but, 
in  considering  the  theory,  it  is,  as  already  stated  (29  and  14 
note),  far  more  easy  to  consider  such  perfection  to  have  been 
attained,  and  afterwards  to  make  allowances  for  whatever 
interferes  therewith,  than  to  attempt,  in  the  first  instance,  to 
solve  the  problem  complicated  with  these  extra  and  varying 
quantities. 

A  rope  or  thread,  perfectly  flexible  and  inextensible.  is  a 
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Fig.  36. 


macliine  which  enables  us  to  transmit  force  from  one  point  to 
another  in  the  direction  of  its  length,  as  well  as  by  a  rigid 
bar  or  rod,  but  with  this  diflerence,  that  the  forces  which  are 
opposed  to  each  other  must  always  be  divellent,  whereas  with 
a  rod  they  may  act  either  from  or  towards  each  other.  So  fai 
the  rigid  body  appears  to  present  an  advantage.  But  the 
chief  advantage  of  the  rope  is,  that,  from  its  flexibility,  a 
force  acting  in  one  direction  may  be  made  to  balance  au 
equal  force  in  any  other  direction. 
Thus,  the  weight  w.  Fig.  S6,  acting  in 
the  direction  h  w,  may,  by  means  of  u 
rope  passing  through  a  fixed  hook  or 
ring  H,  be  sustained  by  a  power  p  act- 
ing in  the  direction  p  h.  Assuming' 
the  rope  to  be  perfectly  flexible  and 
smooth,  it  would  suffer  no  resistance 
either  from  rigidity  or  friction  in 
passing  through  the  ring,  and  the  cord 
would  be  stretched  everywhere  with 
the  same  force  which  is  equal  to  that  of  the  weight  w. 

63.  We  see,  then,  that  the  alteration  in  the  direction  of  the 
power,  by  passing  the  rope  through  the  ring  at  p,  makes  no 
difference  in  the  power ;  it  merely  enables  us  to  alter  its 
direction ;  this,  however,  supposes  the  rope  to  be  perfectly 
smooth  and  flexible,  and  the  ring  to  be  free  from  all  roughness  ; 
but,  as  it  is  not  possible  to  fulfil  these  conditions,  the  friction 
arising  from  the  opposite  qualities  is  greatly  diminished  by 
substituting  for  the  ring  a  wheel  grooved  at  the  circumfer- 
ence, and  turning  freely  on  an  axle  passing  through  its 
centre.  Such  a  wheel  is  called  3,pullei/,  and  we  have  already 
made  use  of  it  for  altering  the  directions  of  forces,  in  the 
experiments  illustrated  by  Figs.  7  and  22.  We  have  now  to 
show  how,  by  a  diff'erent  arrangement  of  pulleys,  force  may 
not  only  be  transmitted,  but  also  concentrated  in  degree,  thus 
rendering  this  machine  one  of  the  so-called  mechanical  powers; 
and  although  the  pulley  is  commonly  called  the  third  of  these. 
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yet  it  must  be  remembered,  that  the  cord  or  rope  is  tlie 
efficient  agent,  no  mechanical  advantage  being  gained  from 
the  pulley ;  for  the  theory  of  the  pulley,  as  a  mechanical 
power,  would  be  just  as  complete  if  the  rope  were  passed 
through  perfectly  smooth  rings,  as  in  Fig.  36.  The  real 
mechanical  advantage  to  be  derived  from  this  machine  is 
founded  on  the  fact,  that  the  same  flexible  cord  must  always 
undergo  the  same  tension  in  every  part  of  its  length. 

64.  Pulleys  are  C2i\\QdJixed  or  moveable^  according  as  their 
frame  is  fixed  or  not,  for  the  sheaf  or  wheel  is  always  move- 
able on  its  axis.  In  fixed  pulleys,  such  as  those  in  Figs.  7  and 
22,  the  power  and  the  load  are  equal,  so 
that  there  is  no  mechanical  advantage, 
but  only  a  convenience  in  being  able  to 
apply  the  power  in  any  required  direc- 
tion. A  single  moveable  pulley^  also 
called  a  runner^  is  shown  at  a  b, 
Fig.  37. 

In  this  example  it  is  evident  that  the 
rope  must  have  the  same  tension  every- 
where throughout  its  length,  or  the 
system  would  not  be  in  equilibrium; 
and,  further,  in  order  to  be  in  equi- 
librium, the  tension  must  be  equal  to 
the  power  p ;  thus  the  power  P  is  sup- 
ported by  the  tension  of  that  part  of 
the  rope  which  is  between  c  and  p.  If 
we  call  this  1  lb.,  it  will  be  found  that  the  load  w  must  be 
2  lbs.,  because  this  is  supported  by  that  part  of  the  cord 
lying  between  h  and  b,  and  also  by  the  part  between 
D  and  A.  In  fact,  these  two  portions,  B  h  and  a  d,  of  the 
cord  sustain  the  weight  between  them.  Or  we  may  regard  the 
horizontal  diameter  of  the  pulley  a  b  as  a  lever  of  the  second 
kind,  having  its  fulcrum  at  b,  the  power  applied  at  a,  and 
the  load  hanging  midway  between  them.  In  this  arrange- 
ment, therefore,  the  power  is  capable  of  balancing  a  weight 
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or  opposing  a  resistance  of  twice  its  own  amount.  It  should, 
however,  be  observed,  that  in  reckoning  the  load  we  must 
include   the   weight   of  the 


Fis.  38. 


Fig.  39. 


moveable  pulley  a  b,  which 
is  also  sustained  by  the 
])Ower.  In  Fig.  38  the  weight 
is  equal  to  three  times  the 
power,  and  in  Fig.  39  to  four 
times  the  power.  In  each 
of  these  cases  it  will  be 
seen  that  the  tension  of 
each  part  of  the  rope  is 
equal  to  the  power  p.  In 
Fig.  38  the  load  w  is  dis- 
tributed equally  among 
three  portions,  and  in  Fig. 
39  among  four  portions  of 
the  rope ;  and  as  each  por- 
tion is  stretched  equally  by 
the  power,  it  follows  that 
in  the  one  case  the  weight 
raised  is  nearly  equal  to  three  times,  and,  in  the  other  case, 
to  four  times  the  power.  Hence  it  appears  that  in  systems 
of  pulleys  with. one  rope  and  one  moveable  block,*  the  load 
is  as  many  times  the  power  as  there  are  different  parts  of  the 
rope  engaged  in  supporting  the  moveable  block ;  and,  in 
general,  when  the  power  acts  downwards,  the  number  of 
pulleys  required  equals  the  number  of  times  that  the  power 
is  to  be  concentrated ;  but  when  the  power  acts  upwards,  one 
pulley  may  be  dispensed  with,  for  in  the  last  three  figures 
the  power  p  might  have  been  applied  to  pull  up  the  cord  «, 

*  The  block  is  the  framework  in  which  tlie  wheels  or  sheaves  art 
eecured  by  means  of  the  pivot  or  axle.  A  combination  of  blocks,  sheaves, 
and  ropes,  is  called  a  tackle.  In  the  pulleys  represented  in  Fig.  38.  the 
sheaves  move  on  separate  axles  ;  it  is,  however,  more  usual  to  place  them 
side  by  side  on  the  same  axle,  as  in  Fig.  39. 
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without  the  intervention  of  the  fixed  pulley  c,  which  adds 
nothing  to  the  mechanical  effect. 

65.  In  the  preceding  cases  we  have  supposed  the  parts 
of  the  rope  which  support  the  weight  to  be  parallel,  or 
nearly  so.  When  such  is  not  the  case,  the  machine  is 
greatly    deteriorated    as    a    mechanical    power;    indeed,    at 


Fig.  40. 


certain  obliquities,  the 
power  would  require  to 
be  greater  than  the  weight, 
in  order  to  produce  equi- 
librium. In  order  to  de- 
termine the  power  neces- 
sary to  support  a  given 
weight  when  the  parts  of 
the  cord  b  c,  b  h,  Fig.  40, 
are  not  parallel,  take  the 
line  B  A  vertical,  and  consisting  of  as  many  inches  (or  other 
equal  parts)  as  the  weight  consists  of  ounces  or  pounds.  From 
A  draw  A  D,  parallel  to  B  h  ;  and  from  e  draw  a  e,  parallel  to 
B  c.  The  force  of  the  weight  represented  by  the  diagonal  a  b 
will,  as  already  stated  (9, 10),  be  equivalent  to  two  forces  repre- 
sented by  B  D  and  b  e.  The  number  of  inches  in  these  lines 
respectively  will  represent  the  number  of  ounces,  or  pounds, 
which  are  equivalent  to  the  tensions  of  the  parts  b  c  and  b  h 
of  the  cord ;  but  as  these  tensions  are  equal,  B  d  and  b  e 
must  be  equal,  and  each  will  express  the  amount  of  power 
which  stretches  the  cord  at  p  c.  As  each  of  the  four  sides 
of  the  parallelogram  a  e  b  d  equally  represents  the  power, 
and  as  the  diagonal  a  b  represents  the  weight,  the  latter 
must  always  be  less  than  twice  the  power  which  is  repre- 
sented by  A  E,  E  B,  taken  together.  But  if  the  angle  0  B  H 
exceed  120°,  a  b  will  evidently  be  shorter  than  e  b  or  b  D, 
so  that  the  power  at  p  will  require  to  be  greater  than  the 
weight  w  ;  and  this  excess  may  be  in  any  proportion,  so  that 
it  is  impossible  by  any  power  applied  at  p,  to  pull  the 
cord  c  B  H  mathematically  straight,  however  small  the  weight 


VELOCITIES    OF    CORD    TACKLE.  S5 

w  may  be,  or  even  if  there  be  no  weight  except  that  of  the 
cord  itself.  Hence,  also,  we  see  the  reason  that  a  harp-string, 
however  tightly  stretched,  can  always  be  pulled  aside  by  a 
very  small  transverse  force,  almost  infinitely  less  than  its  lon- 
gitudinal tension. 

66.  In  testing  the  theory  of  the  pulley  dynamically,  or 
by  the  principle  of  virtual  velocities,  we  find  that  in  this, 
as  well  as  in  all  other  machines,  whatever  is  gained  in 
force  is  lost  in  velocity.  It  wiU  be  found  in  all  the  ex- 
amples adduced,  that  the  ascent  of  the  weight  is  as  many 
times  less  than  the  descent  of  the  power,  as  the  weight  itself 
is  greater  than  the  power.  Thus  (in  Fig.  39),  if  the  power 
be  1  lb.  and  the  weight  4  lbs.,  and  it  be  required  to  raise  the 
weight  1  foot,  the  power  must  descend  through  four  feet ;  for, 
in  order  to  raise  the  moveable  block  1  foot,  each  of  the  four 
portions  of  cord  by  which  it  hangs  must  be  shortened  1  foot ; 
but  as  they  all  form  parts  of  one  continued  cord,  this  must 
on  the  whole  be  shortened  4  feet,  i.  e.  4  feet  of  cord  must 
pass  out  from  the  system  between  the  blocks.  "  What  then 
do  we  gain  by  the  pulley  ?"  it  may  be  asked  :  the  answer  is, 
"  We  gain  nothing  at  all ;"  for,  as  far  as  expenditure  of  power 
is  concerned,  we  may  just  as  well  do  without  the  machine ; 
we  gain  no  power  by  its  means ;  all  we  do  is  to  economize  it 
and  expend  it  gradually.  In  raising  a  weight  of  50  lbs.  one 
foot  high,  the  expenditure  of  power  is  obviously  the  same, 
whether  we  accomplish  the  task  by  raising  1  lb.  through  50 
feet,  or  50  separate  lbs.  through  1  foot ;  and  in  the  pulley,  or 
any  other  machine,  a  weight  of  50  lbs.  cannot  be  raised 
a  given  height  with  a  less  expenditure  of  power  than  is  re- 
quired to  raise  100  lbs.  half  that  height,  or  1  lb.  50  times  that 
height. 

67.  In  the  common  form  of  block,  and  when  there  are 
several  sheaves  on  the  same  axle,  it  is  difficult  to  keep  the 
cords  parallel,  and  the  blocks  in  their  respective  positions.  To 
remedy  this,  Smeaton  invented  the  blocks  shown  in  Fig.  41, 
the  action  of  which  will  be  more  intelligible  by  omitting  the  roj>e. 
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Fig.  41. 


Its  course,  however,  can  easily  be  traced  by  means  of  the 
numbers  affixed  to  the  sheaves.  One  end  of  the  rope  ia 
attached  to  the  hook  o,  at  the  bottom  of 
the  upper  block ;  from  this  point  the  rope 
is  brought  under  the  wheel  marked  1,  over 
2,  under  3,  over  4,  under  5,  and  so  on,  ac- 
cording to  the  order  of  the  figures,  until 
it  is  finally  passed  over  the  wheel  marked 
20,  on  which  the  power  immediately  acts. 
In  this  arrangement  the  blocks  cannot  get 
deranged,  because  the  power  acts  directly 
over  the  weight.  The  weight  being  dis- 
tributed over  20  parts  of  the  rope,  which 
are  equally  stretched,  it  follows  that  the 
weight  is  20  times  the  power. 

But  an  arrangement  of  this  kind  is 
accompanied  by  an  enormous  amount  of 
friction  ;  each  wheel  not  only  having  to 
bear  the  friction  on  its  axle,  but  fre- 
quently also  against  the  side  of  the  block. 
Another  objection  arises  from  the  very 
different  velocities  with  which  the  sheaves  revolve.  Sup- 
pose that  by  the  action  of  the  power  the  lower  block  is 
raised  one  foot  nearer  to  the  upper  one;  the  several  parts^ 
of  the  rope  between  the  two  blocks  will  each  be  shortened 
by  one  foot.  One  foot  of  that  part  of  the  rope  extending 
from  the  hook  in  the  upper  block  to  the  wheel  No.  1,  must 
pass  over  that  wheel,  and  also  over  all  the  succeeding  wheels. 
But  that  part  of  the  rope  extending  from  No.  1  to  No.  2  is 
also  shortened  by  one  foot,  and  this  additional  foot  of  rope 
must  also  pass  over  No.  2  and  all  the  succeeding  wheels. 
Hence,  one  foot  of  rope  passes  through  No.  I,  two  feet 
through  No.  2,  three  feet  through  No.  3,  and  so  on  ;  and  as 
the  velocities  with  which  the  wheels  revolve  are  measured  by 
the  quantities  of  rope  which  pass  over  them  in  the  same 
time,  it  follows,  that  while  No.  1  revolves  once,  No.  2  re- 
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volves  twice,  No.  3  three  times,  and  so  on  ;  thereby  producing 
an  enormous  inequality  in  the  wear  of  the  axles. 

68.  To  remedy  these  defects,  it  was  suggested,  that  if  the 
wheels  were  made  to  differ  in  size  in  proportion  to  the  quan- 
tity of  rope  which  must  pass  over  them,  they  would  revolve 
in  the  same  time,  and  might  therefore  be  all  fixed  on  the  same 
axis,  and  would  require  no  divisions  between  the  different 
sheaves  of  the  same  block.  For  this  purpose,  the  sheaves 
would  require  to  have  their  diameters  in  the  proportion  of 
the  numbers  with  which  they  are  respectively  marked  in 
Fig.  41.  By  proportioning  wheels  in  this  manner,  and  placing 


them  on  the  same  axle,  so  that  they 
might  revolve  in  exactly  the  same  time ; 
or,  what  is  the  same  thing,  by  cutting 
several  grooves  upon  the  face  of  one 
solid  conical  wheel,  with  diameters  in 
the  proportion  of  the  odd  numbers,  1, 
3,  5,  &c.  for  the  one  pulley ;  and  corre- 
sponding grooves  on  the  face  of  another 
solid  wheel,  in  the  proportion  of  the 
even  numbers,  2,  4,  6,  &c.  for  the  other 
pulley;*  on  passing  the  rope  success- 
ively over  the  grooves  of  such  wheels,  it 
would  be  thrown  off  in  the  same  manner 
as  if  each  groove  were  upon  a  separate 
wheel,  and  each  wheel  on  a  separate 
axle.  Such  is  the  pulley  invented  by 
Mr.  James  White,  and  represented  in 
Fig.  42.  Its  mechanical  advantages  arc 
very  considerable ;  and  when  carefully 
made,  it  is  found  to  answer  all  that  was 
expected  of  it ;  but  this  very  care  re- 
quired in  its  construction   is  the  chief 


Fig.  42. 


*  The  end  of  the  rope  must  be  attached  to  this  latter  block,  whether  it 
be  tije  tixed  or  tne  moveable  one. 
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diuse  of  its  not  getting  into  general  use ;  for,  unless  the 
grooves  are  proportioned  with  great  nicety,  the  rope  must  ob- 
viously slide  upon  some  of  them,  t.  e.  move  with  a  different 
speed  from  that  of  their  circumferences,  thus  causing  a  great 
increase  of  friction,  and  liability  to  derangement. 

6  9.  In  the  systems  of  pulleys  hitherto  described,  there  is 
always  a  fixed  point  which  supports  each  system,  answering  to 
the  fulcrum  in  the  lever.  It  is  evident  that  this  fixed  point 
sustains  both  the  power  and  the  weight,  as  well  as  the  whole 
tackle.  When  the  system  is  in  equilibrium,  the  power  only 
supports  so  much  of  the  weight  as  is  equal  to  the  tension  of 
the  cord,  the  whole  remainder  of  the  weight  being  thrown  on 
the  fixed  point.  In  fact,  in  this,  as  in  all  other  machines,  the 
power  sustains  just  as  much  of  the  weight  as  is  equal  to  its 
own  force,  the  remaining  part  being  sustained  by  the  machine. 
Thus  the  above  system  is  in  equilibrium  with  a  power  of 
1 0  lbs.  and  a  weight  of  70  lbs.  Now,  it  is  obviously  impos- 
sible for  this  smaller  weight  to  sustain  the  larger  one  :  the 
tension  of  the  cord  marked  1   is  equal  to  10  lbs. ;  and  as  the 


Fig.  43. 


tension  is  everywhere  the  same,  it  follows, 
that  each  portion  of  the  cord  up  to  8  has  a 
tension  of  1 0  lbs. ;  so  that  the  cord  No.  1 
sustains  the  power  =  10  lbs. ;  and  the  seven 
other  cords  (2  to  8  inclusive)  sustain  between 
them  a  weight  of  70  lbs. 

70.  In  the  pulleys  hitherto  described,  only 
one  rope  has  been  introduced ;  we  have  now 
to  consider  the  effect  of  several  distinct  ropes 
in  the  same  system.  Pulleys  containing  more 
than  one  rope  are  called  Spanish  bartons. 
Such  a  system  is  represented  in  Fig.  43,  con- 
taining two  ropes.  The  tension  of  the  rope 
p  B  A  D  is  evidently  equal  to  the  power  ;  con- 
sequently, the  portions  a  b  and  A  d  must  each 
sustain  a  portion  of  the  weight  equal  to  the 
power.     The  rope  c  b  sustains  the  tensions 
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of  B  p  and  B  A,  and  therefore  the  tension  of  b  c  a  must  equal 
twice  the  power.     The  united  tensions  of  the  Pig,  44. 

ropes  which  support  the  pulley  a  amount, 
therefore,  to  four  times  the  power.  The  ten- 
sions of  the  respective  ropes  are  marked  in 
figures,  so  that  the  reader  will  be  able  to 
study  the  system  from  the  figure  itself,  which 
is  an  excellent  method  of  impressing  mecha- 
nical principles  on  the  mind.  All  verbal  de- 
scriptions must  necessarily  be  somewhat 
complex,  and  consequently  far  inferior  to  the 
graphic  eloquence  of  a  well-executed  diagram. 

71.  By  a  slight  variation  in  the  last-men- 
tioned system,  the  power  of  the  machine  may 
be  increased  (see  Fig.  44).     The  rope  which 
sustains  the  power  p  is  here  attached  to  the 
block  a,  and  consequently  sustains  a  part  of 
the  weight  equal  to  p.  The  second  rope,  b  c  ad, 
acts  against  the  united  tensions  of  p  b  and 
b  A,  so  that  the  tension  of  b  c,  or 
c  A,  or  A  D,  is  twice  p.     Thus  the 
weight  w  balances  three  tensions, 
two  of  which  (a  c  and  A  d)  are 
each  equal  to  twice  p,  and  the  third 
(a  b)   is   equal  to  p;  hence  the 
M'eight  is  five  times  the  power. 

72.  In  the  system  represented 
in  Fig.  45,  four  ropes  are  intro- 
duced. The  tensions  of  the  several 
ropes  will  be  understood  from  the 
numbers,  and  it  will  be  seen  that 
in  this  arrangement  the  multiplica- 
tion of  the  power  increases  rapidly 
with  the  number  of  pulleys,  being 
doubled  by  every  moveable  pulley 
udded ;  but  this  advantage  over  the 


Fig.  45. 
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common  arrangement  is  more  than  counterbalanced  by  the 
VQry  limited  range ;  for  in  the  common  blocks,  the  motion 
may  be  continued  till  the  fixed  and  the  moveable  block  come 
into  contact ;  but,  in  this  system,   only  till  D  and  e  come 


Fig.  46. 


together,  at  which  time  the 
other  pulleys  will  be  far  apart, 
because  c  rises  only  half  as  fast 
as  D,  B  only  one-fourth,  and  a 
only  one-eighth  as  fast.  Hence 
the  longest  possible  range  is  but 
a  small  portion  of  the  whole 
height  occupied  by  this  system, 
which  accordingly  entails  a 
great  waste  of  space,  and  is 
hardly  of  any  practical  use. 

73.  The  mechanical  effici- 
ency of  this  system  may  be 
greatly  increased  by  substi- 
]'  tuting  fixed  pulleys  for  the 
hooks  in  Fig.  45,  the  number 
of  ropes  remaining  the  same. 
In  this  case.  Fig.  46,  the  ten- 
sions of  the  successive  ropes 
increase  in  a  threefold,  instead 
of  a  double  proportion,  as  will 
be  evident  by  tracing  the  course  of  each  rope  in  Fig.  46.  In 
such  an  arrangement  one  rope  would  balance  three  times  the 
power ;  two  ropes  3  X  3,  or  9  times  the  power ;  the  third 
rope  balances  three  portions  of  the  second,  and  consequently 
its  tension  would  equal  3  x  9,  or  27  times  the  power ;  the 
fourth  rope,  in  like  manner,  balancing  three  distinct  portions 
of  the  third,  would  have  its  tension  e*xpressed  by  3  X  27 
=  81,  which  would  be  the  weight  w,  the  power  p  being  1.* 


*  The  figures  at  the  top  of  the  last  four  diagrams  show  the  resistances 
required  at  the  several  points  of  suspension.     The  reason  for  these  will  be 
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The  limited  range  of  this,  as  of  the  last  system,  renders  it 
practically  useless. 

74.  In  these  cases  we  have  not  noticed  the  effect  of  the 
weights  of  the  sheaves  and  blocks.  On  examining  the  figures, 
it  will  be  found  that  in  some  cases  their  weight  acts  against 
the  power  (Figs.  37,  38,  39,  41,  42,  45,  46)  ;  in  other  cases, 
they  assist  the  power  in  supporting  the  weight  (Figs.  43,  44)  ; 
and  there  are  cases  in  which  the  weights  of  the  sheaves  and 
blocks  are  made  to  balance  each  other. 

75.  The  next  so-called  mechanical  power  is  the  inclined 
plane.  It  is  equally  simple  with  the  lever ;  and,  like  that 
machine,  naturally  suggests  itself  to  the  mind  in  raising  a  load 
to  a  moderate  height,  especially  when  the  load  is  of  such  a 
form  as  to  admit  of  being  rolled.  Thus  heavy  casks  are  raised 
into  a  cart  or  dray  by  means  of  a  ladder  used  as  an  inclined 
plane;  and  are  m'^^.ed  out  of  the  cart  by  the  same  contrivance. 
In  such  a  case,  the  strength  of  one  or  two  men  is  sufficient  to 
raise  a  load  of  many  hundredweight,  which,  but  for  this,  or 
some  other  machine,  they  could  not  possibly  lift  from  off  the 
ground. 

7G.  Now,  the  statical  problem  of  the  inclined  plane  is  this  : — 
suppose,  for  example,  it  is  required  to  raise  a  cask  weighing 
J, 000  lbs.  into  a  cart  5  f(et  high,  by  means  of  a  ladder  or 
plank  14  feet  lo6g,  resting  against  the  cart.  The  question 
is, — What  force  must  be  exerted  o  prevent  the  cask  rolling 
down  the  plank,  supposing  it  to  have  no  friction  ?  The 
answer  is  357if  lbs.  ;  because  the  force  would  have  to  act 
through  a  distance  of  1-4  feet  or  inches,  to  raise  the  weight 
5  feet  or  inches  higher,  or  it  would  be  driven  back  14  units  of 
length,  by  the  descent  of  the  cask  5  units  lower.  Therefore,  as 
14:5::  1,000  lbs.  :  357|  lbs.  That  is,  if  a  man  by  himself, 
or  two  men  acting  together,  exert  a  power  of  357\  lbs.  in 

evident  on  inspecting  the  ropes  hanging  from  each  point ;  and  by  adding 
all  these  resistances  together,  it  will  be  seen  that  in  all  cases  they  eaual  the 
suai  of  cue  power  p  and  the  weiprnt  w. 
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the  proper  direction,  they  will  be  able  to  keep  this  cask  of 
1,000  lbs.  weight  from  rolling  down,  however  smooth  may  be 
the  inclined  plane ;  but  as  there  is  always  some  friction, 
a  less  power  than  this  will  always  suffice  to  produce  equili- 
brium.* 

77.  This  case  is  clearly  analogous  to  those  already  noticed 
in  the  lever  and  the  pulley,  where  a  small  power  appears  to 
balance  a  weight  many  times  greater  than  itself.  But  the 
rigour  of  mechanical  justice  requires  that  for  work  done 
there  shall  always  be  an  equivalent  expenditure  of  force; 
that  for  every  weight  raised  there  shall  always  be  an  equi- 
valent exertion  of  power;  and  in  the  above  example,  we 
see  that  1,000  lbs.  raised  through  5  feet,  is  equivalent  to 
357|  lbs.  raised  through  14  feet,  because  1,000  x  5  =  357^ 
X  14. 

78.  The  inclined  plane  is  regarded  in  mechanical  science  as 
a  perfectly  hard,  smooth,  inflexible  surface,  inclined  obliquely 
to  the  weight  or  resistance.  The  line  a  c,  Fig.  47,  is  called 
the  length  of  the  inclined  plane,  B  c  its  height^  and  a  b  its 
base.  If  G  be  a  heavy  body  placed  upon  it,  it  will  act  in  the 
vertical  direction  g  v,  of  a  line  passing  through  its  centre  of 
gravity  g.  Now  g  v  may  be  made  the  diagonal  of  a  paral- 
lelogram G  w  V  X,  so  that  if 
G  V  represent  the  magnitude 
and  direction  of  the  weight, 
it  riiay  be  resolved  into  the 
two  forces  represented  in 
direction  and  magnitude  by 
a  w  and  g  x,  one  of  which  is 
parallel,  and  the  other  per- 
pendicular to  the  plane;  hence 

the  pressure  g  v  is  equivalent  to  two  other  pressures,  g  w  and 
g  X ;  the  former  of  which,  g  w,  is  destroyed  by  the  resistance 

*  Tne  subject  of  Friction  is  noticed  in  "The  Rudiments  of  Civil 
Engineering,"  Part  I.  pp.  31 — 35. 
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plane,  and  the  latter  g  x  only  acts  to  cause  the  descent  of 
the  body  down  the  plane.  Now  g  x  is  to  v  o  as  b  c  is  to 
**»;  that  is  to  say,  a  weight  placed  upon  an  inclined  plane 
is  propelled  down  the  plane  by  a  force  bearing  such  propor- 
tion to  the  weight,  as  the  height  of  any  aection  of  the  plane 
bears  to  its  length.  If,  therefore,  it  were  required  to  draw 
the  heavy  body  G  up  the  plane,  any  pressure  in  the  direction 
X  G  exceeding  g  x  and  the  friction,  would  be  sufficient  to  do 
60 ;  and  any  pressure  in  the  same  direction,  which,  with  the 
friction,  equals  G  x,  would  hold  the  weight  in  equilibrium. 

The  same  thing  may  be  proved  in  another  way.  Let  g  w 
be  drawn  perpendicular  to  a  c,  and  G  v  vertical,  which  is  the 
direction  in  which  the  weight  acts,  while  x  o  or  g  y  is  the 
direction  in  which  the  power  acts;  and  these  two  forces 
compose  a  force  equal  to  the  pressure  of  g  on  the  plane,  per- 
pendicular to  A  B,  and  forming  the  diagonal  g  w  of  a  paral- 
lelogram, of  which  G  V,  G  Y  are  the  sides.  Now,  we  know 
by  the  composition  of  forces  (7,  10,  il),  that  the  three  lines 
Q  V,  Q  Y,  and  G  w, 
are  proportional  to 
the  forces  in  those 
directions,  so  that 
the  power  p  is  to  the 
weight  o  as  GY  is  to 
G  V,  or  as  A  c  is  to 
A  B  ;  the  triangles 
G  V  w,  w  Y  G,  and  a  b  c,  being  all  obviously  similar.  Hence,  if 
two  weights  balance  each  other  on  two  inclined  planes  of  the 
same  height  (as  in  Fig.  48),  the  weights  must  be  directly  pro- 
portioned to  the  lengths  of  the  planes  on  which  they  rest. 

79.  In  the  foregoing  examples  the  power  acts  in  a  direction 
parallel  with  the  surface  of  the  plane,  for  if  the  plane  be  sup- 
posed to  be  without  friction,  this  is  the  most  advantageous  way 
of  applying  it.*     If  it  act  in  any  other  direction,  such  as  w  d, 

*  Because  the  whole  effect  of  the  power  is  exerted  in  drawing  the  weight 
up  tho  plane ;  whereas,  if  the  power  be  directed  above  the  plane,  as  in  fig.  49, 
Mechanics.  u 
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F5g.  49,  we  get  the  proportion  of  the  power  p  to  the  weight 
w  by  drawing  w  p  perpendicular  to  the  plane  a  c,  w  e  the 

vertical  of  the  centre  of 
gravity  of  w,  and  e  f  parallel 
to  w  D.  Now  the  two  forces 
p  and  w  must  be  propor- 
tional to  the  lines  w  d  and 
w  E,  or  they  will  not  com- 
pound a  pressure  w  f  per- 
pendicular to  the  plane, 
which  is  necessary  to  main- 
tain equilibrium. 
If  the  power  act  parallel  to  the  base  of  the  plane,  as  in  the 
direction  w  d.  Fig.  50,  its  proportion  to  the  weight  will  be  that 
of  the  height  of  the  plane  to  the  base,  for  if  w  e  be  the  vertical 
of  the  centre  of  gravity  of  w,  and  w  D  parallel  to  the  base  in  the 
direction  of  the  power,  then  w  p  will  be  the  resultant  of  the 
weight  and  power,   and  must   (to  preserve  equilibrium)  be 

perpendicular  to  the  plane ; 
Fig-  50.  but  this  cannot  be  the  case 

unless  the  triangles  d  f  w, 
w  F  K,  be  each  similar  to 
the  triangle  bag;  there- 
fore the  power  will  be  re- 
\  resented  by  the  height  c  b, 
the  weight  by  the  base  ba, 
and  the  pressure  by  the 
length  A  c. 
80.  Such  are  the  most  important  properties  of  the  inclined 
plane,  to  which  the  principle  of  virtual  velocities  is  as  appli- 

it  is  partly  expended  in  diminishing  the  pressure,  and  partly  in  drawing  it 
up  the  plane.  If  the  power  be  directed  below  the  plane,  as  in  fig.  50,  it 
is  partly  expended  in  increasing  the  pressure,  the  remaining  part  only  being 
efficient  in  drawing  the  weight  up  the  plane.  It  will  be  seen  hereafter  that 
if  friction  be  taken  into  consideration,  the  direction  in  which  tnc  power  jicts 
with  naost  advantage  is  altered. 
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cable  as  to  the  other  mechanical  powers  already  considered. 
Let  the  weight  G,  Fig.  47,  be  at  the  foot  of  the  plane,  and  the 
power  P  at  the  top  ;  then  let  P  descend  until  G  arrive  at  the 
top  of  the  plane.  Of  course  p  will  have  descended  through 
a  depth  equal  to  the  length  of  the  plane,  while  Q  will  have 
ascended  through  a  depth  equal  to  its  height;  hence  the 
perpendicular  spaces  through  which  the  weight  and  power 
move  in  the  same  time  are  in  the  proportion  of  their  velocities. 
The  proportion  of  the  weight  to  the  power  is  that  of  the 
length  to  the  height ;  hence  the  power  and  the  weight  are 
reciprocally  as  their  virtual  velocities,  p  multiplied  by  the 
space  through  which  it  moves  is  equal  to  w  multiplied  by  the 
space  through  which  it  moves.  Hence,  if  the  height  of  the 
plane  be  2  feet,  and  its  length  50  feet,  p  will  have  to  descend 
50  feet,  while  w  is  raised  2  feet  in  vertical  height ;  and  accord- 
ingly p  must,  as  we  have  seen,  exceed  -^  of  the  weight  of  w 
in  order  to  eflfect  this.  In  this  example  we  have  supposed  the 
power  to  act  parallel  to  the  surface  of  the  plane.  If  it  act  in 
any  other  direction,  the  principle  of  virtual  velocities  will  still 
be  found  to  apply. 

81.  Some  of  the  grandest  examples  of  inclined  planes  are  to 
be  found  in  roads,  the  inclination  of  which,  when  they  are  not 
level,  is  expressed  by  the  height  corresponding  to  a  certain 
length.  Thus,  when  it  is  said  that  a  certain  road  has  a  rise 
of  1  in  20,  &c.,  it  is  meant,  that  if  20  yards  or  feet,  or  20 
of  any  other  units,  be  measured  upon  the  road,  the  difference 
in  level  between  the  two  extremities  of  the  distance  measured  is 
1  such  unit.*  On  a  level  road  the  power  is  expended  merely 
to  overcome  friction  ;  and  on  the  same  road  it  always  bears  a 
constant  ratio  to  the  load.  This  ratio  varies  on  common  roads., 
according  to  their  goodness,  from  -j^  to  -J^  or  -^  of  the  load ; 

*  The  object  of  road-making  is  to  render  the  inclined  planes  (which  are 
naturally  short  and  numerous)  as  few  and  long  as  possible,  by  throwing 
several  into  one.  Single  planes,  however,  of  any  considerable  length,  can 
rarely  be  obtained.  There  is  said  to  be  none  longer  than  that  from  Lima  to 
Callao,  which  is  about  6  miles,  and  has  a  descent  of  511  feet,  or  about  1  in  60. 
E    2 
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but  on  an  iron  railway  it  is  no  more  than  yj j  or  ^^y  thereof, 
according  to  the  dryness  or  dampness  of  the  rails.*  Now,  on 
^  road  rising  1  in  20,  the  power  (a  horse,  for  example)  has 
Qot  only  to  overcome  friction,  but  has  really  to  lift  ^  of  the 
load.  So  that  if  the  whole  force  required  on  a  level  road  were 
j^  of  the  load,  on  this  rise  it  would  become  ^V  +  A'  ^^ 
would  be  not  quite  double  the  force  required  on  the  level.  But 
suppose  that,  instead  of  a  common  road,  it  were  a  railway,  and 
that  the  force  required  on  the  level  were  only  j^^  of  the  load, 
then  on  the  inclined  plane  we  should  require  -j-i^y  +  -sV  =^  xfry 
or  eight  times  the  power  required  on  the  level.  Hence,  the 
reason  that  steep  planes  are  so  much  less  admissible  on  rail- 
roads than  on  common  roads ;  and  it  is  often  necessary  in  road- 
making,  and  especially  railroad-making,  to  take  a  circuitous 
route  rather  than  carry  the  road  over  a  steep  hill.  So  also,  a 
cateful  driver,  in  ascending  a  steep  hill,  will  wind  fi  om  side  to 
side  of  the  road  to  save  his  horses,  knowing  practically  that 
in  ascending  a  certain  height  the  exertion  is  less  by  increasing 
the  distance,  which  is  done  by  this  zigzag  motion.  The  reasons 
for  this  practice,  however,  belong  rather  to  physiology  than  to 
Mechanics,  because,  mechanically,  the  whole  exertion  required 
to  lift  the  load  to  a  given  height  must  be  the  same,  whether 
the  route  be  long  or  short ;  and  the  exertion  required  to  over- 
come the  friction  must  be  greater,  the  longer  the  journey. 

It  was  seen  in  Fig.  48  that  a  weight  upon  one  inclined 
plane  may  be  made  to  raise  or  support  a  weight  upon  another 
inclined  plane.  It  is  not  necessary  that  the  two  inclines 
should  form  an  angle  with  each  other,  as  in  the  figure.  They 
may  be  in  any  position,  and  be  connected  by  a  rope 
passing  over  wheels,  &c.  Thus,  in  some  railways,  loaded 
waggons  are  made  to  descend  one  incline,  and  the  force  of 

'  Hence,  a  carriage  left  to  itself  on  an  inclined  road  will  not  roll  down 
unless  the  inclination  exceed  1  in  20,  or  1  in  40  (according  to  its 
smoothness),  but  on  a  railway  it  will  roll  down  an  inclination  of  1  in 
150  or  200.  For  particulars  respecting  sliding  friction,  see  '*  Rudiments 
of  Civil  Engineering,"  Part  I.  pp.  31—35. 
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their  descent   serves   to   draw   another   set   of  waggons   up 
another  incline. 

82.  Instead  of  lifting  a  load  bj  moving  it  along  an  inclined 
plane,  we  may  effect  the  same  thing  by  thrusting  an  inclined 
plane  under  the  load.  A  moveable  inclined  plane  is  called  a 
tvedge,  and  it  has  sometimes  been  raised  to  the  dignity  of  a 
distinct  mechanical  power.  In  its  simplest  form,  as  used  for 
raising  weights  (such  as  shores  placed  to  support  buildings, 
the  centres  for  arches,  &c.),  its  theory  is  precisely  similar  to 
that  of  Fig.  50,  in  which,  instead  of  drawing  the  load  in  the 
direction  w  D,  we  may  draw  the  moveable  inclined  plane  (or 
rtedge)  a  b  c,  in  the  opposite  direction  d  w  ;  and  if  w  be  free 
to  move  only  vertically  up  and  down,  it  will  obviously  be 
raised  through  a  height  equal  to  B  c  by  the  motion  of  the 
wedge  through  a  space  equal  to  b  a.  In  the  wedge  or  move- 
able inclined  plane  (omitting  the  consideration  of  friction),  the 
moving  power  must  bear  to  the  resistance  moved,  the  ratio 
which  the  height  of  the  plane  bears  to  its  hase^  and  not  (as  in 
the  fixed  inclined  plane.  Fig.  47)  the  ratio  of  the  height  to 
the  length.  In  the  fixed  plane,  therefore,  the  power  always 
balances  a  load  greater  than  itself,  however  steep  the  slope 
may  be  ;  but  in  the  wedge,  the  power  and  the  load  will  be 
equal  if  the  slope  be  45° ;  and  if  it  be  steeper  than  this,  the 
power  will  have  to  exceed  the  load.  Thus,  when  the  cen- 
tring for  an  arch  descends  by  displacing  the  wedges  on  which 
it  rests,  a  great  power  expends  itself  in  overcoming  a  very 
small  resistance,  viz.,  that  arising  from  the  friction  of  the 
wedges ;  and,  generally  speaking,  it  is  not  able  to  overcome 
eren  that  resistance. 

83.  As  the  wedge  is  commonly  used  for  separating  two 
surfaces  that  are  pressed  together  by  some  force  which  consti- 
tutes the  resistance,  we  must  regard  it  in  this  case  as  a 
double  wedge,  or  two  inclined  planes  joined  base  to  base. 
Such  a  wedge  is  generally  used  for  cleaving  timber,  in 
which  case  it  is  urged  by  percussion.  As  regards  its  effi- 
ciency as  a  machine,  the  same  rule  has  been  applied  to  it 
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as  to  other  simple  macliines ;  the  force  acting  on  the  wedge 
being  considered  to  move  through  its  length  d  c,  while 
the  resistance  yields  to  the  extent  of  its 
breadth  a  b.  The  force  of  percussion 
^^^BBl^^^Hl  (a.s  will  presently  be  explained)  differs  so 
H^^x  ■  ^SHi  completely  from  continued  forces,  such 
Bll  (  \ ''  ///H^Bl  ^  \^^yQ  hitherto  been  considered,  that  it 
^Kiui'  Vl  iii^^H  ^diiii^s  of  no  numerical  comparison  with 
■ISImI  w  ^  mS^I  them ;  i.  e.,  the  proportion  between  a  blow 
HrflO'lItt  I ^/JH^H  ^"^  ^  pressure  cannot  be  defined  ;  so 
BEI_L_ilBHB  ^^^*  *'^®  theory  of  the  wedge,  as  given  in 
scientific  mechanics,  is  of  scarcely  any 
practical  value ;  and,  besides  this,  the  value  of  the  wedge 
often  depends  upon  that  which  is  omitted  in  its  theory, 
namely,  the  friction  between  its  surfaces  and  the  substance 
which  they  divide,  as  in  the  case  of  nails,  bolts,  and  pins, 
used  for  binding  substances  together.  Indeed,  if  it  were  not 
for  friction,  the  wedge  would  recoil  after  every  blow ;  hence 
the  friction,  in  this  case,  has  been  aptly  compared  to  the 
ratchet-wheel  (Fig.  31).  which  allows  the  intermission  of  the 
power  without  loss  of  efi'ect. 

84.  The  wedge  is  especially  useful  where  a  very  great  force 
is  required  to  be  exerted  through  a  very  small  space.  A  tall 
chimney,  which,  through  some  defect  in  the  foundation,  has 
fallen  from  the  perpendicular,  has  been  restored  by  means  of 
the  wedge.  A  ship  is  often  raised  in  dock  by  wedges  driven 
under  its  keel.  The  wedge  is  the  chief  power  used  in  the 
oil-mill,  where  oil  is  obtained  from  seeds  by  enormous  pres- 
sure. Masses  of  timber  and  stone  are  also  split  by  means 
of  the  wedge.  The  application  of  the  wedge  is  most  exten- 
sive in  cutting  and  piercing  instruments,  such  as  razors^ 
knives,  chisels,  awls,  pins,  needles,  &c.  The  angle  of  the 
wedge  is  made  to  vary  according  to  the  purpose  to  which 
the  instrument  is  to  be  applied.  The  mechanical  power  of 
the  wedge  is  increased  by  diminishing  its  angle,  but,  in  pro- 
portion as  this  is  done,  the  strength  of  the  tool  is  diminished 
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Accordingly,  the  angle  of  the  wedge  is  made  to  vary  in 
different  tools  ;  in  those  used  for  cutting  wood  it  is  generally 
about  30°;  for  cutting  iron,  it  is  from  50°  to  60°;  and  for 
brass,  from  80°  to  90°. 

85.  Another  variety  of  moveable  inclined  plane,  commonly 
regarded  as  the  sixth  and  last  simple  machine,  is  called  the 
screw.  In  the  case  of  the  inclined  plane,  its  mechanical 
effect  is  not  impaired  by  giving  it  a  curved  instead  of  a 
straight  course.  Whether  it  be  made  to  wind  round  a  hill, 
or  proceed  in  a  straight  line  to  the  summit,  is  a  matter 
of  no  consequence,  except  that  the  winding  incline  will  be 
longer  and  easier  than  the  shorter  and  steeper  one.  Now, 
the  screw  is  nothing  more  than  an  inclined  plane  winding 
round  a  cylinder,  and  bearing  the  same  relation  to  the 
ordinary  inclined  plane,  that  a  circular  staircase  does  to  a 
straight  one.  The  cylinder  constitutes  the  body  of  the 
screw,  and  the  inclined  plane  is  called  its  worm  or  thread. 

The  screw,  then,  is  an  in-  Fig.  52. 

clined  plane,  constructed  upon 
the  surface  of  a  cylinder ;  and 
the  usual    method  of  forming 
it   is  at  the  turning  lathe,  in 
which  a  cylinder  of  wood,  or 
metal,  is  made  to  revolve  upon 
its  axis  ;  and  a  cutting  point 
being  presented  to  it,  is  moved 
in  the  direction  of  the  length  of 
the  cylinder,  at  such  a  rate  as 
to  be  carried  through  the  dis- 
tance A  B  between  two  turns  of  the  thread,  while  the  cylinder 
revolves  once.     The  shape  of  the  thread  may  be  square  or 
triangular :    the  former  is  the    stronger,  but  the    latter  has 
least  friction,  because  there  is  least  surface  to  rub. 

86.  In  the  application  of  the  screw,  the  power  is  usually 
transmitted  by  causing  the  screw  to  move  through  a  hollow 
cylinder,  or  nut,  n,  on  the  interior  surface  of  which  are  a 
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number  of  threads,  exactly  corresponding  to  those  on  the 
screw.  The  threads  of  the  screw  move  in  the  spaces  be- 
tween the  threads  of  the  nut,  and  vice  versa.  The  power 
is  applied,  either  to  turn  the  nut  while  the  screw  is  prevented 
from  turning,  or  to  turn  the  screw  while  the  nut  is  kept  from 
turning.  Neither  can  be  done  without  producing  a  longi- 
tudinal motion  of  one  or  the  other,  whichever  meets  with 
least  longitudinal  resistance ;  but  this  resistance  may  exceed 
the  turning  power,  in  the  proportion  that  the  revolving 
motion  exceeds  the  longitudinal  motion.  Thus  we  gain  power 
by  losing  motion,  as  in  all  other  cases  where  power  appears 
to  be  increased. 

87.  In  the  method  of  applying  the  screw  shown  in  the 
above  figure,  we  get  really  a  compound  machine,  consisting  of 
the  lever  and  the  screw.  The  power  is  applied  to  the  end  of 
the  lever  at  p,  while  the  weight  or  pressure,  w,  is  sustamod  by 
the  screw,  as  in  the  common  screw -press-  Now,  supposing 
the  distance  a  b,  between  any  two  threads  of  the  screw,  to 
be  half  an  inch,  and  the  circumference  of  the  circle  described 
by  turning  round  the  end  of  the  lever  p  to  be  5  feet,  or  60 
inches,  or  120  half-inches ;  then,  a  force  or  pressure  of  1  lb. 
at  p  would  sustain  120  lbs.  at  w.  This  is,  of  course,  omit- 
ting the  efiect  of  friction,  which  in  the  case  of  the  screw  is 
very  great.*  The  condition  of  equilibrium,  therefore,  is, 
that  the  power,  multiplied  by  the  circumference  which  it 
describes,  is  equal  to  the  weight,  or  resistance,  multiplied  by 
the  distance  the  screw  or  nut  can  move  longitudinally  during 
one  turn,  i.  e,,  the  distance  between  the  centres,  or  other  cor- 
responding parts,  of  two  contiguous  threads,  or  rather  turns 
of  the  same  thread,t  which    distance  is  called  the  pitch  of 

*  It  is  almost  always  sufficient  by  itself  (as  in  the  wedge)  to  balance 
the  longitudinal  force  w  without  any  assistance  at  p.  Thus,  it  generally 
happens  ttat  no  longitudinal  force  is  sufficient  to  turn  the  screw,  for  its 
threads  would  be  destroyed  rather  than  turn. 

t  In  Fig.  52  this  distance  is  twice  a  b,  because  the  screw  is  double- 
threaded.     Screws  with  more  than  one  thread  are  occasionally  (though 
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the  screw.  Or,  the  power  :  the  weight  :  :  the  distance 
between  two  contiguous  threads  :  the  circumference  described 
by  the  povrer;  which  agrees  with  the  principle  of  virtual 
velocities. 

It  will  be  seen  from  this,  that  we  may  increase  the  mecha- 
nical efficacy  of  the  screw,  either  by  causing  the  power  to 
move  through  a  greater  space,  by  increasing  the  length  of 
the  lever ;  or,  secondly,  by  increasing  the  number  of  turns 
of  the  thread,  the  effect  of  which  will  be  to  bring  them 
closer  together.  Thus,  in  the  above  example,  if  the  pitch 
were  i  instead  of  J  an  inch,  the  other  conditions  remaining 
the  same,  the  efficacy  of  the  machine  would  be  doubled, 
and  the  power  of  1  lb.  would  sustain  240  lbs.,  instead  of 
120  lbs. 

88.  There  is,  however,  a  practical  difficulty  in  increasing 
the  number  of  turns  in  the  thread  of  a  screw,  for,  as  they 
become  crowded  into  a  small  space,  they  become  more  delicate, 
and  are  apt  to  be  torn  off  under  a  considerable  force,  while,  if 
the  length  of  the  lever  be  increased,  the  machine  becomes 
unwieldy.  These  objections  have  been  entirely  got  rid  of  by 
the  ingenious  contrivance  of  the  differential  screw  by  Mr. 
John  Hunter,  the  celebrated  surgeon,  a  b,  Fig.  53,  is  a  nut, 
or  plate  of  metal,  in  which  the  screw  c  d  plays.  "We  will 
suppose  the  number  of  threads  in  this  screw  to  be  10  in 
every  inch.  This  screw  c  d  is  a  hollow  nut,  receiving  the 
smaller  screw  d  e,  which  contains,  we  will  suppose,  11 
threads  in  every  inch;  this  smaller  screw  is  free  to  move 
longitudinally,  but  is  prevented  from  moving  round  with  the 
former,  by  means  of  the  frame-work  a  f  g  B  of  the  press.  Now 

very  rarely)  made.  They  are  only  useful  in  cases  where  a  longitudinal 
force  is  to  produce  rotary  motion.  For  instance,  the  interior  of  a  rifle 
barrel  is  a  screw,  or  rather  nut  of  this  kind,  intended  to  impart  to  the  ball 
a  rotation  round  the  line  of  its  motion  ;  the  use  of  which  is,  to  prevent 
a  rotation  round  any  other  axis,  which  usually  takes  place  in  other  pro- 
jectiles, and  (unless  they  be  perfectly  spherical)  increases  the  resistance 
they  encounter. 
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F'g-  53.  if  the   handle   c  K  L   be   turned 

round  10  times,  the  screw  c  d  will 
move  1  inch  upwards ;  and  if  the 
smaller  screw  D  E  were  to  move 
with  c  D,  the  point  e  would  ad- 
vance an  inch.  If  we  then  turned 
the  screw  de  alone  10  times  back- 
wards, the  point  e  would  move 
down  ^^ths  of  an  inch  ;  and  the 
result  of  both  motions  would  have 
been  to  lift  the  point  e  ^^jth  of 
an  inch  upwards.  But  if  the  screw 
CD  is  turned  10  times  roundj 
while  D  e  is  kept  from  turning, 
the  effect  will  be  the  same  as 
if  it  had  moved  10  times  round  with  CD,  and  then  have 
been  turned  back  again  ten  times  without  c  d  ;  that  is,  it 
will  advance  -^^th  of  an  inch,  and  at  one  turn  instead  ol 
10  it  will  advance  j'^th  of  -^th,  or  i^jfih.  of  an  inch.  If, 
therefore,  the  lever  at  k  move  through  a  whole  circumference 
of  a  circle,  the  part  e,  which  acts  directly  upon  the  weight,  is 
moved  through  a  space  equal  to  the  difference  between  the 
pitch  of  the  thread  of  c  d  and  that  of  d  e  ;  whence  the  name 
of  the  arrangement.  If  we  suppose  the  handle  to  be  only 
6  inches  long,  the  power  of  this  machine  will  be  expressed 
by  the  number  of  times  the  110th  of  an  inch  is  contained  in 
the  circumference  of  a  circle  of  6  inches  radius,  or  12  inches 
diameter.  Now,  by  multiplying  the  diameter  of  a  circle  by 
3.1416,  we  get  its  circumference;  and 

12  X  3.1416  =  3T.6992   X  110  =  4146.912: 


so  that,  by  moving  the  power  once  round  with  the  force,  say 
of  1  lb.,  the  screw  is  raised  through  the  110th  part  of  an 
inch,  with  a  force  of  4147  lbs.  nearly;  which  shows  the 
superiority  of  this  over  the  common  screw ;  for,  in  the  latter, 
to  gain  the  same  power,  there  must  be    110  threads  in  au 
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inch,  which  would  render  them  too  weak  to  resist  any  consi- 
derable force. 

In  the  usual  method  of  applying  Hunters  screw,  the  two 
threswls  are  cut  on  difFerent  parts  of  the  same  cylinder.  Upon 
these  are  plarced  nuts,  which  are  capable  of  moving  in  the 
direction  of  the  length,  but  are  not  allowed  to  turn  round. 
It  is  clear,  therefore,  that  by  turning  the  screw  once  round, 
the  two  niits  will  be  brought  nearer  together,  or  driven  farther 
apart,  according  to  the  direction  in  which  the  screw  is  turned, 
through  a  space  equal  to  the  difference  of  the  pitch  of  the 
two  threads.  In  this  way.  Hunter's  screw  is  well  adapted  to 
the  purposes  of  a  micrometer  screw,  because  it  admits  of  an 
indefinitely  slow  motion,  without  requiring  exquisite  work- 
manship iu  the  thread.  The  uses  of  the  screw  as  a  micro- 
meter have  been  noticed  in  our  "  Introduction  to  the  Study  oi 
Natural  Philosophy." 

89.  Fig.  54  is  a  contrivance  usually  described,  in  books  on 
Mechanics,  while  speaking  of  the  screw.  It  is  called  the 
endless,  or  perpetical  screw,  from  having  no  Fig-  S*' 

longitudinal  motion,  and  therefore  no  limit 
to  its  range ;  but  is  really  a  complex  ma- 
chine, being  compounded  of  the  screw  and 
the  wheel.  The  thread  of  the  screw  is  so 
arranged  as  to  act  upon  the  teeth  of  the 
wheel,  whicli  are  placed  obliquely  to  its 
axle,  like  the  sails  of  a  windmill ;  and,  in  fact,  may  be 
regarded  as  forming  exceedingly  short  portions  of  the  threads 
of  a  many-threaded  screw,  of  which  the  wheel  forms  a  very 
thin  slice,  perpendicular  to  its  axis.  This  wheel  bears  the 
same  relation  to  the  nut,  whose  place  it  supplies,  that  the 
spur-wheel  (Fig.  33)  bears  to  the  rack  (Fig.  30).  If  the 
common  screw  be  allowed  no  motion  but  that  of  rotation,  its 
nut  must  move  longitudinally ;  and  the  teeth  of  this  wheel 
move  longitudinally  with  regard  to  the  small  cylinder,  but  the 
wheel  renders  this  motion  circular,  and  therefore  unlimited. 
The  cylinder,  <on  which  the  screw  is  cut,  being  set  in  motion 
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by  a  winch,  or  other  means,  produces  a  motion  of  the  whee 
upon  its  own  axis,  which  may  be  in  any  direction.  The  rela- 
tion between  the  power  and  the  resistance,  supposing  the 
circles  which  they  describe  to  be  equals  will  be  as  unity  to  the 
number  of  teeth  in  the  wheel;  for  each  turn  of  the  screw 
only  mores  the  wheel  through  the  space  of  one  tooth.  Hence, 
if  the  power  and  the  resistance  act  with  different  leverage,  or 
at  different  distances  from  their  respective  axes  of  motion, 
the  moment  of  the  load,  with  regard  to  the  axis  of  the  wheel, 
may  exceed  the  moment  of  the  power,  with  regard  to  the  axis 
of  the  screw,  as  many  times  as  the  wheel  has  teeth.  For 
instance,  let  the  wheel  have  30  teeth :  let  the  power  act  on 
a  winch  1  foot  long,  and  the  load  be  a  weight  hanging  from 
a  barrel  of  8  inches  diameter ;  then  the  power  applied  to  the 
circumference  of  the  wheel  must  be  8  times  the  load  (for 
1  foot  -f-  \\  inch  =  8);  but,  as  there  are  30  teeth  in  the 
wheel,  the  load  on  the  winch  of  the  screw  may  exceed  the 
power  30  times  8  =  240  times.  This  elegant  machine  has 
obviously  far  less  friction  than  the  ordinary  screw ;  and  it  is, 
perhaps,  the  most  compact  method  ever  invented  for  effecting 
a  great  change  of  velocity,  and  a  consequent  concentration  or 
diffusion  of  power,  according  as  the  screw  is  made  to  turn  the 
wheel,  as  in  a  barrel-organ,  or  the  wheel  the  screw,  as  in  a 
roasting-jack.  It  would  require  a  train  of  3  or  4  pairs  of 
wheels  and  pinions  to  produce  the  change  here  effected  by 
one  wheel  of  the  same  size ;  for,  as  a  pinion  cannot  have  less 
than  6  or  8  teeth,  it  will  turn  a  wheel  6  or  8  times  faster  than 
the  same  wheel  would  be  turned  by  this  screw,  which  may  be 
regarded  as  a  pinion  of  only  one  tooth  ;  and,  conversely,  the 
wheel  will  turn  the  screw  6  or  8  times,  while  it  would  be 
turning  a  pinion  once.  But  these  advantages  are  greatly 
counterbalanced,  by  the  fact  that  the  action  between  the  wheel 
and  the  screw  is  necessarily  a  rubbing^  and  not  a  rolling 
action,  as  that  between  the  wheel  and  pinion  should  be  (page 
b^\  and  thus  it  leads  to  far  more  rapid  wear. 

The  most  important  applications  of  Statics  to  the  equili- 
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hrium  of  fixed  structures  are  treated  of  in  "  Rudiments  of 
Civil  Engineering." 

90.  In  concluding  this  notice  of  the  mechanical  powers  or 
elements,  we  may  observe  that  none  of  them  can  be  regarded 
as  artificial  inventions;  they  are  all  copied  from  Nature's 
mechanism.  The  lever^  as  we  have  seen,  is  the  general 
machine  employed  in  animal  movements.  The  wheels  also, 
is  found  in  some  of  the  lower  infusorial  animals.  The  cord- 
a.nd-pullei/  principle  is  employed  in  our  tendons,  some  of 
which  have  their  direction  changed  by  passing  over  fixed 
pulleys  of  cartilage,  like  the  ring  in  Fig.  36.*  Inclined  planes 
and  wedges  constitute  the  cutting-teeth,  tusks,  horns,  and 
other  ofiensive  weapons  of  animals.  Some  of  the  smallest 
animals  are  furnished  with  screws,  or  gimlets,  by  which  they 
pierce  the  hardest  woods,  and  even  stone;  and  the  screw 
appears  to  be  employed  throughout  nature,  from  the  huge 
weapon  of  the  narwhal,  down  to  the  minutest  microscopic 
vessels  of  plants,  not  as  a  mechanical  power,  but  as  a  con- 
structive form,  uniting  strength  with  lightness  and  beauty.t 
Nor  does  it  seem  absent  from  the  inorganic  world ;  for, 
among  the  mysterious  relations  of  light,  electricity,  and  mag- 
netism, are  found  some  which  point  to  screw-like  properties, 
or  actions,  in  the  elementary  molecules  of  matter.  Magnets, 
and  electric  currents,  exhibit  mutual  actions  comparable  to 
nothing  else  but  those  of  the  screw  and  its  nut ;  and  light  is 
subject,  by  the  action  of  certain  crystals,  and  (as  Faraday 
has  lately  discovered,  by  this  same  force  of  magnetism  also), 
to  a  kind  of  polarization,  called  circular,  which  possesses 
screw-like  properties. 

*  One  of  the  muscles  by  which  the  eyeball  is  moved  is  called  the 
irochlearis,  from  the  trochlea  or  pulley  through  which  the  tendon  passes. 

t  Nature  presents  us  with  two  species  of  screws,  possessing  opposite 
longitudinal  motions,  when  their  rotations  are  alike  ;  or  opposite  rota- 
tions, when  their  longitudinal  motions  are  alike.  Convenience  dictates, 
however,  that  all  artificial  screws  should  be  of  the  same  kind,  and  this 
kind  is  called  right-handed.  An  example  of  the  contrary,  or  left-handed 
screw,  occurs  in  the  tendrils  of  the  hop. 
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1.     ON  DFNAMICAL,  OR   UNBALANCED  FORCES — INSTANTANEOUS 
FORCES    OR   IMPACTS. 

91.  "When  the  forces  or  pressures  which  have  been  con- 
sidered in  the  science  of  Statics  cease  to  be  balanced,  the 
body  on  which  they  act  is  set  in  motion ;  in  which  case, 
other  principles  become  involved  in  addition  to  those  consi- 
dered in  statics,  and  the  investigation  of  these  constitutes 
the  somewhat  more  complex  science  of  Dynamics.* 

Statics  is  a  deductive  science,  all  the  facts  which  it  con- 
siders being  deducible,  like  those  of  arithmetic  or  geometry, 
from  abstract  truths.  The  only  difference  between  these 
sciences  consists  in  the  number  of  these  abstract  truths  or 
ideas  which  are  taken  into  consideration.  In  arithmetic,  the 
simplest  of  them,  we  admit  only  the  idea  of  number  ;f  in 
geometry  we  add  to  this  the  ideas  of  space  and  direction  ; 
and  in  statics  we  have  to  add  yet  another  fundamental  idea, 
that  of  force  or  pressure.  In  dynamics  we  have  further  to 
introduce  the  ideas  (inseparably  dependent  on  each  other)  of 
time  and  motion ;  but  in  doing  so  we  have  also  to  depart 
from  the  province  of  pure  deduction,  and  to  admit  truths 
which  are  not  perceived  by  the  mind  to  be  necessary,  but 

*  This  word  being  derived  from  Svvafiig,  force  or  power,  would  pro- 
perly include  all  the  mechanical  sciences,  but  custom  has  restricted  it  to 
that  of  motion,  and  placed  it  in  opposition  to  Statics,  which  equally  re- 
lates to  forces. 

t  In  fractional  arithmetic,  indeed,  and  still  further  in  algebra,  or  uni- 
versal arithmetic,  by  a  gradual  extension  of  this  idea,  it  is  converted  into 
the  more  comprehensive  one  of  magnitude  or  quantity. 
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which  depend  on  what  are  called  laws  of  nature^  and  can 
only  be  proved  by  an  appeal  to  those  laws,  i.  e.,  by  experi- 
ment. Thus,  dynamics  stands  at  the  head  of  the  physical, 
experimental,  or  inductive  sciences,  and  is,  as  far  as  regards 
its  inductive  part,  the  simplest  of  them  all.  Indeed,  the 
facts  of  this  science,  which  had  to  be  established  inductively, 
were  so  few  and  simple,  that  they  were  all  completely  esta- 
blished more  than  two  centuries  ago,  thus  leaving  the  science 
to  be  pursued  entirely  by  the  method  of  deduction ;  while  in 
no  other  inductive  science  can  it  be  said  that  the  induction  is 
yet  complete,  or  even  likely  soon  to  approach  completion.* 

92.  Of  the  abstract  ideas  above  mentioned,  such  as  number, 
space,  time,  pressure,  motion,  it  is  neither  necessary  nor 
possible  to  give  satisfactory  definitions.  We  shall  not,  there- 
fore, introduce  the  reader  into  Dynamics  by  attempting  to 
define  motion,  any  more  than  on  introducing  him  into  Statics 
we  attempted  to  define  force. 

As  the  degree  or  intensity  of  motion  may  vary  to  any 
extent,  this  intensity,  which  is  called  velocity,  may  be  treated 
like  any  other  magnitude ;  that  is  to  say,  velocities  may  be 
compared  with  each  other  like  pressures  (4),  so  that  their 
ratios  may  be  represented  by  those  of  lines,  areas,  numbers, 
or  any  other  class  of  magnitudes.  But  we  must  here  observe, 
that  in  representing  velocities  by  numbers,  we  have  no 
standard  or  unit  which  has  been  agreed  upon,  and  distin- 
guished by  a  particular  name,  as  the  pound,  ounce,  &c.,  for 
comparing  pressures,  or  the  foot,  inch,  &c.,  for  comparing 
lengths.  Now  this  seemingly  trivial  fact  leads  to  more  cir- 
cumlocution, and  to  the  mathematical  reader  to  more  unneces- 
sary difficulty  in  the  outset  of  this  subject,  than  might  at  first 
be  supposed.  For  instance,  as  we  cannot  form  the  concep- 
tion of  a  motion  without  associating  with  it  some  time  during 
which  it  lasts :  the   velocity    may  be  constant  or   uniform 

*  Astronomy,  or  rather  that  portion  of  it  which  may  seem  an  exception 
to  this  statement,  can  only  be  regarded  as  a  branch  of  Dynamics. 
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throughout  that  time  ;  or  it  may  be  continually  accelerated  or 
retarded^  in  which  cases  the  velocity  at  any  one  moment  will 
be  different  from  that  which  occurs  in  the  preceding  or  suc- 
ceeding moment.  Now,  as  there  is  no  fixed  unit  of  velocity, 
we  must  use  two  numbers  to  express  a  velocity,  for  we  can 
only  represent  it  in  numbers  by  using  the  units  of  two  other 
kinds  of  magnitude,  time  and  length.  Thus,  we  speak  of  a 
velocity  of  12  miles  an  hour,  or  of  a  mile  in  5  minutes ;  mean- 
ing, in  the  first  case,  that  if  the  motion  continued  uniform  for 
1  hour,  the  space  described  would  be  12  miles;  or,  in  the 
second,  that  if  the  motion  continued  uniform  through  1  mile, 
the  time  elapsed  would  be  5  minutes.  But  this  evidently 
applies  only  to  uniform  motions ;  so  that,  in  expressing  the 
velocity  of  a  variable  motion  at  any  given  instant,  though  in 
reality  we  have  nothing  to  do  with  any  other  instant,  in  which 
the  velocity  is  different,  yet  we  are  obliged  to  assume  that  il 
continues  uniform  through  a  certain  time  or  space,  and  then 
state  what  the  corresponding  space  or  time  would  be  upon 
this  assumption. 

The  method  of  ascertaining  the  velocity  of  a  motion  at  one 
given  instant,  when  it  is  constantly  increasing  or  diminishing, 
is  a  subject  into  which  we  cannot  now  enter.  "We  hope  pre- 
sently to  be  able  to  make  the  reader  understand  the  simplest 
case  of  this  problem;  but  we  may  observe  that  its  general 
treatment  in  more  complex  cases  is  at  once  so  difficult  and  so 
important,  as  to  have  been  beyond  the  reach  of  all  the  mathe- 
matics of  the  ancients,  and  to  have  been  the  immediate  object 
of  the  invention  of  fluxions  by  Newton,  and  of  the  differen- 
tial calculus  by  Leibnitz — the  two  greatest  achievements  ever 
made  in  abstract  reasoning,  and  also  the  most  useful ;  for  the 
whole  subsequent  progress  of  exact  science  has  depended  on 
them. 

93.  In  statics,  force  was  regarded  simply  as  that  which  is 
necessary  to  oppose  or  balance  force.  We  are  now  to  regard 
it,  not  as  it  is  sometimes  defined,  the  cause  of  motion,  but  as 
the  cause  oj  change  of  motion.     It  is   to  the  false  idea  of 
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force  conveyed  in  the  former  definition  that  we  may  trace  the 
origin  of  nearly  all  the  errors  in  mechanical  reasoning  com- 
mitted before  the  establishment  of  the  true  principles  of 
dynamics,  and  still  fallen  into  when  these  principles  are 
neglected.  The  reader  must  regard  it  as  fully  established, 
that  force^  in  the  sense  in  which  we  have  already  used  it  in 
statics,  is  not  required  for  the  maintenance  of  motion,  but  only 
for  its  change — i.  e.,  for  effecting,  1st,  a  change  of  state  from 
rest  to  motion,  or  from  motion  to  rest;*  2nd,  a  change  in  the 
velocity/  of  motion,  either  by  accelerating  or  retarding  it ;  or, 
3rd,  a  change  in  its  direction,  by  deflecting  it  upwards,  down- 
wards, to  the  right,  or  to  the  left.  The  inertia  of  matter  is 
only  another  mode  of  impressing  this  idea.  And  since  matter 
is  inert,  that  is,  has  no  tendency  either  to  rest  or  motion,f  a 
body  impressed  with  a  motion  must  persist  in  that  motion,  in 
a  straight  line  and  with  uniform  velocity,  for  ever,  unless  some 
new  force  act  upon  it,  either  to  change  its  state,  its  direction, 
or  its  velocity ;  for  it  cannot  of  itself  change  either  its  state  of 
rest  or  its  state  of  motion,  its  velocity  or  its  direction.  This 
cannot,  indeed  (like  the  facts  of  statics),  be  discovered  by  a 
priori  reasoning,  but  is  inferred  from  experiments  and  obser- 
vations on  all  the  motions  producible  by  us,  or  presented  to 
our  notice  either  in  the  heavens  or  on  the  earth,  and  is  known 
to  be  true,  because  any  other  law  which  can  be  substituted  for 
it  will  be  incompatible  with  some  or  all  of  those  motions. 

94.  We  are  therefore  to  regard  as  being  in  equilibrium,  not 
only  such  bodies  as  are  at  rest,  but  also  such  as  are  perform- 
ing uniform  rectilinear  motion ;  for  it  is  only  while  their 
velocity  or  direction  is  changing  (i.  e.,  while  they  are  being 
accelerated,  retarded,  or  moving  in  a  curve)  that  the  forces 
acting  on  them  can  be  unbalanced,  or  can  produce  a  resultant 

*  This  effect,  however,  never  comes  under  our  observation,  because 
we  know  of  no  body  in  the  universe  in  a  state  of  absolute  rest.  All  the 
observable  effects  of  force,  therefore,  are  included  in  the  expression  changa 
of  motion. 

t  See  "  Introduction  to  Natural  Philosophy." 
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pressure ;  and  as  long  as  this  pressure  remains  unbalanced, 
the  motion  will  continue  changing  in  velocity,  or  direction,  or 
both  ;  whenever  it  becomes  straight  and  uniform,  the  resultant 
of  all  the  forces  acting  on  the  body  =  0,  or  it  is  not  subject 
to  any  unbalanced  force.  Thus,  when  a  train  or  a  steam- 
boat has  been  started,  its  velocity  continues  for  a  certain 
time  to  increase,  because  the  forces  that  urge  it  forward 
exceed  the  friction  in  one  case,  or  the  resistance  of  the  water 
against  the  bows  of  the  boat  in  the  other ;  but  these  opposing 
forces  are  dependent  on  the  velocity,  and  increase  because  it 
increases,  so  tliat  they  presently  become  equal  to  the  forward 
force  imparted  by  the  engines,  and  then  the  motion  becomes 
uniform,  and  the  body,  although  moving  at  its  full  speed,  is  as 
completely  in  equilibrium  as  when  it  was  at  rest.  Thus,  the 
motive  power  is  required,  not  to  maintain  the  motion,  but  to 
maintain  eguilbrium  with  the  opposing  friction  or  resistance. 
The  motion  is  maintained  because  the  body  has  been  set  in 
motion,  and,  being  inert,  has  no  tendency  of  itself  to  alter 
that  state;  and  also  because  any  alteration  of  velocity  (whether 
an  increase  or  diminution)  would,  by  increasing  or  diminish- 
ing the  resistance,  while  the  steam-power  remains  unaltered, 
leave  a  portion  of  the  former  or  of  the  latter  unbalanced,  and 
this  unbalanced  force  acting  against  or  with  the  direction  of 
the  motion,  would  retard  or  accelerate  it  till  the  former  velo- 
city was  re-established.  Thus  the  equilibrium  is  stable,  or 
tends,  when  disturbed,  to  restore  itself. 

Similar  to  this  is  the  case  of  a  parachute  or  of  a  drop  of 
rain,  which  being  subject  to  the  constant  force  of  gravity,  falls 
with  constantly  increasing  velocity,  till  the  resistance  of  thf 
air  against  its  fall  becomes  equal  to  its  weight,  which  ia 
thenceforth  expended  in  balancing  that  resistance,  so  that  ita 
velocity  continues  uniform.  But  in  falling  bodies  generally 
this  equilibrium  is  never  attained,  so  that  their  velocity  con- 
tinues to  be  accelerated  throughout  their  fall. 

95.  The  dynamical  effect  of  force,  then,  being  a  change  in 
motion,  it  will  readily  be  seen    that    a    continued    force    or 
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pressure^  such  as  we  have  hitherto  been  chiefly  considering, 
must  produce  a  continuous  change,  whether  in  velocity  or 
direction  (which  must  in  this  case  be  curved).  The  simpler 
effect  of  a  sudden  change  of  velocity,  or  an  angular  deflec- 
tion, can  only  be  produced  by  an  impact,  or  instantaneous 
exertion  of  force,  such  as  was  mentioned  when  speaking  of 
the  wedge  (83) ;  and  to  this  kind  of  force  we  will,  therefore, 
for  the  present  confine  ourselves. 

96.  The  greater  part  of  the  forces  which  impart  motion  to 
a  body  act  directly  upon  only  a  few  of  its  molecules  :  thus, 
when  a  billiard  ball  is  struck  with  the  cue,  we  touch  only  a 
small  portion  of  its  surface ;  when  a  bullet  is  projected  from 
a  gun,  the  gases  suddenly  evolved  from  the  powder  act  upon 
only  one  hemisphere  of  the  bullet.  As  all  the  parts  of  a 
body  are  set  in  motion  by  an  impulse  communicated  to  a  few 
only  of  its  molecules,  it  is  clear  that  there  must  be  a  diffusion 
of  motion  from  the  parts  struck  or  acted  on  over  all  the  other 
parts  of  the  body  before  it  can  begin  to  move.  When  this 
is  not  the  case,  the  part  struck  is  compressed,  flattened,  or  it 
is  chipped  ofl*,  and  performs  its  journey  alone,  leaving  the 
mass  behind;  but  when  the  force  has  time  to  be  propagated 
through  all  the  particles,  the  body  is  then  impressed  with  a 
motion  common  to  all  its  particles.  This  diffusion  of  motion 
from  particle  to  particle  requires  time;  the  time  may  be 
exceedingly  short,  but  not  infinitely  so ;  it  depends  upon  the 
extent  of  matter  to  be  moved,  and  also  upon  its  nature,  such 
as  whether  it  be  metal,  stone,  clay,  wood,  water,  air,  &c.* 

When  a  force  has  acted  upon  a  body,  and  the  motion  has 
diffused  itself  over  all  the  molecules,  so  as  to  impress  them 
with  a  common  velocity,  the  force  has  done  its  work  ;  it  has 
produced  its  effect,  and  may  be  said  to  have  passed  from  the 
moving  power,  or  source  of  motion,  into  the  thing  moved. 
Thus  a  stone  projected  by  the  hand,  by  a  cross-bow,  by  a 
sudden  blow,  or  by  an  explosion,  describes  a  certain  path  in 
space  in  obedience  to  the  force  which  has  acted  upon  it  once 
*  See  "  Rudimentary  Pneumatics" — Sound. 
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£01*  all,  and  then  ceased,  leaving  the  force  thus  impressed  to 
do  its  work.  Now,  if  the  stone  in  its  progress  met  with  no 
other  form  of  matter,  neither  with  air,  nor  with  water,  nor 
any  other  fluid,  neither  with  any  solid  body  at  rest  or  in 
motion — if,  in  short,  no  other  force  acted  upon  it,  it  would 
continue  to  move  with  the  same  velocity  and  in  the  same 
direction  for  ever. 

97.  The  moving  body,  then,  retains  the  impression  of  the 
force  to  which  it  has  been  subjected,  and  we  may  naturally 
conclude  that  the  same  force  would  not  produce  the  same 
efi*ects  on  different  bodies.  The  charge  of  powder  capable  of 
projecting  a  small  shot,  for  example,  may  scarcely  produce  the 
slightest  motion  in  a  cannon-ball.  It  may  be  said  that  the 
reason  for  this  is,  that  the  ball  is  so  much  heavier  than  the 
shot ;  but  if  this  were  the  true  reason,  it  would  follow  that 
if  bodies  of  all  kinds  were  deprived  of  weight,  or  had  their 
weight  neutralized  by  being  suspended  or  balanced,  they 
might  all  be  set  moving  with  equal  velocity  by  the  same 
impact.  This  would  certainly  not  be  true,  for  it  is  an  estab- 
lished principle  in  mechanics,  that  when  the  same  force  acts 
upon  different  bodies  free  to  move,  their  velocities  are  in  the 
inverse  ratio  of  their  masses,  or  of  the  quantity  of  matter  of 
which  they  are  composed.  Thus  the  same  charge  of  gun- 
powder which  would  project  leaden  balls  whose  volumes  or 
masses  were  as  1,  2,  3,  4,  &c.,  would  impart  velocities  to 
them  as  the  numbers  1,  |,  J,  ^,  &c.,  so  that  the  ball  whose 
mass  is  10  would  acquire  from  the  same  force  a  velocity  of 
^\yth;  the  mass  equal  to  100  would  have  a  velocity  100  times 
less  than  that  of  a  mass  equal  to  1,  and  so  on  ;*  hence  it  will 
be  seen  that  the  mass  multiplied  into  the  velocity  gives  in 
each  case  the  same  number :  in  the  first  case,  1  x  1  =  1; 
in  the  second,  2  x  J  =  1,  and  so  on.  This  product  of  the 
mass  of  a  moving  body  by  its  velocity,  is  called  the  momen- 
tum^ or  moving  force,  or  quantity  of  motion.     In  speaking  of 

*  When  there  is  no  friction,  the  smallest  impact  is  sufficient  to  impart 
motion  to  the  largest  mass  ;  but  only,  of  course,  a  very  slow  motion. 
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multiplying  a  velocity  by  a  weight,  we  of  course  mean  only 
that  the  units  of  weight  (ounces  or  pounds,  for  example) 
are  to  be  multiplied  by  the  units  of  velocity  (feet  per  second, 
or  miles  per  hour,  for  example) ;  and  it  matters  not  what 
units  of  each  kind  are  employed,  for  the  product  thus  ob- 
tained means  nothing  by  itself,  but  only  by  comparison  with 
other  products  similarly  obtained  by  the  use  of  the  same 
units ;  and  the  result  of  this  comparison  will  be  the  same, 
whatever  nnits  are  employed.  The  momenta,  or  quantities 
of  motion,  in  any  number  of  bodies,  found  in  this  way,  will 
bear  the  same  ratios  to  each  other,  whether  all  their  weights 
be  measured  in  ounces  or  in  tons ;  their  velocities  in  inches 
or  in  miles,  and  by  the  second  or  by  the  hour,  provided, 
always,  that  they  are  all  measured  in  the  same  manner.  It 
appears,  then,  that  the  same  impact  always  gives  the  same 
quantity  of  motion,  whatever  may  be  the  body  which  it 
>mpels;  so  that  the  true  measure  and  characteristic  of  an 
instantaneous  force  or  impact,  is  the  quantity  of  motion  it  is 
capable  of  imparting.  Thus,  we  may  describe  an  impact  by 
saying  that  it  is  equal  to  50  lbs.  moved  1  foot  per  second, 
or  1  lb.  moved  50  feet  per  second,  or  2  lbs.  moving  25  feet 
per  second,  &c.  &c.,  all  meaning  the  same  thing. 

98.  In  ordinary  language,  the  force  of  any  moving  body 
means  its  momentum,  or  the  impact  required  to  stop  it,  or  to 
impart  the  same  quantity  of  motion  to  a  body  previously  at 
rest.*  Hence,  we  see  : — 1.  That  when  equal  masses  are 
in  motion,  their  forces  are  proportional  to  their  velocities. 
2.  That  when  the  velocities  are  equal,  the  forces  are  pro- 
portional to  the  masses,  or  quantities  of  matter.  3.  That 
when  neither  the  masses  nor  velocities  are  equal,  the  forces 
are  in  the  proportion  of  both  taken  jointly,  that  is,  the  pro- 
portion of  their  products. 

*  But  the  useful  effect  is  in  most  cases  proportional  not  to  the  momen- 
ium,  but  to  the  vis  viva,  for  which  see  '  Rudiments  of  Civil  Engineering,'* 
Van  I.  p.  24. 
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99.  These  theorems  may  be  illustrated   by  the  apparatus 
shown  in  Fig.  55.     Two  balls  of  clay,  A,  b,  or  of  some  other 
comparatively  inelastic  substance,*  are  suspended  by  strings. 
Fig.  55.  so  as  to  hang 

in  contact  at 
the  middle  of 
a  graduated 
arc.  The  arc 
should  be  cy- 
cloidaland  di- 
vided, not  in- 
to equal  parts, 
but  as  shown 
in  the  figure; 
viz..f    so    that 

the  numbers  1,  2,  3,  &c.,  may  be  proportional  to  the  perpen- 
dicular heights  above  the  level  of  the  point  o.  Now  it  will 
be  proved  presently,  in  treating  of  gravity, — 1.  That  when  a 
ball  thus  suspended  is  let  fall  from  any  point  of  the  arc,  its 
velocity  will  be  the  same  whatever  may  be  its  mass.  2.  That 
this  velocity  will  continually  increase  till  it  reaches  the  point  o. 

3.  That  on  arriving  there,  its  velocity  will  be  proportional  to 
the  square  root  of  the  vertical  height  which  it  has  descended. 

4.  That  if  it  start  from  o  with  this  same  velocity,  it  will 
ascend  to  the  same  height  from  which  it  must  have  fallen  to 
have  acquired  that  velocity,  and  no  higher ;  because  its  velo- 
city is,  by  the  action  of  gravity,  constantly  diminished,  till 
at  this  precise  height  it  is  destroyed.  The  velocities  of  the 
balls,  therefore,  at  the  moment  of  their  arrival  at,  or  depar- 
ture from,  the  point  o,  may  be  exactly  measured  by  noting 
the  divisions  on  the  scale  from  which  they  have  descended, 
or  to  which  they  ascend,  provided  the  4th  division  be  reck- 
oned 2,  the  9th  division,  3,  &c.  Now,  suppose  these  balls  to 
be  equal  in   mass,  and  to  be  moved  in  opposite  directions, 

*  Wax  softened  by  the  addition  of  one-fourth  its  weight  of  oil  answers 
«jery  well. 
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A  towards  D,  and  b  towards  e,  and  then  allowed  to  fall  at  the 
same  moment :  if  the  balls  fall  through  equal  arcs,  they  will 
of  course  impinge  upon  each  other  with  equal  velocities,  and 
each  will  destroy  the  force  of  the  other,  and  remain  at 
rest;*  for  equal  masses  having  equal  velocities  must  have 
equal  forces. 

Let  us  next  suppose  that  the  ball  a  is  double  the  weight  or 
mass  of  B ;  and  let  a  be  raised  towards  d  as  far  as  to  the 
first  division ;  and  let  B  be  raised  towards  e  as  far  as  the 
fourth  division.  AVhen  allowed  to  descend,  at  such  an  in- 
terval of  time  as  to  bring  them  both  at  once  to  the  point  o,+ 
their  velocities  will  be  as  ^  \  :  -v/4,  or  as  1  :  2  ;  but  as 
their  masses  are  as  2  to  1,  their  forces  will  be  as  2  x  1  to 
1  X  2,  or  equal.  Accordingly,  after  impact  these  two  bodies 
will  remain  at  rest,  because  the  equal  and  opposite  forces  have 
destroyed  each  other.  So  also,  if  any  balls  have  their  masses 
inversely  as  their  velocities,  their  forces  will  be  equal,  and 
they  will  consequently  remain  at  rest  after  impact. 

Again,  suppose  a  and  B  to  be  unequal  in  mass,  but  equal 

in  velocity ;  that  a  is  twice  the  size  of  b,  and  that  each  is 

allowed   to  descend  from  the    same  height,   at  d  and   e  ;  if 

the  velocity  of  each  be  called  6,  the  quantity  of  motion  in 

a  may  be  expressed  by  2  x  6  =  12,  while  that  in  b  will  be 

only  1  X  Q  ■=  Q.     After  impact  the  six  parts  of  motion  in 

B  will  destroy  6  parts  of  the  12  in  a,  leaving  only  six  parts 

in  both  bodies.     Now  the  combined  mass  of  both  being  =  3, 

6 
and   their   momentum  =  6,    their  velocity  must  be    x=  2; 

so  that  both  will  move  on  together  with  a  velocity  of  2,  that 

*  If  the  experiment  be  carefully  performed  with  balls  of  clay,  and  the 
arcs  De  of  considerable  extent,  so  as  to  give  a  great  velocity,  the  balls  on 
impinging  will  penetrate  each  other,  and  form  one  ball.  If  the  balls  be 
jf  lead,  they  will,  under  the  same  circumstances,  flatten  each  other,  and 
then  remain  at  rest. 

f  The  exact  adjustment  of  this  interval  renders  the  experiment  difficult, 
unless  the  balls  be  made  to  follow  a  cycloidal  arc,  by  confining  the  stri;»g5. 
with  cy<jloidal  cheeks,  in  the  manner  described  further  on. 
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is,  J  of  their  velocity  before  impact ;  and  this  will  carry  them 
to  i  the  height  from  which  they  descended.  Similar  results 
will  be  obtained  when  the  balls  are  equal  in  mass,  but  have 
been  raised  to  different  divisions. 

100.  This  experiment  may  be  pleasingly  varied  by  using 
balls  of  ivory,  or  some  other  elastic  material ;  in  which  case, 
the  quantities  of  motion  which  oppose  each  other  are  not 
destroyed  (as  with  inelastic  bodies),  but  reversed ;  or  at  least 
would  be  so  if  the  elasticity  of  the  bodies  were  perfect ;  but 
with  all  natural  bodies  a  portion  is  destroyed  and  the  rest 
reversed.  The  following  effects,  however,  though  never 
exhibited  in  perfection,  may  be  very  nearly  imitated  by  the 
use  of  ivory  balls.  If  the  balls  be  equal^  on  removing  a  from 
the  vertical  up  to  any  division,  say  v^4,  on  the  arc,  and 
allowing  it  to  descend  and  impinge  on  b,  which  is  at  rest,  b 
receives  the  whole  of  a*s  motion,  leaving  a  at  rest,  and  starts 
off  with  the  force  of  a,  ascending  the  same  number  of  de- 
grees on  the  opposite  scale  that  a  had  descended.  Balls  of 
clay  or  wax  thus  treated  would  have  moved  on  both  together 
to  the  division  1,  because  the  same  momentum  being  shared 
by  twice  as  much  matter,  must  impart  to  it  half  as  much 
velocity.  If  the  ball  a  has  a  different  mass  from  b,  greater 
or  less,  instead  of  being  left  quiescent  after  impact,  it  moves 
in  the  same  direction  with  b  if  its  mass  be  greater,  or  it 
rebounds  in  an  opposite  direction  if  it  be  less.* 

*  But  in  no  case  will  the  balls  remain  together.  The  quantities  of 
motion  gained  by  one  and  lost  by  the  other  being  equal,  while  their 
masses  are  unequal,  the  velocities  gained  and  lost  will  be  inversely  as 
their  masses.  When  the  velocity  lost  by  the  striking  ball  exceeds  its 
whole  velocity  before  the  blow,  this  excess  expresses  its  velocity  in  the 
opposite  direction  ;  for  motion  lost,  or  motion  gained  in  the  opposite 
direction,  are  the  same  thing.  If  a  body  moving  northward  at  10  miles 
an  hour,  have  its  velocity  reduced  to  3  miles  an  hour,  it  matters  not 
whether  we  say  it  has  lost  7  units  of  velocity  northward,  or  gained  7 
southward  ;  and  if  its  motion  had  been  reversed,  and  become  3  miles  an 
hour,  we  may  either  say  that  it  has  lost  13  units  of  northward  velocity, or 
gained  13  of  southward. 
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101.  When  a  number  of  ivory  balls  of  the  same  size  are 
suspended,  as  in  Fig.  56,  and  the  first  is  removed  from  the 
vertical,  and  allowed  to  impinge  upon  pj^  .^^ 

the  others,  the  last  only.  No.  7,  is 
movedj  and  this  starts  off  with  the 
quantity  of  motion  which  No.  1  had 
the  moment  it  struck  No.  2.  If  the 
balls  No.  1  and  No.  2  be  both  raised 
from  the  vertical,  and  allowed  to  fall 
together,  the  last  two,  Nos.  6  and  7, 
will  be  raised. 

102.  In  the  foregoing  cases  we  have  considered  the  effects 
resulting  from  the  impact  of  bodies  advancing  from  opposite 
dilrections.  Of  course,  bodies  moving  in  the  same  direction 
may  impinge  if  their  velocities  be  different.  Thus,  if  a 
non-elastic  body  be  overtaken  by  &,nother,  the  two  bodies 
after  impact  will  move  with  a  common  velocity.  If  they  be 
equal  in  mass,  half  the  sum  of  their  velocities  will  be  their 
common  velocity  after  impact.  Since  the  bodies  move  in  the 
same  direction,  there  can  be  no  increase  or  diminution  of 
motion  by  impact,  but  only  a  re-distribution.  If  before 
impa,ct  A  move  with  the  velocity  of  5,  and  b  with  that  of  3, 
the  common  velocity  of  the  two  bodies,  after  impact,  will  be 
4,  the  half  of  the  sum  of  5  -f  3. 

Now  suppose  A  and  b  to  be  unequal  in  mass,  as  well  as  in 
velocity.  If  the  mass  of  a  be  9  and  its  velocity  12,  its 
quantity  of  motion  will  be  108.  If  the  mass  of  b  be  7,  and 
its  velocity  9,  its  quantity  of  motitn  will  be  63.  The  sum 
of  the  two  motions  will  therefore  be  108  +  63  =  171  ;  and 
this  of  course  will  be  the  whole  motion  of  the  united  masses 
after  impact.  Dividing  this,  therefore,  by  the  united  masses 
(9-1-7  =  16),  we  find  171  -t-  16  =  10[J,  the  common  velo- 
city of  the  united  masses.  In  general,  therefore,  when  two 
masses  moving  in  the  same  direction  impinge  one  upon  the 
other,  and  after  impact  move  together,  their  common  velocity 
oiay  be  determined  by  multiplying  the  numbers   expresoing 

Meshanin .  jf 
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the  masses  by  the  numbers  which  express  the  velocities ;  the 
sum  of  the  two  products  thus  obtained,  divided  by  the  sum 
of  the  numbers  expressing  the  masses,  will  give  a  quotient 
expressing  the  required  velocity. 

103.  When  a  moving  body  comes  in  contact  with  a  body 
at  rest,  it  can  only  continue  its  motion  by  pushing  this  body 
before  it,  and  consequently  communicating  to  it  such  a  quan- 
tity of  motion  that  after  impact  they  move  with  a  common 
velocity.  If  the  mass  of  the  moving  body  be  equal  to  that 
of  the  body  at  rest,  it  is  evident  that  after  impact  the  motion 
will  be  equally  divided  between  the  two  masses,  and  the 
velocity  will  now  be  only  one-half,  since  the  mass  has  been 
doubled.  It  will  be  only  the  third  of  the  velocity,  if  th6 
mass  at  rest  is  double  that  of  the  moving  body;  and  in 
general,  when  a  moving  body  communicates  motion  to  a  body 
at  rest,  the  united  velocity  of  the  two  bodies  is  to  that  of  the 
moving  body  as  the  mass  of  the  latter  is  to  the  sum  of  the 
masses  of  both.  For  example,  if  a  musket-ball  weigh  ^^th 
of  a  pound,  and  its  velocity  on  being  fired  be  1300  feet  per 
second,  if  it  strike  a  cannon-ball  of  48  pounds,  suspended  as 
in  Fig.  55,  it  will  set  it  in  motion;  and  the  common  velocity 
of  the  two  is  to  that  of  the  bullet  as  -^  is  to  48  -f-  g^,  or 
as  1  is  to  961  ;  the  common  velocity  of  the  two  is,  therefore, 

1300 

-TT7",  or  about  Ij  feet  per  second. 

When  a  musket-ball  strikes  against  a  large  stone,  or  is  fired 
at  a  mountain,  it  communicates  both  to  the  stone  and  to  the 
mountain  a  certain  velocity,  small  indeed,  and  not  measure- 
able  unless  we  could  know  the  mass  of  the  mountain  in  addi- 
tion to  other  particulars.  The  mass  of  a  large  stone,  however, 
is  easily  found ;  suppose  it  to  weigh  500  lbs.,  or  that  its  mass 
equals  500,  its  velocity  after  impact  with  the  musket-ball 
moving  at  the  rate  of  1300  feet  per  second,  and  weighing 
^th  of  a  pound,  will  be  to  1300  feet  as  -^\^  is  to  500  -f  -J^, 
or  as  1  is  to  10001 ;  so  that  the  common  velocity  of  the 
musket-ball    and     the    stone    after    impact    will    be    about 
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1 4  inch  per  second,  a  motion  which  is  speedily  destroyed  by 
resistance  and  friction :  or  rather,  this  motion  is  speedily 
absorbed  by  surrounding  bodies,  and  even  by  the  mass  of  the 
earth.  Hence  it  may  be  said  that  motion  communicates  itself 
among  material  bodies,  and  is  never  lost ;  when  it  appears  to 
be  so,  it  in  fact  only  passes  from  the  moving  body  into  other 
bodies  which  are  at  rest,  or  are  endued  with  a  less  velocity, 
and  at  length  it  becomes  insensible  in  consequence  of  its 
enormous  diffusion.  In  fact,  as  we  have  seen,  motion  can 
only  be  destroyed  by  motion ;  resistances  and  friction  disperse 
it,  but  do  not  destroy  it. 

104.  The  velocity  of  projectiles  is  measured  on  the  princi- 
ples of  impact,  by  a  large  mass  of  wood,  or  of  metal,  sus- 
pended with  as  little  friction  as  possible,  by  a  bar  of  iron,  and 
called  a  ballistic  pendulum  (Fig.  57).'  The  cannon-ball  whose 
velocity  is  to  be  determined  is  fired  against  the  solid  block 
of  this  pendulum,  and  the  Fie  57. 

height  to  which  it  is  made 
to  oscillate  by  the  blow  is 
shown  by  an  index  on  a 
wooden  arc,  and  determines 
the  velocity  with  which  the 
mass  first  began  to  move, 
when  its  quantity  of  motion 
was  equal  to  that  with  which 
the  ball  struck  it.  In  the 
next  section  it  will  be  shown 
how  this  is  determined,  but  we  may  here  observe  that  the 
velocity  at  starting  is  proportional  to  the  square  root  of  the 
vertical  height  ascended  (99),  whatever  may  be  the  curve ; 
when  that  curve  is  circular,  as  in  this  instance,  the  velo- 
cities are  as  the  chords  of  the  arcs  described ;  so  that  if 
the  arc  be  so  graduated  that  the  numbers  are  proportional 
to  their  distances  in  a  straight  line  from  0,  they  will  correctly 
express  the  relative  velocities  at  starting  from  0. 

Persons  who  are  fond  of  the  marvellous  sometimes  relate 
f2 


100  EFFECTS    OP    RAPID    PROJECTILES. 

facts  respecting  the  effects  of  musket-shots  and  cannon-balld 
which  are  not  generally  believed,  although  they  are  simple 
consequences  of  the  principles  we  are  now  considering.  Thus, 
a  musket-ball  will  pass  through  a  window-pane  without 
cracking  the  glass,  leaving  only  a  clear  round  hole.  If  the 
musket-ball  were  thrown  by  hand,  the  whole  pane  would  be 
shattered  ;  but  with  the  usual  velocity  of  a  musket-ball,  that 
portion  of  the  glass  actually  struck  alone  yields  to  the  blow, 
and  the  ball  has  done  its  work  before  the  surrounding  parts 
have  time  to  share  the  motion.*  If  the  window-pane  were 
suspended  by  a  silken  thread,  the  shot  would  only  carry  away 
so  much  of  the  glass  as  would  allow  it  space  to  pass  through, 
without  even  breaking  the  thread,  or  causing  it  to  oscillate. 
A  sheet  of  paper  placed  on  edge  may  be  perforated  by  a 
pistol-ball  without  being  knocked  down ;  and  a  door  half- 
open  may  be  pierced  by  a  cannon-ball  without  being  shut. 
M.  Pouillet  mentions  a  case  where  a  cannon-ball  carried  off 
the  extremity  of  a  musket  while  it  was  in  the  soldier's  hands 
without  his  feeling  the  stroke,  just  as  the  head  of  a  thistle 
may  be  struck  off  by  the  rapid  motion  of  a  stick,  without 
perceptibly  bending  the  stalk.  Nay,  if  the  missile  be  soft, 
as  tallow,  it  will  act  with  the  force  of  lead,  if  sufficient  velo- 
city be  imparted  to  it.     Thus,  in  the  well-known  trick  of 

*  The  piercing  effects  of  such  bodies  are  not  proportional  to  their 
moving  effects  or  momenta.  For  suppose  two  unequal  balls  (as  a  6  and 
a  12-pounder)  to  have  velocities  inversely  as  their  masses  ;  their  momenta 
will  be  equal  (97),  so  that  both  will  have  the  same  power  to  move  or  over- 
turn an  obstacle,  but  they  will  not  penetrate  a  soft  body  to  the  same 
depth,  that  is,  overcome  a  uniform  resistance  through  the  same  space,  for 
both  will  overcome  the  same  resistance  for  the  same  length  of  time,  and 
during  this  time  the  swifter  ball  will  have  penetrated  twice  as  far  as  the 
other.  To  have  equal  piercing  effects,  therefore,  their  masses  must  be 
inversely  as  the  squares  of  their  velocities,  so  that  their  momenta  multi- 
plied into  their  velocities  may  be  equal.  This  mode  of  estimating  the 
effect  by  the  product  of  the  momentum  and  velocity,  or  the  product  of 
the  mass  multiplied  twice  by  the  velocity,  is  called  the  principle  of  #?i» 
mvc.     (See  page  93,  note.) 
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firing  a  piece  of  tallow  candle  through  a  board,  the  parts  of 
the  tallow  cannot  yield  until  after  a  certain  time;  during 
that  time  the  tallow  behaves  like  a  hard  solid,  and  before  its 
particles  have  had  time  to  yield,  the  tallow  has  already  passed 
through  the  board.  So,  also,  in  firing  a  cannon-ball  over  the 
surface  of  a  smooth  sea,  time  is  not  allowed  for  the  water  to 
yield  much,  and  consequently  it  behaves  like  a  solid,  and  re- 
flects the  ball.  In  this  way,  it  is  said,  that  musket-balls  have 
even  been  flattened. 

105.  In  our  Introduction  to  the  Study  of  Natural  Phi- 
losophy, some  illustrations  were  given  of  what  are  called  the 
laws  of  motion.  It  was  there  explained  that  every  action  is 
accompanied  by  a  corresponding  re-action,  equal  and  contrary. 
In  the  discharge  of  a  cannon,  the  elasticity  of  the  gases 
suddenly  liberated  by  the  ignited  gunpowder,  acts  equally  in 
all  directions:  it  acts  on  the  sides  with  equal  and  opposite 
forces,  which  neutralize  each  other  unless  the  cannon  burst 
by  yielding  to  one  of  them ;  the  elasticity  of  the  gases  also 
acts  towards  the  muzzle  and  the  breach,  and  these  two  equal 
and  opposite  forces  would  also  neutralize  each  other  if  the 
lYiouth  of  the  cannon  were  effectually  secured ;  but  such  not 
Ix'vng  the  ca^e,  the  ball  and  the  wadding  yield  :  the  expansive 
forcGP  of  the  ;?as  towards  the  muzzle  and  the  breach  beinir 
cmal  produce  a.n  equal  effect,  the  one  upon  the  ball,  and  the 
othflT  upon  tiie  cannon ;  the  one  moves  forwards,  and  the 
other  backwiords.  This  latter  motion  is  called  the  recoil  of 
the  gun  ;  ano  ten.  reason  why  the  recoil  produces  so  much 
less  velocity  thaii  the  ohot  receives  from  the  opposite  force, 
is  the  great«3r  iiUiSB  of  the  cannon  and  its  appendages,  aa 
compared  with  tbt;  ball.  When  a  sportsman  fires  a  gun,  the 
recoil  on  his  shoulder  is  equal  to  that  which  would  be  pro- 
duced by  a  shot  entering  the  barrel  and  striking  against  its 
solid  extremity,  with  the  v^e/ocity  with  which  the  bullet  leaA'^a 
the  same  gun.  Another  proof  of  the  <:H)iiiparative  .siownosfe 
with  which  motion  is  propagated  through  any  cousideraole 
mass.   is.  thai  ibe  recoil  does  not  begin  to  be  felt  until  the 
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bullet  has  actually  left  tho  mouth  of  the  cannon.  The  expe- 
riment in  proof  of  this  was  performed,  for  the  first  time,  at 
Rochelle,  in  1667,  by  order  of  the  Cardinal  de  Richelieu. 
A  cannon  was  suspended  horizontally,  from  the  end  of  a  very 
long  vertical  shaft,  or  lever,  moveable  freely  about  an  axis  at 
its  other  extremity.  The  ball  fired  from  it  under  these  cir- 
cumstances struck  the  object  towards  which  it  was  directed 
in  precisely  the  same  manner  as  it  did  when  the  cannon  was 
fixed ;  showing  that  there  could  have  been  no  sensible  alter- 
ation of  its  position  until  the  ball  was  discharged  from  it, 
otherwise  it  could  not  have  hit  the  same  point,  but  a  point 
somewhat  lower,  depending  upon  the  amount  of  recoil. 

106.  The  resistance  which  a  moving  body  meets  with  in 
the  air,  or  in  the  water,  is  only  an  efiect  of  the  transference 
of  motion.  A  body  moving  in  water  must  constantly  displace 
a  portion  of  the  fluid  equal  to  its  own  bulk,  and  the  amount 
of  motion  thus  communicated  to  the  water  is  so  much  lost 
by  the  moving  body.  It  is  generally  admitted  in  such  cases, 
for  air  as  well  as  water,  that  the  resistance  is  in  proportion 
to  the  square  of  the  velocity  of  the  moving  body.  "When 
the  velocity  is  doubled,  the  loss  of  motion  by  resistance  is 
quadrupled,  because  not  only  is  there  twice  as  much  fluid  to 
be  moved  in  an  equal  time,  but  it  has  to  be  moved  with  twice 
the  velocity.  So,  also,  when  the  velocity  is  trebled,  the 
moving  body  meets  three  times  the  number  of  particles,  to 
which  it  communicates  three  times  the  velocity,  thereby 
occasioning  nine  times  the  loss.  The  resistance  to  a  body 
moving  in  water  is,  therefore,  about  800  times  greater  than  if 
it  were  moving  with  the  same  velocity  in  air,  for  it  has  to 
move  800  times  as  much  matter  in  the  same  time.  But  if 
the  motion  in  air  were  28  times  faster  than  in  water,  the 
resistance  would  be  about  the  same,  for  28  times  the  velocity 
gcnei-atea  28  times  28  times  (=784  times)  the  resistance. 
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II. EFFECTS     OF     CONTINUED     FORCES UNIFORMLY    ACCELE- 
RATED MOTION DESCENT  ON  INCLINED  PLANES  AND  CURVES 

THE    PENDULUM. 

107.  One  cannot  fail  to  be  struck  with  the  different 
degrees  of  rapidity  with  which  bodies  fall  through  the  air. 
A  piece  of  gold  falls  rapidly,  and  a  dry  leaf  very  slowly ;  and 
the  popular  reason  for  this  difference  is,  that  the  gold  is  heavy 
and  the  leaf  light ;  this,  however,  is  not  the  true  reason,  for 
if  the  gold  be  beaten  out  into  a  thin  leaf,  neither  its  absolute 
nor  its  specific  weight  is  diminished  (indeed,  the  latter  is 
increased),  but  the  time  of  its  descent  through  the  air  is 
greatly  prolonged.  The  fact  is,  that  every  body  falling 
through  a  fluid  is  continually  subject  to  two  opposite  forces, 
1  st,  its  weight,  which  is  constantly  uniform,  and  acting  alone 
would  constantly  accelerate  the  fall,  and  2nd,  the  fluid  resist- 
ance^ which,  as  we  have  seen,  increases  with  the  velocity,  so 
that,  however  small  at  first,  it  must  after  a  certain  time  (or 
when  a  certain  velocity  is  acquired)  become  equal  to  the 
weight  of  the  body,  so  as  to  prevent  any  further  acceleration 
(page  90).  Now,  the  gold  presenting  a  larger  surface  when 
beaten  out  than  in  the  lump,  far  more  resistance  is  opposed 
to  the  leaf  than  to  a  thick  piece  of  equal  weight,  moving  with 
equal  velocity.  Supposing  both  to  begin  to  fall  at  the 
same  instant,  when  the  leaf  has  attained  its  maximum  and 
uniform  speed,  the  lump  will  still  continue  to  be  accelerated, 
for  the  lump  requires  a  greater  speed  to  generate  the  same 
resistance. 

108.  As  the  attraction  of  the  earth  acts  on  all  bodies  in 
proportion  to  their  quantities  of  matter,*  it  is  of  no  conse- 
(juence,  as  far  as  this  attraction  is  concerned,  whether  a  body 
be  in  a  mass  or  broken  up  into  small  pieces,  for  each  piece 
will  be  as  strongly  attracted  as  when  it  was  united  in  one 
solid  mass  with  the  other  pieces.  The  attraction  must  also  be 
the  same  on  one  of  these  pieces,  whether  it  be  in  a  lump  or 

*  For  proof  of  this  see  "  Natural  Philosophy."  [40]. 
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beaten  out  into  a  thin  sheet,  since  the  number  of  particles 
remains  the  same.  The  difference  observable  in  the  time  of 
the  fall  of  these  bodies  through  the  air  is  due  to  the  resist- 
ance of  thnt  medium  ;  whence  we  may  fairly  conclude  that,  if 
the  air  were  altogether  absent,  and  no  other  resisting  medium 
occupied  its  place,  all  bodies,  of  whatever  size  and  of  whatever 
weight,  must  descend  with  the  same  speed.  Under  such  cir- 
cumstances, a  oalloon  and  the  smoke  of  a  fire  would  descend 
instead  of  ascending  as  they  now  do  by  the  pressure  of  air, 
which,  bulk  for  bulk,  is  heavier  than  themselves. 

The  conclusion  that  in  the  absence  of  a  resisting  medium  all 
bodies  would  fall  with  the  same  speed,  is  established  by  a 
beautiful  experiment  with  the  air-pump,  in  which  a  piece  of 
metal  and  a  feather  are  let  fall  at  the  same  instant  from  the 
top  of  a  tall  exhausted  receiver,  when  it  is  found  that  these 
two  bodies,  so  dissimilar  in  weight,  strike  the  table  of  the  air- 
pump  on  which  the  receiver  rests  at  the  same  instant.* 

In  vacuo  neither  the  size,  weight,  density,  nor  figure  of  a 
body,  makes  any  difference  in  the  velocity  of  its  fall ;  and  all 
the  differences  observed  in  air,  are  easily  explained  by  its 
resistance.  For  instance,  a  2-inch  shot  falls  faster  than  a 
1-inch  shot,  though  of  the  same  figure  and  density.  In  the 
larger  we  have  8  times  as  much  matter  to  be  moved,  and 
also  8  times  as  nmch  force  to  move  it,  and  this  would  give 
it,  in  vacuo,  llic  very  same  velocity  (or  8  times  the  momentum 
of)  the  smaU  dhot.  But  it  has  only  4  times  the  surface,  and 
is  therefore  (in  a  fluid)  opposed  by  only  4  times  the  resist- 
ance. Again,  a  ball  of  lead  and  a  ball  of  cork  of  the  same 
weight  fall  with  equal  momenta,  but  the  cork  being  larger, 

*  A  similar  experiment  may  be  made  witliout  tlie  air-pump,  by 
placing  a  piece  of  hot-pressed  paper  (or  even  the  thinnest  tissue-paper), 
smoothly  on  a  flat  piece  of  polished  metal  or  glass,  rather  larger  than 
itself,  and  letting  them  fell  together.  Though  the  light  body  is  upper- 
most, it  will  not  be  left  behind,  nor  will  it  in  the  slightest  degree  retard 
the  fall  of  the  heavier  body,  as  it  would  if  connected  with  it  like  n 
parachute. 
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encounters  more  resistance.  Now,  let  them  be  of  equal  size, 
their  weights  of  course  are  unequal,  but  they  both  encounter 
the  same  resistance,  so  that  the  cork,  as  before,  is  the  most 
retarded.* 

109.  Having  proved  that  in  reality  all  bodies  tend  to  fall 
with  the  same  velocity,  the  next  point  is  to  determine  what 
this  common  velocity  is,  and  the  relation  existing  between 
the  space  fallen  through  by  a  body  and  the  time  occupied  in 
the  fall.  This  relation  will  be  the  law  of  motion  impressed 
by  gravity  upon  matter. 

It  would  appear  at  first  view  that  such  a  question  might 
be  determined  experimentally  by  a  contrivance  similar  to  that 
used  in  the  guinea-and-feather  experiment  (108),  only  using 
a  very  long  vertical  tube  instead  of  the  receiver,  and  having 
exhausted  it,  allowing  a  heavy  body  to  fall  from  the  top  at  a 
given  instant,  and  then  marking  the  point  at  which  it  arrives 
after  the  lapse  of  one  second,  two  seconds,  three  seconds,  and 

*  This  equality  of  speed  in  the  faU  of  all  bodies,  when  unresisted, 
proves  that  their  quantities  of  matter  or  inertia  are  exactly  proportional 
to  their  weights  ;  it  proves,  for  instance,  that  if  a  cubic  inch  of  stone 
weigh  three  times  as  much  as  a  cubic  inch  of  water,  it  contains  three  times 
as  much  matter  ;  for  it  falls  with  the  same  speed,  though  urged  by  a  triple 
force,  i.  e.,  it  requires  a  triple  pressure  to  impart  to  it  an  equal  velocity 
in  an  equad  length  of  time ;  and  quantities  of  matter  can  be  estimated  in 
no  other  way  than  by  comparing  the  forces  required  to  produce  equal  dyna- 
mical effects  on  them.  These  forces  may  be  either  instantaneous  or  con- 
tinned ;  and  thus  we  have  two  ways  of  ascertaining  the  comparative 
masses  of  bodies,  1st,  by  comparing  the  impacts  required  to  impart  equal 
velocity  to  them,  or,  2nd,  by  comparing  the  pressures  required  to  impart 
equal  velocities  in  equal  lengths  of  time.  This  latter  condition  is  neces- 
sary, because,  as  we  have  seen  (95)  that  every  continued  force  or  pressure 
must  produce  a  continually  increasing  velocity,  and  as  any  impact 
however  small,  may  move  any  mass,  however  great  (103),  so  also  any 
pressure,  however  small,  may  impart  to  any  mass  any  amount  of  velocity 
by  acting  long  enough.  A  pressure  of  a  single  pound  might  move  the 
largest  planet  with  any  number  of  times  its  present  velocity,  and  it  would 
be  easy  to  calculate  how  long  it  must  continue  acting  to  produce  this 
pffecc. 

F   3 
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SO  on.  But  the  difficulty  in  such  a  mode  of  observation  is, 
that  although  a  body  at  the  commencement  of  its  fall  may 
move  with  tolerable  slowness,  so  that  the  eye  can  follow 
it,  yet  the  motion  increases  so  rapidly,  that  it  soon  becomes 
quite  impossible  to  do  so.  Accordingly,  philosophers  have 
resorted  to  various  contrivances  for  so  modifying  the  motion 
of  the  falling  body  as  to  make  it  appreciable  by  the  senses 
throughout  its  whole  course. 

110.  The  first  philosopher  who  succeeded  in  detecting  the 
law  of  falling  bodies  was  Galileo.  When  the  study  of  astro- 
nomy was  no  longer  for  him  a  safe  pursuit,  his  acute  and 
powerful  mind  recurred  to  his  earlier  mechanical  studies,  and 
during  his  residence  at  Sienna,  after  being  persecuted  by  the 
Inquisition,  he  published,  or  at  least  collected,  materials  for 
his  "  Dialogues  on  Motion."  In  this  work  the  following 
method  is  given  of  making  experiments  on  the  descent  of 
bodies  on  inclined  planes.*  "  In  a  rule,  or  rather  plank  of 
wood,  about  1  2  yards  long,  half  a  yard  broad  one  way  and 
3  inches  the  other,  we  made  upon  the  narrow  side  or  edge  a 
groove  a  little  more  than  an  inch  wide :  we  cut  it  very 
straight,  and  to  make  it  very  smooth  and  sleek,  we  glued 
upon  it  a  piece  of  vellum,  polished  and  smoothed  as  exactly 
as  possible,  and  in  that  we  let  fall  a  very  hard,  round,  and 
smooth  brass  ball,  raising  one  of  the  ends  of  the  plank  a  yard 
or  two  at  pleasure  above  the  horizontal  plane.  TVe  observed, 
in  the  manner  that  I  shall  tell  you  presently,  the  time  which 
it  spent  in  running  down,  and  repeated  the  same  observation 
again  ind  again,  to  assure  ourselves  of  the  time,  in  \vhich  we 

*  Tlie  invention  of  this  method  appears,  from  documents  quoted  by 
Venturi  and  others,  to  bear  date  at  least  as  early  as  1604.  Descartea 
insi/iuates  that  Galileo  first  obtained  from  him  the  knowledge  of  the 
law  established  in  these  experiments  ;  but  as  Descartes  was  not  born  until 
1596,  he  must,  if  his  claim  be  tenable,  have  been  a  most  astonishing  genius 
at  eight  years  of  age.  He  also  insinuates  that  Galileo  obtained  from  him 
the  isochronism  of  the  pendulum,  which,  in  fact,  was  discovered  in  1583, 
thirteen  years  before  Descartes  was  bora. 
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never  found  any  difference,  no,  not  so  much  as  the  t^nth  part 
of  one  beat  of  the  pulse.  Having  made  and  settled  this 
experiment,  we  let  the  same  ball  descend  through  a  fourth 
part  only  of  the  length  of  the  groove,  and  found  the  measured 
time  to  be  exactly  half  the  former.  Continuing  our  experi- 
ments  with  other  portions  of  the  length,  comparing  the  fall 
through  the  whole  with  the  fall  through  half,  two-thirds, 
three-fourths,  in  short,  with  the  fall  through  any  part,  we 
found,  by  many  hundred  experiments,  that  the  spaces  passed 
over  were  as  the  squares  of  the  times,  and  that  this  was  the 
case  in  all  inclinations  of  the  plank ;  during  which  we  also 
remarked  that  the  times  of  descent,  on  different  inclinations, 
observe  accurately  the  proportion  assigned  to  them  farther 
on,  and  demonstrated  by  our  author.  As  to  the  estimation 
of  the  time,  we  hung  up  a  great  bucket  full  of  water,  which, 
by  a  very  small  hole  pierced  in  the  bottom,  squirted  out  a 
fine  thread  of  water,  which  we  caught  in  a  small  glass, 
during  the  whole  time  of  the  different  descents  :  then  weigh- 
ing from  time  to  time  in  an  exact  pair  of  scales,  the  quantity 
of  water  caught  in  this  way,  the  differences  and  proportions 
of  their  weights  gave  the  differences  and  proportions  of  the 
times;  and  this  with  such  exactness,  that,  as  I  said  before, 
although  the  experiments  were  repeated  again  and  again,  they 
never  differed  in  any  degree  worth  noticing." 

111.  It  will  be  observed,  that  as  the  law  first  mentioned 
(that  the  spaces  fallen  through  from  the  commencement  ol 
the  fall  are  proportional  to  the  squares  of  the  times  elapsed, 
applied  equally  whatever  might  be  the  inclination  of  the  plane, 
it  must  apply  also  when  the  plane  is  vertical,  or  when  the 
body  falls  freely.  The  establishment  of  so  important  a  law 
by  such  simple  and  exquisitely  ingenious  means  may  serve  to 
remind  the  reader  that  Galileo  is  not  unworthy  of  the  fame 
which  still  belongs  to  his  name  as  a  mechanical  philosopher, 
as  well  as  a  persecuted  astronomer.  In  later  times,  the  law  of 
falling  bodies  has  received  a  more  complete  exposition  by  the 
admirable  machine  invented  by  Atwood,  and  which  will  be 


108  LAW    OP 

described  presently.  But  first  it  is  necessary  to  enter  a  little 
more  fully  into  the  question,  in  order  that  the  reader  may  be 
in  a  condition  fairly  to  estimate  the  merits  of  this  machine, 
and  the  important  law  it  is  intended  to  illustrate. 

112.  The  fall  of  a  heavy  body  from  a  height  is  a  uniformly 
accelerated  motion,  because  the  attraction  of  the  earth,  which 
is  the  cause  of  its  fall,  never  ceasing  to  act,  the  body  gains  at 
each  instant  of  its  fall  a  new  impulse,  whereby  it  receives 
additional  velocity,  so  that  its  final  velocity  is  the  aggregate 
of  all  the  infinitely  small  but  equal  increments  of  velocity 
thus  communicated.  Hence,  the  velocity  of  a  falling  body 
at  the  end  of  two  seconds  is  twice  that  which  it  had  at  the 
end  of  one  ;  at  the  end  of  three  seconds  three  times  that 
which  it  had  at  the  end  of  one,  and  so  on.  Now,  it  has  been 
ascertained  that  a  body  falling  freely  through  space  by  the 
force  of  gravity  acquires  at  the  end  of  the  first  second  a 
velocity  such  as  would  carry  it,  without  any  assistance  from 
gravity,  through  about  32  feet  during  the  second  second. 
This  is  the  final  velocity  of  the  body  after  one  second. 
But  during  this  second,  the  body  passes  gradually  from  a 
state  of  rest  through  various  increasing  degrees  of  speed, 
until  it  acquires  a  velocity  equal  to  32  feet  per  second.  Its 
average  speed,  therefore,  during  the  whole  of  the  first  second 
will  be  the  arithmetical  mean  between  its  starting  velocity, 
which  is  0,  and  its  final  velocity,  which  is  32  feet  per  second. 
This  mean  is  16  feet  per  second;  consequently,  the  space 
actually  fallen  through  during  this  one  second  must  be  16  feet. 
During  the  second  second,  the  body  starting  with  the  velocity 
of  32  feet  acquired  during  the  first  second,  falls  through  32 
feet,  and  also  through  another  16  feet,  due  to  the  action  of 
its  weight  during  this  one  second  only.  At  the  end  of  the 
second  second  the  final  velocity  is  twice  that  at  the  end  of 
tiie  first  second ;  so  that  during  the  third  second  the  body 
would  move  through  64  feet,  if  subject  to  no  force,  i.  e.,  if 
its  weight  had  ceased  to  act ;  but  as  this  force  contiri  ues  to 
act,  and  would  during  a  second  move  it  through  16  feet  (if  it 
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had  no  velocity  at  starting),  the  whole  space  described  during 
this  second  will  be  80  feet,  viz.,  64  feet  by  its  previouslj/ 
acquired  velocity,  and  1 6  by  that  gradually  added  during  this 
third  second. 

113.  We  see,  then,  that  the  weight  of  any  body  is  such  a 
force  as  will,  during  one  second,  impart  to  that  body  a  velocity 
of  32  feet  per  second,  in  addition  to  any  motion  which  it  may 
previously  have.  During  any  other  period  it  would  impart  a 
proportionally  greater  or  less  velocity ;  during  two  seconds, 
for  instance,  a  velocity  of  64  feet  per  second ;  or,  during 
half  a  second,  a  velocity  of  16  feet  per  second.  Hence,  it 
appears  that  the  time  occupied  in  falling,  and  the  ^nal 
velocity,  are  proportional  to  each  other ;  and  that  an  in- 
crease in  one  is  necessarily  attended  by  a  proportional  increase 
in  the  other.  Now,  we  have  seen  that  the  average  velocity, 
during  any  fall,  is  exactly  half  the  final  velocity,  for  it  is 
the  mean  between  the  velocity  at  starting,  viz.  0,  and  that 
final  velocity;  hence,  any  increase  in  the  time  of  falling, 
is  attended  by  a  proportional  increase  in.  the  average  speed 
during  the  whole  fall.  But  the  space  fallen  through  is 
jointly  proportional  to  the  time  occupied  and  the  average 
velocity ;  consequently,  when  the  time  is  increased  in  any 
proportion  (say  doubled),  the  body  falls,  not  only  twice  as 
long,  but  also  twice  as  fast,  and  must  therefore  fall  through 
four  times  the  distance.  So,  also,  if  one  body  falls  three  times 
as  long  as  another,  it  also  falls  with  three  times  the  average 
speed,  and  consequently  falls,  altogether,  nine  times  the  dis- 
tance. Thus,  the  distance  fallen  must  always  be  proportional 
to  the  square  of  the  time  occupied  ;  as  observed  in  the  expe- 
riments of  Galileo.  It  will  thus  be  seen,  that  though  a  body 
fall  16  feet  in  a  second,  it  will  only  fall  4  feet  in  half  a 
second  ;  for  it  falls  with  only  half  as  much  average  speed,  viz. 
a  speed  of  8  feet  per  second,  or  4  feet  per  lialf-second.  But 
it  acquires  a  final  velocity  of  16  feet  per  second,  which  would 
carry  it,  in  another  half-second,  through  8  feet,  besides  the 
4  feet  due  to  its  acceleration  during  that  half-second,  making 
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altogether  12  feet,  and  thus  accounting  for  the  fall  of  16  feet 
in  a  second. 

We  thus  get  an  easy  rule  for  determining  the  space  through 
which  a  body  has  fallen,  simply  by  knowing  the  time  occu- 
pied by  the  fall,  and  multiplying  the  square  of  this  by  the 
r  umber  of  feet  through  which  a  body  falls  in  one  second. 
For  example : — 

The  height  fallen  dunng  one  second        =    1x16=    16  feet. 

,,  ,,  two  seconds      =    4  x  16  =    64  feet. 

,,  ,,  three  seconds   =    9  x  16  =  144  feet. 

„  „  four  seconds     =  16  x  16  =  256  feet. 

„  five  seconds      =25  x  16  =  400  feet. 

And  the  same  rule  will    apply  to  any  number  of   seconds, 
whole  or  fractional. 

114.  To  show  more  clearly  how  this  law  is  derived  from 
the  uniformity  of  the  accelerating  force,  we  may  take  the 
length  of  any  figure  to  represent  the  time  of  the  whole  fall, 
which  we  may  divide  into  any  convenient  number  of  parts ; 
and  we  may  make  the  hreadth  of  the  figure,  at  each  of  those 
divisions,  represent  the  velocity  at  the  corresponding  instant 
of  the  fall.  Then  the  area  of  the  figure,  or  of  any  portion 
thereof,  will  represent  the  distance  fallen  through  during  the 
corresponding  part  of  the  time  ;  for  this  distance  is  jointly 
proportional  to  the  time  and  the  average  velocity^  just  as  the 
area  of  a  figure  is  jointly  proportional  to  its  length  and  its 
average  hreadth.  Let  us  draw  such  a  figure,  in  which  the 
breadth  at  the  commencement  is  0,  and  the  increase  is  uni- 
form, i.  e.  by  equal  additions,  for  equal  additions  to  the  length. 
By  observing  the  relations  between  the  breadths  of  this  figure, 
at  difi'erent  points,  and  also  between  the  areas  of  the  whole 
and  of  difierent  portions  thereof,  and  the  areas  they  would  have 
if  their  breadth  continued  equal  throughout  their  length,  we 
may  learn  all  that  has  been  stated  above,  by  simply  substi- 
tuting time  for  lengthy  velocity  for  hreadth^  and  distance  fallen 
for  area.     The  following  is  an  examj^le  : — 
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A  body  falling  freely  during  5J  seconds ; 

Starting  with  a  velocity  of  -  -  -  -     k  0  Poet. 

Falls  during  the  \st  second.  -  ■  ^^L~  -.---.--.--       iS 

Acquiring  a  velocity  of ^^^'^    ^^^'  ^^'  second. 

Falls  during  the  2nd  second  •  ^^B^^^ 

Acquiringavelocityof  twice  32,  <'.  ^B^^L''^    feet  per  second. 

Falls  during  the  3rd  second  -  -     ^^^^^H^\  ^=^  .......      gO 

Acquiring  a  velocity  of  3  x  32  ^       ^^■^^■^^■L^^     fe>3t  per  second. 

Falls  during  the  4th  second  -  ■     BBHBHWH^^  —  .....     llj 

Acquiring  a  velocity  of  4  x  32  =--      ^B^B^^B^B&i '^^      feet  per  second. 

Falls  during  the  bth  second  -         PySpyHHyH^aHE^  =  -    •     •     144 

Acquiring  a  velocity  of  5  x  32  -      ^^H^^B^^B^^B^Br  160    ft.  per  sec. 

Falls  during  the  half-second-  ■  I^HiSBH^^^lQlHuJUIiiL^^  ■  ■  •  84 
Acquiring  a  final  velocity  of  5^  times  32  =  176  feet  per  second. 

And  falling  a  total  distance  of  5^  times  5^  times  I6  feet  =  ...     -      484 


115.  These  laws  are  not  confined  to  the  motion  oi  fallinff^ 
but  apply  equally  to  every  uniformly  accelerated  motion, 
X.  e.  every  motion  produced  by  a  uniform  force  or  pressure. 
Thus,  the  rising  of  a  cork  through  water — the  rolling  of  a 
ball  down  an  inclined  plane — the  ascent  of  the  lighter  arm  of 
a  balance— are  motions  produced,  like  that  of  falling,  by  the 
constant  and  uniform  force  of  gravity,  and  are  therefore 
uniformly  accelerated ;  i.  e.  if  we  abstract  the  effects  of  fluid 
resistance  and  friction,  the  above  rules,  bu*,  not  the  above 
numbers,  will  be  found  applicable.  In  every  such  motion, 
the  velocities,  at  any  different  instants,  are  proportional  to  the 
times  elapsed  since  the  beginning  of  the  motion ;  the  average 
velocity  is  half  the  final  velocity;  the  spaces  described 
during  successive  equal  intervals  are  as  the  series  of  odd 
numbers,  1,  3,  5,  7,  &c.  ;  and  the  whole  spaces  described  from 
the  beginning  of  the  motion  are  as  the  squares  of  the  times 
taken  to  describe  them.  But  the  numerical  data  will  be 
different  in  each  case  of   such  motion  ;   that  is  to  say,    tho 
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velocity  acquired  in  a  given  time,  or  the  time  occupied  in 
acquiring  a  given  velocity,  will  vary  in  each  case :  and  the 
rate  of  acceleration  will  never  be  so  rapid  as  in  the  case  of 
a  body  falling  freely,  because  the  force  will  never  be  so  great 
in  proportion  to  the  quantity  of  matter  moved.  All  bodies 
falling  freely  are  accelerated  at  the  same  rate,  because,  in 
whatever  ratio  their  masses  may  differ,  their  accelerating 
forces  preserve  exactly  the  same  ratio.  If  one  body  gravi- 
tate with  10  times  as  much  force  as  another,  it  has  also  10 
times  as  much  matter  to  be  moved ;  but  if  we  could  oppose 
the  weight  of  one  lb.  to  the  inertia  of  ten  lbs.,  we  should 
obtain  a  motion  accelerated  10  times  more  slowly  than  that 
of  bodies  falling  freely;  L  e.  a  motion  that  would  require 
10  seconds  to  acquire  a  velocity  of  32  feet  per  second,  or 
in  one  second  w^ould  produce  only  a  velocity  of  3}  feet 
per  second.  Now  this  is  exactly  what  happens  when  a 
balance,  whose  beam  and  scales  weigh  1  lb.,  is  loaded  with 
5  lbs.  in  one  scale,  and  4  lbs.  in  the  other:  there  is  an 
unbalanced  pressure  of  only  1  lb.,  but  it  has  to  move  10  lbs. 
of  matter. 

116.  To  submit  all  the  laws,  which  have  thus  been  ex- 
pounded, to  the  test  of  direct  experiment,  is  the  object  of 
Atwood's  machine.  It  is  obvious  that  the  circumstances 
attending  a  heavy  body  falling  freely  through  the  air  cannot  be 
observed  by  any  direct  method,  since  a  fall  during  3  seconds 
only  would  require  a  height  of  3^  x  16  =  144  feet,  a  distance 
which  could  not  be  followed  accurately  by  the  eye  in  so  short 
a  time.  This  difficulty  is  got  over  in  Atwood's  machine  by 
an  ingenious  artifice.  Two  weights  are  attached  to  the 
extremities  of  a  fine  silken  line,  which  passes  over  a  fixed 
pulley,  or  very  light  wheel,  so  arranged  as  to  produce  very 
little  friction;  and  the  magnitude  of  these  weights  is  so 
adjusted  that  their  difference  is  to  their  sum  in  the  ratio  of 
unity  to  any  convenient  number.  For  example,  suppose 
one  of  the  weights  to  be  3^^  pennyweights,  and  the  other 
32 J   pennyweights;    their   difference    will   be    1,   and   their 


I 


ATWOODS    MACHINE. 


113 


fiura  64 ;  consequently,  the  accelerating  force  will  be  -g*^ 
that  of  a  body  falling  freely.  Now,  as  a  body  F'S-  5^- 
falls  16  feet  during  the  first  second,  the  descent 
of  the  preponderating  weight  will  be  16  feet,  oi 
192  inches  divided  by  64  =3  inches  in  1  second  ; 
12  inches  in  2  seconds ;  27  inches  in  8  second?^, 
and  so  on.  Hence,  by  means  of  a  long  gradu- 
ated rod  and  a  pendulum  beating  seconds,  it  is 
easy  to  follow  the  weight  with  the  eye,  and  to 
notice  the  descending  weight  pass  over  the  divi- 
sions of  the  scale ;  thus  furnishing  an  experi- 
mental proof  of  the  laws  already  explained.  By 
varying  the  ratio  of  the  two  weights,  any  othei 
degree  of  acceleration  may  be  obtained;  thetse 
variations  are,  of  course,  only  diflferent  illustra- 
tions of  the  same  laws. 

117.  By  means  of  this  apparatus  we  may  also 
ascertain  the  degree  of  velocity  acquired  at  the  end  of  any 
given  time.  To  do  this,  the  two  weights  are  first  taken  equal, 
as,  for  example,  31  ^  pennyweights  each,  when  of  course  equi- 
librium is  produced.  In  order  to  produce  motion,  a  Tmall  bar 
about  2  inches  long,  and  weighing  1  pennyweight,  is  placed 
upon  the  weight  which  is  to  descend.  A  brass  ring,  about  1  ^ 
inch  in  diameter,  being  previously  fixed  at  any  proposed 
division  (as,  for  example,  at  12  inches)  in  the  path  of  the 
descending  weight ;  then,  as  this  weight  passes  through  the 
ring,  the  bar  is  left  behind,  and  the  accelerating  force  being 
thus  removed,  the  velocity  will  afterwards  be  uniform  (abstract- 
ing the  effect  of  friction).  In  this  case  we  suppose  that  the 
body,  at  the  end  of  two  seconds,  has  descended  through  J  2 
Inches,  and  that  its  final  velocity,  at  the  end  of  that  time,  is 
therefore  1 2  inches  per  second  (being  twice  its  previous  average 
velocity).  The  uniform  motion  of  the  weight  would  then  bo  at 
the  rate  of  12  inches  per  second,  during  the  third  and  succeed- 
ing seconds,  did  not  the  friction  of  the  wheel  act  as  a  retarding 
force,  causing  it  to  move  slower  and  slower,  until  it  comes  to 
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fest.  It  is  usual,  however,  in  practice  to  erect  a  stage  at 
some  convenient  distance  from  the  ring,  such  as  36  inches, 
through  which  the  weight  will  descend  in  3  seconds,  the 
retardation  by  friction  during  that  time  being  insensible,  if 
Pig  60  the  wheel  be  well  mounted,  in 

the  way  shown  in  the  accom- 
panying figure.  The  axle  of 
the  wheel  carrying  the  thread, 
instead  of  turning  in  fixed 
bearings  or  holes,  rests  against 
the  rims  of  other  wheels,  which, 
of  course,  are  turned  slowly 
by  the  motion  of  the  axle  rest- 
ing on  them.  By  this  means, 
the  friction  is  diminished  so  considerably  as  to  have  no  appre- 
ciable effect  in  using  the  machine. 

118.  Galileo's  experiments  on  the  descent  of  bodies  on 
inclined  planes  have  already  been  mentioned.  It  will  be 
evident  from  the  preceding  details^  that  the  rate  of  accelera- 
tion on  the  inclined  plane  will  be  less  than  that  of  a  body 
falling  freely,  in  the  proportion  that  the  effective  portion  of 
its  weight,  acting  in  the  direction  of  its  motion,  is  less  than 
its  whole  weight;  that  is,  as  we  have  seen  in  Statics  (78), 
the  proportion  that  the  perpendicular  height  of  the  plane 
bears  to  its  length.  Thus,  on  a  plane  inclined  1  in  64,  the 
motion  will  be  the  same  as  that  of  the  weights  in  the  above 
example ;  for  the  whole  mass  has  to  be  moved  by  a  for'j-e 
equal  to  only  ^^  of  its  weight. 

119.  Hence  it  appears  that  (neglecting  the  effect  of  fric- 
tion) the  final  velocity,  on  arriving  at  the  bottom  of  the  plane, 
is  dependent  solely  on  its  height^  and  will  be  the  same  for  all 
planes  of  equal  height,  however  various  may  be  their  lengths: 
a  very  remarkable  result.  From  this  it  also  follows,  that  the 
average  velocities  are  the  same  in  descending  aU  planes  of 
equal  neight;  and  hence,  that  the  times  of  descending  them 
are  exactly  proportional  to  their  lengths. 
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In  Fig.  61  are  represented  four  inclined  planes  of  various 
lengths,  but  of  equal  height.     The  final  velocities  of  bodies 
rolling  down  all  these  planes  will  be  exactly  equal  to  that  of  a 
Fig.  61. 


Fig.  62. 


body  falling  freely  down  the  same  height ;  and  the  velocity, 
after  descending  |  or  4,  or  any  other  portion  of  one  of  the 
planes,  will  be  the  same  as  that  acquired  in  descending  a 
similar  portion  of  the  vertical  fall.  Thus,  if  the  time  of 
descending  any  of  these  routes  be  divided  into  four  equal 
parts — at  the  end  of  the  first 
part,  a  body  will  have  fallen 
-^  of  the  vertical  height,  or  -^^ 
of  the  length  of  either  plane, 
viz.  as  far  as  the  dotted  line  1  ; 
at  the  end  of  half  the  time,  it 
will  (on  any  plane)  have  ar- 
rived at  the  dotted  line  2,  2,  2 ; 
and  after  |  of  the  time,  at  the 
dotted  line  3,  3,  3 ;  and  the 
velocities  at  crossing  these 
dotted  lines  will  be  the  same, 
whether  the  body  fall  verti- 
cally or  down  either  of  the 
planes,  without  friction. 

120.  Another  most  remark- 
able result  of  these  properties 
of  inclined  planes  is  the  beau- 
tiful experiment  in  which  two 
or  more  bodies  are  placed  at 
different  points  of  a  circle,  and  allowed  to   descend  at  the 


116  STRAIGHT    PATH    NOT    THE    QUICEE6r. 

game  instant  along  as  many  planes  meeting  in  the  lowest 
point  of  the  circle :  they  will  arrive  there  at  the  same  time, 
proving  that  the  times  of  falling  through  all  chords  drawn  to 
the  lowest  point  of  a  circle  are  equal.  Thus,  bodies  starting 
from  A,  B,  c,  Fig.  62,  descend  in  equal  times  along  the  chords 
AD,  B  D,  and  c  D.  If  the  bodies  start  at  the  same  instant, 
then  at  every  instant  of  the  fall  they  will  be  situated  on  the 
periphery  of  a  smaller  circle.  Thus,  after  \  of  the  fall,  they 
will  all  be  crossing  the  semicircle  a ;  after  ^,  the  semicircle 
b ;  and  after  |,  the  semicircle  c. 

121.  In  the  descent  of  bodies  upon  a  curve,  the  resistance 
of  the  curve  neutralizes  different  portions  of  the  body's  gravi- 
tating force  at  different  points.  Nevertheless,  the  velocity 
acquired  is  subject  to  the  same  law  as  in  the  inclined  plane, 
viz.  it  is  due  only  to  the  perpendicular  height  fallen.  Thus, 
at  whatever  point  of  the  curve  the  body  may  be  arrived,  its 
velocity  is  always  the  same  as  if  it  were  falling  freely  from 
the  level  of  the  point  whence  it  started.  For  example,  in  de- 
scending the  curve  drawn  in  Fig.  61,  a  body  on  arriving  at 
the  dotted  line  1,  will  have  the  same  velocity  as  if  it  had 
fallen  vertically,  or  along  any  road,  straight  or  curved,  down 
to  the  same  level.  On  crossing  the  level  2  2,  it  will  have 
twice,  and  on  crossing  3  3,  thrice  this  ^'felocity.  In  ascend- 
ing, its  velocity  will  diminish,  and  it  will  cross  these  lines 
again  with  exactly  the  same  respective  velocities  as  before. 
Hence  it  will  be  seen,  that  if  there  were  no  friction,  it  would 
be  carried  over  any  eminence,  or  any  number  of  eminences, 
lower  than  that  from  which  it  started,  and  would  always 
have  the  same  velocity  at  crossing  the  same  level. 

122.  Hence  it  follows  that  the  straight  line  between  two 
points  at  different  levels,  but  not  in  the  same  vertical  line,  is 
not  the  line  of  shortest  descent  from  the  upper  point  to  the 
lower.  To  explain  this  remarkable  fact,  let  us  suppose  two 
oodies  to  descend  from  a  to  b,  Fig.  63,  one  rolling  along  the 
inclined  plane  A  b,  and  the  other  along  the  circular  arc  a  c  b 
(or  the  secoud  body  may  be  suspended  like  a  pendulum, 
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Fig.  63. 


which  will  have  the  same  effect).  If  we  divide  each  of  these 
lines  into  any  number  of  equal  parts,  it  is  obvious  that 
each  point  of  division  on  the 
curve  will  be  lower  than  the 
corresponding  point  on  the 
straight  line ;  so  that,  at 
QYQr'  ^nstant  of  the  descent, 
the  body  on  the  curve  will 
be  lower  (and  therefore  be 
moving  faster)  than  that  on 
the  straight  line.  Thus  its 
average  speed  is  greater,  but 

its  journey  is  also  longer,  and  it  becomes,  therefore,  a  ques- 
tion, whether  its  speed,  or  its  length  of  route,  is  increased  in 
the  greater  ratio.  In  the  present  case,  the  speed  more  than 
compensates  for  the  increase  of  length ;  so  that  a  body  will 
take  less  time  to  roll  down  the  curve  A  c  b  than  down  the 
shorter  line  A  B,  or  down  any  flatter  curve  situated  between 
the  two.  It  will  be  observed,  that  a  c  b  is  the  longest  cir- 
cular curve  that  can  be  drawn  from  a  to  B  without  an  ascent 
towards  b;  but  we  may  yet  give  a  greater  curvature,  and 
consequently  a  greater  length  to  the  descent,  without  lengthen- 
ing, but,  on  the  contrary,  still  diminishing  the  time  of  descent  ; 
and  A  p  Q  B  represents  the  extent  to  which  the  curvature  may 
be  increased  before  the  increase  of  length  will  begin  to  com- 
pensate for  the  increase  of  speed, — in  other  words,  it  repre- 
sents the  hr achy stochr one*  or  curve  of  quickest  descent. 
Fig.  64. 


Mathematicians  have  determined  that  this  curve  is  the  cycloids 
or  that  which  is  described  by  a  point  in  the  circumference  of 
a  carriage-wheel  rolling  along  a  plane.     Such  a  point  as  p, 

*  From  /5pdxtT7-of,  shortest ,  and  xpovoQ,  time. 
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Fig.  64,  describes  a  series  of  arch-like  curves,  each  of  which 
is  calk.'d  a  cycloid.  Now  if  a  slope  be  made  in  the  form  of 
the  half  of  one  of  these  curves  inverted,  as  a  p  q  b,  Fig.  63, 
this  will  be  the  line  of  quickest  descent  from  a  to  b.  But  a 
portion  of  the  curve,  such  as  p  q,  (though  described  in  less 
time  than  the  straight  line  P  q),  is  not  the  line  of  shortest 
descent  from  p  to  q.  To  find  this,  we  must  draw  a  smaller 
cycloid,  of  such  dimensions,  that  when  its  upper  extremity  is 
placed  at  p,  it  shall  pass  through  q. 

123.  But  the  cycloid  possesses  a  still  more  remarkable  pro- 
perty, called  isocJironism*  and  which  consists  in  this,  that 
from  whatever  part  of  the  curve  a  body  may  commence  its 
descent,  it  will  always  occupy  the  same  length  of  time  in 
reaching  the  bottom.  The  former  property  belonged  only 
to  arcs  extending  to  the  upper  end  of  the  curve,  as  a  p,  a  q. 
Fig.  63 ;  and  the  present  belongs  only  to  such  as  extend  to 
the  lower  end.  Bodies  starting  from  a,  p,  and  %  at  the  same 
instant,  will  all  arrive  at  b  together;  and  however  near  to 
B  a  body  may  start,  it  will  be  as  long  reaching  b  as  if  it  had 
descended  the  whole  curve  from  a  ;  or  if  a  body  suspended 

from     a     thread,     as 
Fig.  65.  -n-      « ^  1  , 

A  B,  Fig.  Q5,  be  made 

to  oscillate  between 
cheeks  in  the  form 
of  half-cycloids,  a  c, 
a  c,  in  such  a  way  that 
the  thread  will  just 
wind  over  either  of 
the  half-cycloids  from 
A  to  c  or  c,  the  body 
B,  in  swinging  be- 
tween these  two  cheeks,  will  describe  a  cycloid  cBc;t  so 


*  From  'i<TOQ,  equal,  and  y^povoQ,  time. 

f  Because  it  is  a  mathematical  property  of  the  cycloid,  that  its  evolute, 
or  the  curve  described  by  a  thread  unwound  from  it,  is  another  cycloid 
equal  and  similar  to  itself. 
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tiuit  from  whatever  point  in  this  curve  the  body  b  is  mado 
to  fall,  it  will  arrive  at  b  and  pass  to  its  greatest  height  in 
the  opposite  curve  in  equal  times ;  and  however  much  its 
oscillations  may  diminish  in  extent  (by  the  effects  of  fric- 
tion, &c.),  they  will  always  be  isochronous^  or  eqtial-timed. 
This,  in  fact  furnishes  an  isochronous  or  equal-timed  pen- 
dulum, an  instrument  which  would  be  invaluable  in  practice 
were  it  not  that  no  substance  can  be  found  of  sufficient 
strength  and  flexibility  to  form  a  thread  which  shall  easily 
wind  on  the  cycloidal  cheeks,  and  of  such  a  nature  as  that 
it  shall  not  adhere  to  them.  On  this  account  the  cycloidal 
])endulum,  although  perfect  in  theory,  is  inferior  in  practice 
to  the  simple  pendulum,  whose  valuable  and  remarkable 
properties  we  are  now  about  to  describe.*  It  will  be  seen 
that  when  the  common  pendulum  vibrates  in  very  small 
arcs  of  a  circle,  its  vibrations  are,  for  all  practical  purposes, 
isochronous,  because  the  circle  has  the  same  curvature  as  the 
cycloid  at  its  lowest  point,  and  may  be  confounded  with  it 
for  a  small  distance,  as  seen  near  b.  Fig.  65. 

124.  The  pendulum  is  one  of  the  simplest  of  scientific 
instruments,  and  alK»  one  of  the  most  important,  for  by  its 
means  we  are  enabled,  not  cily  to  measure  time  with  pre- 
cision, but  to  determine  the  variation  of  the  force  of  gravity 
in  different  places,  whereby  data  are  furnished  for  deter- 
mining the  figure  of  the  earth,  and  even  the  density  and 
arrangement  of  materials  in  its  interior. 

Any  weight  attached  to  the  end  of  a  flexible  thread, 
and  suspended  by  a  fixed  point  p,  Fig.  66,  may  be  said  to 
constitute  a  pendulum.  Its  fundamental  properties  are  ^rst, 
to  show,  when  at  rest,  the  exact  vertical,  or  the  direction 

*  But  the  cycloidal  cheeks  are  necessary  for  properly  performing 
the  experiments  on  impact  described  in  (99).  They  need  not,  how- 
ever, be  extensive,  for  a  very  small  portion  of  them,  &s  a  d,  a  d. 
Fig.  65,  will  guide  the  body  through  a  large  range  of  oscillation,  viz. 
from  e  to  e 
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in  which  gravity  acts;*  secondly^  to  oscillate  in  a  rertical 

plane  when  drawn  on  one  side,  and  then  left  to  itself.     If, 

Fig.  66.  for  example,  the  pendulum  p  c  be  drawn 

aside  to  A  and  liberated,  it  will  descend 

to  c,  and  then  ascend  on  the  other  side] 

as  far  as  B,  describing  an  arc  B  c,  nearly 

equal  to  the  arc  a  c.t     From  the  point ; 

u  it  will  again  descend  to  c,  and  then 

ascend    towards    A,    and   so    on,    for   a 

considerable   time.     When   the   weight 

is  descending  from  A  to  c,  the  motion 

is  acceleiuted.  and  in  ascending  from  c  to  b  it  is  retarded. 

125.  The  motion  of  the  pendulum  from  A  to  b,  or  from 
B  to  A,  is  called  an  oscillation^  or  a  vibration.  Its  motion 
from  A  to  c,  or  from  B  to  c,  is,  of  course,  a  half  vibration  or 
oscillation. 

The  amplitude  of  each  vibration  is  measured  by  the  arc 
A  B,  divided  into  degrees,  minutes,  and  seconds. 

The  duration  of  a  vibration  is  the  time  occupied  by  the 
pendulum  in  describing  this  arc. 

126.  If  the  amplitude  of  the  vibrations  of  the  pendulum 
does  not  exceed  a  certain  magnitude,  the  time  of  vibration  will 
not  sensibly  vary,  however  the  amplitude  may  vary.     Thus 

*  When  used  for  this  purpose,  it  is  usually  called  a  plumb-line. 

f  It  would  be  quite  equal  to  a  c  were  it  not  for  the  friction  at  p,  and 
the  resistance  of  the  air;  and  without  these  retarding  forces  the  pen- 
dulum once  moved  would  never  cease  to  oscUlate,  the  action  of  gravity- 
being  incessant.  The  proof  of  this  is  quite  conclusive ;  for  though  we 
eannot  remove  these  retarding  forces,  we  can  vary  them  in  a  given 
ratio,  i.  e.  we  can  measure  and  compare  them  by  other  means  independ- 
ently of  the  pendulum.  Now,  if  we  diminish  them  to  one-half  their 
former  amount,  the  pendulum  will  continue  oscillating  twice  as  long  as 
before ;  if  we  diminish  them  to  one-third,  it  will  oscillate  thrice  as 
long,  Ac. ;  which  is  quite  sufficient  to  prove  that  if  the  retarding  forces 
were  0,  the  duration  of  the  motion  would  be  ^  t.  e.  infinite.  In  a  space 
well  exhausted  by  an  air-pump,  a  pendulum  has  been  known  to  oscillate 
for  more  than  twenty  hours. 
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the  time  of  osciilation  will  be  practically  the  same,  'vhether 
the  angle  a  p  c  be  4°  or  5%  2°  or  3°,  or  of  so  small  a  magni- 
tude that  the  eye  cannot  distinguish  it  without  the  aid  of  a 
microscope.  It  is  certainly  remarkable  that  the  pendulum 
should  require  as  much  time  to  describe  an  arc  of  -j^th  of  a 
degree,  as  to  describe  one  of  10  degrees.  The  reason,  how- 
ever, will  be  evident  when  we  consider  that  the  effect  of 
gravity  in  producing  motion  depends  upon  the  obliquity  of 
the  line  p  a.  In  the  position  p  c  the  force  of  gravity  tends 
to  keep  the  pendulum  at  rest;  the  impelling  effect  of  the 
force  of  gravity  is  measured  by  the  distance  of  the  pendulum 
from  this  position ;  the  greater  this  distajice,  the  greater  the 
average  velocity  of  descent ;  and  any  increase  of  distance 
within  a  few  degrees  (or  in  the  cycloid  any  increase  what- 
ever) is  exactly  compensated  by  the  increased  speed  of  de- 
scribing it. 

127.  This  remarkable  law  of  isochronism  is  said  to  be  the 
earliest  mechanical  discovery  made  by  Galileo,  while  pur- 
suing his  studies  at  Pisa,  about  the  year  1581.  Being  one 
day  in  the  cathedral  of  that  town,  his  attention  was  arrested 
by  the  vibrations  of  a  lamp  swinging  from  the  roof,  which, 
whether  great  or  small,  appeared  to  the  thoughtful  young 
philosopher  to  recur  at  equal  intervals.  The  instruments 
then  in  use  for  measuring  time  being  very  imperfect,  Galileo 
attempted,  before  quitting  the  church,  to  test  this  observa- 
tion by  comparing  the  vibrations  of  the  lamp  with  the  beat- 
ings of  his  own  pulse.  Being  satisfied,  by  repeated  trials, 
that  the  oscillations  of  the  lamp  were  isochronous,  he  con- 
structed a  pendulum  with  no  other  object,  at  first,  than  that 
of  ascertaining  the  rate  of  the  pulse  and  its  variations  from 
day  to  day.  In  the  year  1583,  however,  we  find  him  recom- 
mending the  pendulum  as  a  measurer  of  time.  In  his  first 
applications  of  it  to  astronomical  observations,  he  employed 
persons  to  count  and  register  the  oscillations,  but  he  soon 
invented  means  for  effecting  this  by  machinery,  and  fifty 
years  later,  he  describes  his  "time-measurer,"   or  pendulum 
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clock,  "  the  precision  of  which  is  so  great,  and  such,  that  it 
will  give  the  exact  quantity  of  hours,  minutes,  seconds,  and 
even  thirds,  if  their  recurrence  could  be  counted ;  and  its 
constancy  is  such,  that  two,  four,  or  six  such  instruments 
will  go  on  together  so  equably,  that  one  will  not  difl'er  from 
another  so  much  as  the  beat  of  a  pulse,  not  only  in  an  hour, 
but  even  in  a  day  or  a  month." 

128.  Seeing,  then,  that  the  vibrations  of  the  pendulum 
depend  upon  the  force  of  gravity,  which  acts  upon  all  bodies 
with  equal  effect  (108),  we  may  naturally  suppose  that  those 
vibrations  are  not  influenced  by  the  quantity  or  quality 
of  the  weight  suspended.  Balls  of  metal,  of  ivory,  of  wood, 
&c.,  suspended  by  strings  of  the  same  length,  vibrate  in  the 
same  time ;  and  the  same  remark  would  be  true  with  respect 
to  cork  and  other  light  substances,  were  it  not  that  they  bear 
so  small  a  proportion  to  the  resistance  of  the  atmosphere  com- 
pared with  balls  of  metal.  The  remark,  however,  is  true  of 
all  substances  suspended  in  vacuo. 

129.  Seeing,  then,  that  the  time  of  oscillation  of  a  pen- 
dulum vibrating  in  small  arcs,  depends  neither  upon  the 
jiagnitude  of  the  arc,  nor  upon  the  quantity  or  quality  of  the 
substance  suspended,  let  us  now  inquire  what  effect  will  be 
produced  by  varying  the  length  of  the  suspending  thread.  It 
can  be  proved  that  if  the  circumference  of  a  circle  be  regarded 
as  3.141  G  times  its  diameter,  the  time  of  oscillation  of  a 
cycloidal  pendulum  (or  of  a  common  pendulum  vibrating  in 
very  small  arcs)  will  be  3.1416  x  the  time  of  falling  verti- 
cally half  the  length  of  the  pendulum.  Now  as  the  time  of 
oscillation  bears  a  constant  ratio  to  that  of  falling  through  the 
height  of  the  pendulum,  and  as  the  times  of  falling  different 
heights  are  proportioned  to  the  square  roots  of  those  heights,* 
it  follows  that  the  times  of  oscillation  of  different  pendulums 
are  as  the  square  roots  of  the  lengths  of  the  pendulums. 
For  example,  if  we  take  three  pendulums  whose  lengths  are 

♦  For  the  heights  fallen  arc  as  the  sqrcares  of  the  times  (1 14). 
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as  the  numbers  1,  4,  9,  then  the  times  of  Fig.  67. 
vibration  will  be  respectively  as  1,  2,  3. 
Three  such  pendulums  are  represented  in 
Fig.  67,  consisting  of  three  weights  suspended 
in  the  same  vertical  line  by  means  of  threads, 
each  attached  to  two  points  of  suspension. 
It  will  easily  be  seen  on  repeating  this  experi- 
ment, that  the  pendulum  whose  length  is  1, 
makes  2  vibrations  to  every  1  of  that  whose 
length  is  4,  and  3  vibrations  to  every  1  of  that 
whose  length  is  9. 

In  determining  the  above  important  laws, 
we  have  taken  what  is  sometimes  called  a 
simple  or  geometrical  pendulum,  or  one  in 
which  the  weight  of  the  thread  is  altogether 
omitted,  and  the  heavy  body  suspended,  sup- 
posed to  have  its  whole  weight  collected  into 
one  physical  point;  or,  in  other  words,  the 
suspended  body  is  supposed  to  have  weight  without  mag- 
nitude. 

130.  We  now  take  the  case  of  what  is  sometimes  called  a 
compound  pendulum,  in  which  the  effect  of  weight  in  the 
thread  and  magnitude  in  the  suspended  body,  are  considered. 
The  several  parts  of  such  a  body  will  of  course  be  at  different 
distances  from  the  axis  of  suspension.  Now,  if  each  material 
point  of  such  a  body  were  to  be  connected  with  the  axis  of 
suspension  by  a  separate  thread,  and  if,  while  this  system 
were  vibrating  as  a  single  pendulum,  the  heavy  body  were 
to  fall  asunder,  and  each  particle  were  to  vibrate  by  its  own 
separate  thread,  it  is  evident  that  those  nearest  the  point  of 
suspension  would  vibrate  more  rapidly  than  the  remoter  par- 
ticles. In  a  heavy  body,  such  as  is  used  for  the  bob  of  a 
pendulum,  all  the  particles  being  bound  together  by  the  force 
of  cohesion,  must  vibrate  in  the  same  time.  Those  nearest 
the  point  of  suspension  must  be  retarded  by  the  slower 
metion  of  remoter  particles;  while  these,  on  the  contrary,  are 
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Fig.  68. 


made  to  vibrate  quicker  by  the  tendency  of  the  nearer  par- 
ticles to  oscillate  in  shorter  times.  Thus,  in  the  annexed 
figure,  it  is  obvious  that  the  extreme 
particles  at  h  must  be  forced  to  os- 
cillate in  shorter  times  than  they 
would  do  if  left  to  themselves,  while 
the  particles  at  a  must  oscillate  in 
longer  times  than  a  simple  pen- 
dulum whose  length  is  a  a.  There 
must  therefore  be  some  particle  be- 
tween a  and  i,  situated  at  such  a 
distance  from  a  that  the  tendency 
of  the  particles  above  it  to  accelerate 
its  motion,  is  exactly  compensated 
by  the  tendency  of  the  particles 
below  it  to  retard  its  motion  ;  con- 
sequently, the  molecule  situated  at 
this  particular  point,  viz.  o,  oscil- 
lates in  exactly  the  same  time  as  it 
would  do  if  liberated  from  all  connection  with  the  other  par- 
ticles above,  below,  and  around,  and  were  set  swinging  by  a 
thread  without  weight.  This  remarkable  point  is  called  the 
centre  of  oscillation* 

*  If  the  motion  of  a  pendulum  is  to  be  completely  stopped  without 
producing  any  pressure  on  the  point  of  suspension,  the  opposing  force 
must  be  applied,  not  at  its  centre  of  gravity,  but  at  its  centre  of  oscilla- 
tion. Hence,  this  point  is  also  named  the  centre  of  percussion.  If  a 
blow  be  given  by  a  rod  of  uniform  thickness,  held  by  one  end,  and  swung 
routid  in  a  circular  arc,  the  effect  of  the  blow  is  not  so  great  at  the 
n:iddle,  which  is  its  centre  of  gravity,  as  at  the  centre  of  percussion, 
which  is  farther  from  the  hand.  This  property  of  the  centre  of  percus- 
sion can  be  ascertained  by  giving  a  smart  blow  with  a  stick.  If  we  give 
it  motion  round  the  joint  of  the  wrist  only,  and,  holding  it  at  one 
extremity,  strike  smartly  at  a  point  considerably  nearer,  or  more  remote, 
than  two-thirds  of  its  length  from  the  hand,  we  feel  a  painful  jar  or 
strain  in  the  hand  ;  but  if  we  strike  at  the  point  which  is  precisely  two- 
thirds  of  its  length,  no  such  disagreeable  jar  will  be  felt.  If  we  strike 
the  tlov  at  one  end  of  the  stick,  we  must  make  its  centre  of  motion  at 
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131.  The  distance  of  the  centre  of  oscillation  from  the 
point  of  suspension  forms  what  is  called  the  length  of  the 
pendulum.  This  length  is  in  effect  the  length  of  the  simple 
pendulum,  which  would  oscillate  with  the  same  rapidity  as  the 
compound  pendulum.  The  position  of  the  centre  of  oscilla- 
tion depends  on  the  form  and  magnitude  of  the  oscillating 
body,  the  density  of  its  several  parts,  and  the  position  of  the 
axis  on  which  it  swings.  A  pendulum  of  copper  with  a  very 
thin  rod,  would  have  its  centre  of  oscillation  at  o,  Fig.  68  : 
but  if  the  rod  were  thicker,  its  centre  of  oscillation  would  be 
higher  ;  but  it  can  never  be  so  high  as  the  centre  of  gravity, 
G,  though  whatever  raises  or  lowers  the  centre  of  gravity 
will  raise  or  lower  that  of  oscillation.  A  small  weight  added 
to  the  lower  extremity  5,  causes  the  centre  of  oscillation  to 
descend  ;  if  this  weight  were  placed  higher  than  o,  it  would 
cause  that  centre  to  ascend.  Accordingly,  in  some  clocks  a 
small  weight  is  made  to  slide  upon  the  pendulum-rod,  by  the 
adjustment  of  which  the  clock  may  be  regulated ;  it  is,  how- 
ever, more  common  for  this  purpose  to  cause  the  bob  to  ascend 
or  descend  by  means  of  a  screw  placed  beneath  it. 

132.  The  addition  of  matter  above  the  axis  of  motion,  or 
lengthening  the  pendulum  beyond  a,  has  a  very  remarkable 
effect.  As  the  matter  above  a  must  be  rising  whenever  the 
rest  of  the  pendulum  is  falling,  and  vice  versa,  it  tends  to 
'etard  every  motion,  just  as  the  smaller  weight  in  Atwood's 
machine  retards  the  fall  of  the  other.  Hence  the  time  of 
oscillation  is  lengthened,  and  may  be  made  as  long  as  we 
please;  for,  if  the  matter  above  a  have  its  whole  moment 
equal  to  that  of  the  matter  below  a,  there  will  be  no  ten- 
dency to  oscillate,  for  a  will  be  the  centre  of  gravity,  and 

ooe-third  of  its  length  from  the  other  end,  and  then  the  strain  will  be 
avoided.  The  convenience  of  using  a  hammer,  or  an  axe,  depends  on 
the  position  of  its  centre  of  percussion ;  and  swords  have  its  position 
marked  on  the  blade,  and  if  they  strike  at  a  point  very  near  the  centre 
of  percussion  of  one  sword,  and  very  far  from  that  of  the  other,  the  latter 
will  be  broken,  but  not  the  former. 
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the  body  will  remain  at  rest  in  whatever  position  it  is  placed, 
or  if  set  in  motion  will  tend  to  rotate  continually,  and  a  con- 
tinual rotation  may  be  regarded  as  an  oscillation  of  infinite 
length.  Now  the  nearer  we  bring  the  centre  of  gravity  to  the 
axis  of  motion,  the  nearer  shall  we  approach  this  state,  and 
the  longer  will  be  the  time  of  oscillation,  or  the  greater  will 
be  the  virtual  length  of  the  pendulum ;  so  that  this  length 
may  be  as  great  as  we  please,  and  when  it  is  greater  than  the 
actual  length,  the  centre  of  oscillation  will  be  out  of  the 
pendulum,  and  may  be  at  any  distance  from  it.* 

133.  Since  the  virtual  length  of  a  pendulum  is  estimated 
by  the  distance  of  its  centre  of  oscillation  from  the  axis  of 
suspension,  it  follows  from  what  has  been  said  (129),  that  the 
times  of  vibration  of  different  pendulums  are  in  the  same 
proportion  as  the  square  roots  of  the  distances  of  their  centres 
of  oscillation  from  their  axes  of  suspension.  Now  it  is  very 
remarkable,  that  whatever  may  be  the  positions  of  these  two 
points,  they  are  always  mutually  convertible.  For  example, 
if  A  be  the  axis  of  suspension,  and  o  the  corresponding  centre 
of  oscillation,  the  pendulum  will  vibrate  in  the  same  time  if 
it  be  removed  from  its  support,  inverted,  and  suspended  from 
o  instead  of  a,  for  its  centre  of  oscillation  will  then  be  at  a. 
This  property  of  the  pendulum  was  made  use  of  by  Captain 
Kater,  in  his  laborious  experiments  on  the  length  of  the 
seconds  pendulum,  with  a  view  to  furnishing  a  national 
standard  of  weights  and  measures. 

134.  The  mathematical  method  of  determining  the  place 
of  the  centre  of  oscillation  is  somewhat  difficult  even  in  pen- 
dulums of  the  simplest  forms  and  of  uniform  density,  and 
hardly  applicable  in  others.  It  may  be  observed,  however, 
that  the  time  of  oscillation,  and  consequently  the  virtual 
length,  is  the  same  for  all  positions  in  which  the  distance  of 
the  axis  of  suspension  from  the  centre  of  gravity  remains 
constant ;  and  also,  that  the  centre  of  gravity  is  always  in 

*  Thus  we  see  that  a  body  may  be  so  held  (or  have  its  fixed  axis  in  suet 
a  position)  as  to  have  no  centre  of  percmsion. 
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the  straight  line  joining  the  centre  of  oscillation  and  the  axis. 
Hence,  if  a  sphere  be  described  round  the  centre  of  gravity 
with  any  radius,  another  concentric  sphere  may  be  found, 
such  that  if  the  axis  be  a  tangent  to  any  point  of  either  the 
outer  or  inner  sphere,  the  centre  of  oscillation  will  be  at  the 
Jiametrically  opposite  point  of  the  other  sphere.  It  is 
oossible  to  find  such  a  radius  for  one  of  these  spheres  as  shall 
make  the  other  coincide  with  it.  In  this  case,  that  is,  when 
the  axis  and  the  centre  of  oscillation  are  at  equal  distances 
from  the  centre  of  gravity,  they  are  as  near  each  other  as 
possible,  so  that  the  pendulum  then  oscillates  in  the  shortest 
time  possible. 

135.  The  determination  of  the  exact  virtual  length  of  the 
pendulum  vibrating  seconds,  or  other  measurable  intervals 
of  time,  enables  us  to  ascertain  some  most  important  facts 
respecting  the  earth  and  the  force  of  gravity,  some  of  which 
will  be  noticed  in  the  next  section.  But  in  order  to  make 
the  pendulum  applicable  to  these  delicate  observations,  it  is 
necessary  to  determine,  jirst^  the  exact  time  of  a  single 
vibration  ;  and,  secondli/^  the  exact  distance  of  the  centre  of 
oscillation  from  the  point  of  suspension.  The  first  point  is 
determined  by  observing  the  precise  number  of  oscillations 
made  by  the  pendulum  in  a  certain  number  of  hours,  as 
determined  by  a  good  chronometer;  and  then  dividing  the 
time  by  the  number  of  oscillations,  the  exact  time  of  one 
oscillation  will  be  obtained.  But  as  it  may  be  necessary 
during  several  hours  to  count  many  thousand  oscillations,  the 
chances  of  error  are  very  great :  the  method  of  coincidences^ 
invented  by  Borda,  may  therefore  be  employed.  The  pen- 
dulum whose  motions  are  to  be  obser^-ed  is  placed  before  a 
pendulum  clock,  and  the  two  are  so  adjusted  as  to  oscillate 
nearly,  but  not  quite  in  the  same  time.  The  two  pendulums 
are  set  swinging  at  the  same  moment,  but  being  slightly 
unequal  in  length,  they  soon  cease  to  swing  together  ;  one  gains 
a  little  upon  the  other,  so  that  they  both  cross  each  other  in 
swinging,  until  at  length  one  has  gained  a  whole  oscillation 
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upon  the  other :  when  this  takes  place,  the  two  pendulums 
coincide  for  an  instant,  and  again  separate  as  before.  Now, 
if  all  these  coincidences  be  observed  in  a  given  time,  say 
three  hours,  the  hand  of  the  clock  will  give  the  number  of 
vibrations  made  by  its  pendulum,  and  the  number  of  coin- 
cidences will  show  the  number  of  vibrations  which  the  other 
pendulum  has  gained  or  lost  upon  it.  By  adding  or  sub- 
tracting the  number  of  coincidences  from  the  number  of 
oscillations  shown  by  the  clock,  we  get  the  exact  number 
made  by  the  experimental  pendulum  in  three  hours.  Dividing 
the  number  of  seconds  in  the  three  hours  by  this  number  of 
oscillations,  we  get  the  duration  in  seconds  of  each  oscillation. 

The  length  of  the  pendulum,  that  is,  the  distance  of  the 
centre  of  oscillation  from  the  point  of  suspension,  may  be  found 
by  the  rule  already  given  (133),  and  by  giving  to  the  pen- 
dulum a  uniform  figure  and  material,  it  is  the  more  easily 
determined, 

136.  The  time  of  vibration  and  the  length  of  a  pendulum 
being  known,  it  becomes  easy,  first,  to  determine  the  length  of 
a  pendulum  which  shall  vibrate  a  given  time ;  and,  secondly, 
to  determine  the  time  of  vibration  of  a  pendulum  of  a  given 
length.  In  the  one  case  the  time  of  vibration  of  the  known 
pendulum  is  to  the  time  of  vibration  of  the  required  pendulum 
as  the  square  root  of  the  length  of  the  known  pendulum  is  to 
the  square  root  of  the  length  of  the  required  pendulum.  The 
second  problem  may  be  solved  thus : — the  length  of  the  known 
pendulum  is  to  the  length  of  the  proposed  pendulum  as  the 
square  of  the  time  of  vibration  of  the  known  pendulum  is  to  the 
fcquare  of  the  time  of  vibration  of  the  proposed  pendulum. 
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III. UNIFORMLY      RETARDED      MOTION  COMPOSITION      OP 

MOTIONS PROJECTILES HEAVENLY  BODIES CENTRIFUGAL 

FORCE. 

137.  Whatever  has  been  stated  in  the  last  section  respecting 
uniformly  accelerated  motion,  as  produced  by  the  constant 
action  of  a  force  in  the  same  direction  in  which  a  body  is 
moving,    will   be   found   equally  applicable   to  the  converse 
case  of  uniformly  retarded  motion,  produced  by  the  constant 
and  uniform  action  of  a  force  in  the  contrary  direction.     As 
in  the  former  case  the  velocity  increased  by  equal  additions 
in  equal  times,  so  in  this  case  it  is  reduced  by  equal  losses  in 
equal  times ;  and  if  the  force  be  the  same,  the  velocity  lost 
in  any  unit  of  time,  such  as  a  second,  will  be  equal  to  that 
gained  in  a  similar  unit  in  the  former  case.     Thus,  when  a 
body  is  projected  or  thrown  directly  upwards,  and  then  left 
to  the  action  of  gravity,  it  rises  during  any  second  32  feet 
less   than  during   the  previous  second,  until  its  velocity  is 
reduced  to  0,  and  then  to  less  than  0,  that  is,  to  a  motion  in 
the   contrary  direction,   when  the    same  law  continues    un- 
altered, for  the  body  gains,  like  any  other  falling  body,   32 
feet    of  downward   motion   per   second,    which  is    the  same 
thing  as  losing  32  feet  of  upward  motion.     By  taking  the 
opposite  signs  +  and  —  to  represent  upward  and  downward 
velocity,  we  may  easily  determine  the  motion  of  a  projectile 
shot   upwards  with   any   given  velocity,    say  100  feet   per 
second.     At  the  end  of  a  second  its  velocity  will  be  reduced 
to  100  —  32  =  68  feet  per  second;  but  the  average  speed 
during  the  whole  second  is  the  mean  between  100  and  68, 
viz.  84  feet  per  second. 

In  the  1st  second  it  rises  100  —  16  =      84  feet 

In  the  2nd      ,,         ,,         84  —  32  =      52  bringing  it  to  136  -) 

In  the  3rd       ,,  ,,         52  -  32  =       20  „  156      feet  froir 

In  the  4th       ,,         „         20  -  32  =-  12  lowering  it  to  144   )      the 

In  the  5th      „         „     -12 -32  =-44  ,,  100       ground 

In  the  6th      „         „     -44 -32  =  -76  ..  24  J 

G  3 
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And  another  quarter- second  will  exactly  bring  it  to  tlie 
ground,  for  its  velocity  at  the  end  of  the  6th  second  is 
100  —  (6  X  32)  =  —  92  feet  per  second ;  and  at  the  end  of 
6^  seconds  it  is  100  —  (6^  x  32)  =  —  100  feet  per  second ; 
and  the  mean  between  92  and  100  is  96,  so  that  the  average 
velocity  during  the  quarter-second  is  96  feet  per  second,  or 
24  feet  per  quarter-second. 

As  the  velocity  diminishes  just  as  fast  during  the  ascent 
as  it  increases  during  the  descent,  the  body  passes  any  point 
with  the  same  velocity  in  rising  as  in  falling,  returns  to  its 
starting  level  with  its  original  starting  velocity,  and  takes 
the  same  time  to  perform  the  whole  or  any  part  of  its  ascent 
as  the  whole  or  the  corresponding  part  of  its  descent. 
Hence,  having  the  initial  velocity,  we  can  easily  find  the 
time  of  ascent  or  descent;  thus,  as  32  :  100  ::  1  second 
(the  time  required  to  gain  or  lose  a  velocity  of  32)  :  3| 
seconds  (the  time  required  to  gain  or  lose  a  velocity  of  100); 
whence  6j  seconds  are  necessary,  first  to  lose  and  then  to 
gain  it.  The  height  attained,  then,  is  3j  x  3|  x  16  feet 
=  156  feet  3  inches. 

138.  We  see  by  this  example,  that  motions  in  the  same  or 
contrary  directions  can  be  compounded,  like  statical  forces 
(6),  by  mere  addition  or  subtraction ;  for,  in  fact,  the  place 
of  the  body  at  any  moment  of  its  ascent  or  descent,  at 
5  seconds  after  its  projection,  for  instance,  is  the  same  as  if 
it  had  first  risen  for  5  seconds  with  the  uniform  velocity 
imparted  to  it  at  starting,  and  then  fallen  for  5  seconds  by 
the  free  action  of  gravity.  The  original  velocity  continued 
uniformly  during  this  time  would  have  carried  it  through 
+  500  feet;  and  the  action  of  gravity,  as  we  have  seen 
(113),  would  bring  it  through  —  (5  X  5  x  16)  =  —  400 
feet ;  and,  accordingly,  the  action  of  both  together  brings  it 
to  500  —  400  =  100  feet  from  the  ground.  The  same  pro- 
cess will  give  its  exact  height  at  any  other  moment  of  the  rise 
or  fall. 

139.  This  composition  of  motions  could  not  take  place  werr 
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it  not  for  a  physical  law  of  great  importance  and  simplicity, 
which  may  be  thus  expressed,  that  the  dynamical  effects  of 
forces  are  proportional  to  their  statical  effects.  The  same 
force  which  balances  another  force  of  twice  the  amount,  will 
also  when  unbalanced  produce  twice  as  much  motion  ;  that 
is  to  say,  it  will  either  (I.)  impart  to  twice  as  much  matter 
the  same  velocity  in  the  same  time;  or  (II.)  it  will  impart 
to  the  same  matter  twice  the  velocity  in  the  same  time ;  or 
(III.)  it  will  impart  to  the  same  matter  the  same  velocity  in 
half  the  time.  It  must  be  distinctly  understood,  that  this  is 
not,  as  some  have  supposed,  an  abstract  or  necessary  truth, 
but  a  physical  fact,  or  law  of  nature, — not  a  fact  to  be  learnt 
by  deduction^  but  by  induction  from  experiments ;  and  it  is 
this  which  renders  dynamics  an  inductive  science.  The 
rules  for  the  composition  of  statical  forces  may  be  deduced 
without  any  appeal  to  nature;  but  such  appeal  is  neces- 
sary before  we  can  apply  them  to  motions,  for  they  would 
not  be  so  applicable  if  motions  were  not  proportional  to  the 
pressures  producing  them.  For  instance,  it  might  have 
been  so  ordained  that  the  dynamic  effects  of  forces  should 
be  as  the  squares  of  their  statical  effects,  or  vice  versa, — that 
a  double  pressure  should  produce  a  quadruple  motion,  or  a 
quadruple  pressure  be  required  to  produce  a  double  motion, 
in  neither  of  which  cases  could  motions  be  compounded 
in  the  simple  manner  above  explained.  One  consequence 
of  this  would  be,  that  the  proper  motions  of  the  various 
objects  in  a  ship,  for  example,  would  not  be  so  compounded 
with  the  common  motion  of  the  whole  ship  as  to  produce, 
vith  regard  to  each  other,  the  same  effects  as  if  the  ship 
were  at  rest.  For  example,  to  quote  a  case  from  Professor 
Robison,  suppose  a  ship  at  anchor  in  a  stream,  and  that  one 
man  walks  forward  on  the  quarter-deck  at  the  rate  of  two 
miles  an  hour;  that  another  walks  from  stem  to  stern  at 
the  same  rate  ;  that  a  third  man  walks  athwart  ship,  and 
that  a  fourth  stands  still.  Now,  let  the  ship  be  supposed  to 
cut  her  cable,  aud  to  float  down  the  fiiream  at  the  rate  of  three 
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miles  an  hour.  We  cannot  conceive  any  difference  in  the 
change  made  on  each  man's  motion  in  absolute  space;  but 
their  motions  are  now  exceedingly  different  from  what  they 
were ;  the  first  man,  whom  we  may  suppose  to  have  been 
walking  westward,  is  now  moving  eastward  one  mile  per 
hour ;  the  second  is  moving  eastward  four  miles  per  hour ; 
the  third  is  moving  in  an  oblique  direction  about  three 
points  north  or  south  of  due  east.  All  have  suffered  the 
same  change  of  condition  with  the  man  who  had  been 
standing  still ;  he  has  now  got  a  motion  eastward  at  the 
rate  of  three  miles  an  hour.  In  this  instance  we  see  very 
well  the  circumstance  of  sameness  which  obtains  in  the 
change  of  these  four  conditions.  The  motion  of  the  ship  is 
blended  with  the  other  motions;  but  this  circumstance  is 
equally  present  whenever  the  same  previous  motions  are 
changed  into  the  same  new  motions.  We  must  ascertain 
this  by  considering  the  manner  in  which  the  motion  of  the 
ship  is  blended  with  each  of  the  men's  motions.  This  kind 
of  combination  is  called  the  composition  of  motion,  to  which 
the  doctrine  of  the  parallelogram  of  forces  is  applicable.* 

*  The  importance  of  this  principle,  and  also  that  of  experiment  or 
active  observation,  as  distinguished  from  mere  experience  or  passive 
observation,  is  well  shown  by  the  history  of  an  objection  once  urged 
against  the  Copernican  system — viz.  that  if  the  earth  were  really  moving, 
a  stone  dropped  from  a  tower  or  precipice  would  be  left  behind,  and  fall 
at  a  considerable  distance  westward,  just  as  it  would,  if  dropped  from 
the  mast  of  a  ship  sailing  on  a  river,  be  left  abaft  the  foot  of  the  mast. 
Neither  of  these  experiments  was  actually  tried  ;  they  were  thought 
too  simple,  and  their  results  too  obvious,  to  need  a  special  examination. 
So  the  objection  was  met  with  learned  arguments,  answered  by  others 
equally  satisfactory,  till  after  some  years  the  discussion  was  suddenly 
cut  short  by  the  simple  discovery  that  the  stone  does  not  fall  abaft  the 
mast,  but  accurately  at  its  foot  (if  in  vacuo  or  in  air  that  partakes  of 
the  ship's  motion).  Still  no  one  thought  of  performing  with  care  the 
other  experiment,  till,  after  the  complete  establishment  of  the  laws  of 
motion,  it  was  seen  that  this  would  still,  though  for  a  different  reason, 
afford  the  experimentnm  crncis  for  deciding  whether  the  earth  be  in 
motion  or  at  rest ;  and  now,  instead  of  concluding  against  its  motion, 
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140.  But,  to  take  a  simpler  case  than  the  above,  and  one 
which  has  been  already  considered  statically  (8).  Suppose  the 
body  a?.  Fig.  69,  to  be  acted  Fig.  69. 

on  at  once  by  three  forces      t-^:; 

in    the   directions  of  the        \  "i^  >''/  "" '".-^r 

arrows  a,b,c;  that  a  acting 
alone  would  in  one  unit  c*'^ 

of  time  (such  as  a  second,     j^ -^fe£^ ^« 

or  an  hour)  drive  the  body  \^C 

to  a  ;  that  B  acting  alone  "^ 

(and  being  weaker  than  a)  would  in  the  same  length  of  time 
drive  the  body  no  further  than  to  b;  and  that  c,  in  like 
manner,  acting  alone,  would  cause  it  in  the  same  length  of 
time  to  reach  c.  Now,  to  find  the  efiect  of  a  and  b  united, 
complete  the  parallelogram  xadh,  and  its  further  angle  d 
is  the  point  to  which  the  body  will  be  sent  by  the  joint 
action  of  both  a  and  b,  in  the  same  length  of  time  that  it 
would  have  occupied  in  reaching  a  by  the  action  of  A  only, 
or  in  reaching  b  by  the  action  of  b  only.  This  will  be  true, 
whether  the  two  forces  act  both  in  the  same  manner  or  in 
different  manners,  however  varied;  but  in  the  latter  case, 
although  the  body  arrive  at  the  point  d  just  as  soon,  yet  it 
will  travel  thither  by  a  different  route.  In  order  that  it  may 
move  along  the  straight  line  x  c?,  it  is  necessary  that  the  two 
forces  act  in  the  same  manner ;  such,  for  example,  as  by  an 
instantaneous  impulse,  which  will  cause  a  uniform  motion ; 
or  both  may  act  continuously  and  uniformly,  so  as  to  produce 
a  uniformly  accelerated  motion  (like  that  of  falling  bodies)  ; 
or  both  forces  may  act  with  a  continually  varying  intensity, 
both  increasing  or  diminishing  at  the  same  rate,  and  the 
motion  will  still  be  rectilinear.  But  if  one  force  be  instan- 
taneous and  the  other  continuous,  or  one  uniformly  continued 

because  the  stone  does  not  fall  at  a  great  distance  to  the  west,  we  actually 
derive  a  direct  proof  of  that  motion  from  the  fact  that  it  falls  a  very 
minute  distance  to  the  east  of  the  vertical. — See  "  Introduction  to  the 
Study  of  Natural  Philosophy,"  (36). 
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and  the  other  varying  in  intensity,  or  both  varying  by  dif- 
ferent laws,  so  as  not  to  preserve  constantly  the  same  ratio 
to  each  other,  then  the  path  of  the  body  will  be  a  curve 
still,  however,  conducting  it  eventually  to  the  point  c?,  in  the 
same  time  that  the  force  A  would  have  taken  to  send  it  to  a, 
or  B  to  h. 

But  suppose  the  third  force  c  to  act  on  the  body  ar,  and  to 
be  capable  of  carrying  it  to  c  in  the  same  time  that  A  and  b 
jointly  would  carry  it  to  d.  We  have  only  to  complete  the 
parallelogram  a; dec,  to  find  that  by  the  combined  action  of 
all  three  forces  the  body  will  be  sent  in  the  same  unit  of 
time  to  e.  Here  it  should  be  observed,  that  whether  we  first 
find  the  combined  eflfect  of  a  b  and  then  add  that  of  c,  or 
first  combine  A  c  and  then  add  b,  or  first  combine  b  c  and 
then  add  the  efi'ect  of  a,  the  result  in  either  case  will  be  the 
same,  and  will  conduct  us  to  the  same  point  e. 

It  is  another  remarkable  consequence  of  this  law,  that 
whether  we  regard  the  directions  of  the  three  forces  as  being 
all  in  one  plane,  or  in  difi'erent  planes ;  whether  we  regard 
the  lines  of  this  figure  as  they  really  lie  flat  on  the  paper,  or 
as  the  projection  or  picture  of  a  solid  parallelepiped,  the  law 
is  equally  true.  The  same  process  is  of  course  capable  of 
being  extended  to  any  number  of  forces  or  motions. 

141.  This  most  important  law  as  regards  motions,  may 
therefore  be  simply  expressed  in  the  following  terms : — that 
by  any  number  of  forces  acting  together  for  a  given  length 
of  time,  a  body  is  brought  to  the  same  place  as  if  each  of  the 
forces,  or  one  equal  and  parallel  to  it,  had  acted  on  the  body 
separately  and  successively  for  an  equal  length  of  time 
Thus,  by  the  separate  and  successive  action  of  the  forces 
A,  B,  c,  or  equal  and  parallel  ones,  during  a  certain  time,  an 
equal  time  being  allowed  to  each,  the  body  x  will  be  carried 
first  to  a;  thence,  by  a  force  equal  and  parallel  with  b,  it 
will  be  carried  to  d,  and  thence  to  e,  by  a  force  equal  and 
parallel  with  c.  Or  if  they  act  in  any  other  order,  it  is 
easy  to  see  that  a?  will  be  carried  along  three  straight  lines, 


AND    UNIFORMLY    ACCELERATED    MOTIONS.  l3o 

which,  though  forming  a  difterent  route  in  each  case,  will 
yet  in  every  case  bring  it  eventually  to  the  same  point  e; 
which  is  also  the  point  to  which  it  will  be  carried  when  they 
all  act  together  for  the  same  length  of  time  during  whi«h  we 
have  supposed  each  to  act  separately. 

142.  Let  us  now  consider  the  effect  of  the  composition  of  a 
uniform  with  a  uniformly  accelerated  motion,  the  two  being 
in  different  but  not  opposite  directions.  In  other  words,  let 
us  observe  the  effect  of  a  constant  and  uniform  force  acting 
in  any  way  on  a  body  already  in  motion.  We  have  already 
considered  the  particular  cases  in  which  the  force  directly 
assists  or  directly  opposes  the  motion, — the  former  is  the 
case  of  falling  bodies  (114),  the  latter  of  those  shot  directly 
upwards  (137).  We  come  now,  therefore,  to  the  general 
case  of  projectiles,  i.  e.  bodies  thrown  horizontally,  or  ob- 
liquely. To  simplify  the  question,  let  us  suppose  them  to 
move  in  a  nacuum,  so  that  they  may  be  subject  to  no  other 
force  than  gravity,  which  continually  deflects  them  out  of 
the  straight  line  which  they  would  otherwise  describe  (94), 
and  which  is  called  the  line  of  projection.  Now  it  matters 
not  whether  this  line  be  horizontal,  inclining  upwards,  or 
inclining  downwards,  it  will  constantly  be  found  that  the 
vertical  depth  of  the  projectile  below  this  line  at  any  moment, 
is  equal  to  the  depth  which  it  would  have  fallen  during  the 
time  which  has  elapsed  since  its  projection.  Thus,  if  a. 
cannon-ball  be  shot  from  a.  Fig.  70,  in  the  direction  a  h.  and 
its  original  velocity  be  such  as  would  carry  it  through  the 
space  A  a  during  one  second,  then,  if  not  subject  to  gravity, 
it  would  proceed  in  a  straight  line  and  arrive  at  a  in  one 
second,  at  h  in  two  seconds,  and  so  on.  But  gravity  alone 
would  cause  it  during  the  first  second  to  fall  16  feet,  say 
from  A  to  G.  By  completing  the  parallelogram  a  a  q  g,  we 
see  that  after  one  second  the  body  will  have  arrived  at  g, 
exactly  as  if  it  had  first  been  carried  by  the  projectile  force 
during  one  second  to  a,  and  then  fallen  during  one  second 
to  g.     In  the  same  way,  during  the  next  second,  the  ball 
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moves  in  the  direction  of  projection  through  the  space  a  5, 
or  g  A,  and  in  the  direction  of  gravity  through  A  2  =  3  times 
16  feet.     In  the  third  second  it  advances  as  much  as  before 

Fig.  70. 


viz.  2  t,  and  falls  5  times  16  feet,  bringing  it  to  the  point  3 
In  the  fourth  and  fifth  seconds  it  advances  in  the  direction 
3  k^  or  4  Z,  as  much  as  in  the  first  second,  but  falls  7  times 
and  9  times  as  much,  thus  arriving  at  the  points  4  and.  5. 
Now  it  results  from  this,  that  the  points  a,  g^  2,  3,  4,  5,  are 
necessarily  situated  on  a  curved  line  of  that  kind  called  a 
'parabola^  and  if  the  place  of  the  ball  at  any  other  moments, 
however  numerous,  be  found,  all  these  points  will  likewise 
fall  on  the  same  curve.  For  instance,  at  half  a  second  after 
projection,  the  ball  will  have  been  shot  through  half  a  a, 
aud  will  consequently  be  somewhere  on  the  vertical  line  c  d^ 
half-way  between  a  g  and  a  g ;  but  it  will  not  be  half-way 
between  c  and  c?,  and  consequently  not  in  the  straight  line 
between  a  and  y,  for  the  space  fallen  through  in  half  a 
second  is,  as  we  have  seen,  not  8  but  only  4  feet,  so  that  it 
will  be  only  4  feet  below  c;  thus  accounting  for  the  con- 
tinued curvature  of  its  path.* 

*  As  each  force  produces  its  whole  effect  independently  of  the  other, 
it  will  be  evident  that  the  flight,  however  long,  must  be  performed  in 
the  very  game  time  as  if  the  body  had   been  simply  shot  vertically  up 
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143.  The  same  construction  will  give  us  the  path  of  a 
projectile  shot  horizontally,  or  obliquely  downwards;  and 
in  all  cases  the  path  will  be  a  portion  of  a  parabola  whose 
axis  is  vertical,  or  in  the  direction  of  gravity.  "When  the 
inclination  is  upwards,  as  in  Fig.  70,  the  distance  from  a  at 
which  the  ball  again  crosses  the  horizontal  line  a  5,  is  called 
the  horizontal  ran<je.  This  will  be  the  greatest  possible, 
with  any  given  velocity  of  projection,  when  the  body  is 
projected  at  an  angle  of  45°  with  the  horizon,  which  is  the 
reason  that  mortars  are  fixed  at  that  angle.  In  this  case  the 
greatest  height  attained  is  just  one-fourth  of  the  range.*  It 
is  also  remarkable  that  the  range  will  be  diminished  equally 
by  equal  deviations  from  this  angle,  whether  above  or  below 
it.  Thus  a  mortar  will  (with  the  same  charge)  carry  to 
the  same  distance,  on  a  level  plain,  when  it  is  inclined  40° 
as  when  inclined  50°;  or  the  same  at  10°  as  at  80°.  A  very 
elementary  knowledge  of  the  nature  of  the  parabola  will 
enable  the  reader  to  deduce  these,  and  some  other  singular 
facts,  t 


to  the  highest  level  which  it  attains.  So  also  a  body  shot  horizontally 
with  any  velocity,  will  reach  any  lower  level  in  exactly  the  same  time  as  if 
it  had  been  simply  dropped. 

*  So  that,  as  the  time  of  flight  is  twice  the  time  of  falling  that  height 
(^or  the  exact  time  of  falling  four  times  that  height),  the  ball  arrives  at 
its  destination  in  the  same  time  as  if  it  had  fallen  a  like  distance  vertically 
by  the  action  of  gravity.  Hence  the  greatest  range  attainable  (in  feet)  is 
16  times  the  square  of  the  number  of  seconds  in  the  flight. 

t  In  all  this,  the  resistance  of  the  air  has  been  neglected  ;  and  the  intro- 
duction of  this  new  force,  varying  as  it  does  both  in  direction  and  inten- 
sity (being  always  opposed  to  the  direction  of  the  compound  motion,  and 
varying  as  the  square  of  its  velocity),  complicates  the  problem  so  much 
as  to  render  it  one  of  the  most  diflBcult  in  dynamics,  and  one  which  cannot 
be  said  to  be  even  yet  reduced  to  a  practical  form.  The  calculations  of 
gunnery  are  therefore  necessarily  founded  on  experiment,  rather  than 
exact  reasoning.  How  great  an  effect  the  air  has  in  altering  the  parabolic 
form,  will  be  obvious  from  the  fact  that  this  curve,  if  perfect,  would  be 
symmetrical  on  each  side  of  its  axis ;  whereas,  in  the  actual  path  of  a 
projectile,  tlie  descend'""'  br>tnrh  is  always  shorter  and  steeper  than  the 
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144.  We  have  hitherto  regarded  gravity  as  3,  parallel  force 
(or  as  acting  everywhere  parallel  to  itself),  because  the  centre 
towards  which  it  is  directed  is  so  distant  (nearly  4,000  miles) 
that  the  lines  converging  to  such  a  centre  may  be  considered 
parallel.  But  if  the  range  of  a  projectile  amounted  to  some 
miles,  so  as  to  bear  a  measurable  ratio  to  the  earth's  radius, 
it  would  be  necessary,  in  finding  its  path  very  exactly^  to 
allow  for  the  variation  in  the  direction  of  gravity ;  or  in 
other  words,  to  regard  it  as  a  central  force,  by  making  the 
lines  AG,  a  g^  5  2,  i  3,  ^4,  Z  5,  Fig.  70,  no  longer  parallel, 
but  such  as  would,  if  continued,  meet  at  the  earth's  centre. 

145.  A  moderate  acquaintance  with  the  conic  sections  will 
enable  the  reader  to  imagine  the  effect  of  this  change,  viz.  to 

Fig^  71^  convert  the  parabola  into 

one  extremity  of  a  very 
long  and  narrow  ellipse^ 
whose  other  extremity 
passes  round  the  earth's 
centre,  and  has  its  focus 
at  that  centre.  Such,  in- 
deed, is  the  curve  de- 
scribed by  every  projec- 
tile. Thus,  in  Fig.  71,  a 
body  thrown  from  a  to  b 
does  not  strictly  describe 
a  parabola  whose  focus  is 
at  F,  but  an  ellipse,  of  which  one  focus  is  at  f  and  the  other 
at  c.  It  is  prevented,  indeed,  by  impinging  on  the  earth's 
surface  at  b,  from  describing  more  than  a  very  small  part  of 


ascending  one.  If  a  cricket-ball  described  a  parabola,  it  would  fall 
to  the  ground  as  obliquely  as  it  originally  rose  from  the  bat,  but 
it  is  easily  seen  that  it  falls  more  perpendicularly.  The  want  of  symmetiy 
will  be  more  obvious  in  throwing  a  body  of  less  density,  such  as  cork ; 
but  it  increases  so  greatly  with  the  velocity  of  projection,  that  a  cannon- 
ball  will  describe  a  less  symmetrical  curve  than  a  ball  of  cork  thrown  by 
hand. 


CIRCULAR    MOTION.  139 

the  curve;*  but  if  we  suppose  all  obstacles  to  be  removed — if 
we  imagine,  for  instance,  the  whole  mass  of  the  earth  to  be 
concentrated  at  the  point  c — the  body  would  proceed  round 
the  entire  oval,  and  (if  encountering  no  resistance)  return  to 
the  point  a  whence  it  started,  and  continue  to  revolve  per- 
petually in  the  same  orbit,  which  would  exactly  resemble 
that  of  a  comet  round  the  sun.  Or,  supposing  the  earth  to 
retain  its  actual  dimensions,  if  a  body  were  projected  horizon- 
tally from  a  with  such  a  velocity  as  could  carry  it  through 
the  space  a  h,  in  the  time  of  falling  through  no  greater  space 
than  h  c,  such  body,  though  perpetually  deflected  by  gravity, 
could  never  be  brought  to  the  ground  by  gravity  alone ;  but 
(if  meeting  with  no  other  matter  to  be  moved,  such  as  air) 
would  continue  in  the  elliptical  curve  a  c  d,  which,  after 
approaching  within  a  certain  distance  of  the  earth,  again 
recedes  therefrom,  attains  its  greatest  distance  at  the  point 
diametrically  opposite  to  its  least  distance,  and  has,  like  the 
former  ellipse,  one  of  its  foci  at  c,  the  other  being  in  this 
case  at  f.     By  a  nice  adjustment  of  the  velocity  and  direc- 

*  If  it  be  asked,  What  becomes  of  its  motion  ?  (for  it  has  been  stated 
(103)  that  motion  is  never  lost),  the  reply  is,  that  it  is  absorbed  by  (i.  e. 
produces  its  effect  on)  the  mass  of  the  earth,  by  checking  and  destroying 
the  equal  and  contrary  motion  which  was  imparted  thereto  by  the  recoil 
of  the  gun.  Thus,  were  it  not  for  the  quality  of  action  and  reaction, 
even  the  puny  motions  produced  by  human  agency  would  gradually  drive 
the  earth  out  of  her  orbit,  and  derange  the  mechanism  of  the  universe. 
A  child  jumping  pushes  the  earth  from  him,  as  well  as  himself  from  the 
earth  ;  and  then  attracts  it  as  much  as  he  is  attracted,  t.  e.  with  as  much 
momentum.  As  the  spaces  moved  through  by  each  are  inversely  as  their 
masses,  it  follows  that  their  common  centre  of  gravity  remains  unmoved  : 
and  this  conservation  of  the  centre  of  gravity  is  a  principle  of  the  utmost 
importance.  It  must  be  constantly  borne  in  mind,  that  no  actions,  how- 
ever violent,  between  two  or  more  bodies,  can  possibly  move  or  disturb 
the  motion  of  their  common  centre  of  gravity, — that  can  only  be  affected 
by  forces  from  without  the  system.  Even  in  the  meeting  of  two  cannon- 
balls,  or  the  bursting  of  a  bomb  in  the  air,  the  common  centre  of  gravity 
of  all  the  fragments  will  continue  its  previous  course,  perfectly  undisturbed 
by  the  Bhock 
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tion  of  projection,  tlie  eccentricity  of  the  ellipse  might 
become  0,  or  the  path  circular  and  concentric  with  the 
earth. 

146.  It  is  in  this  manner,  then,  that  the  moon  revolves  in 
an  ellipse  of  small  eccentricity,  of  which  one  focus  is  occupied 
by  the  earth's  centre.     Her  deflection  from  the  straight  line, 
indeed,    during    a    second,    does    not    amount    to    anything 
approaching  16  feet;  but,  nevertheless,  it  is  due  to  a  force 
exactly  identical  with  that  which  deflects  a  projectile.     To; 
prove  this,  we  have  only  to  observe  that  the  distance  of  the  I 
moon  from  the  centre  of  the  earth  is  found  by  triangulation " 
to  vary  within  certain  limits,  which,  for  the  sake  of  sim-i 
plicity,  we  will  call  58  and  62  terrestrial  radii;  i.  e.  58  and' 
62  times  our  distance  from  the  same  centre.     Now  the  moon's 
deflection,  when  at  the  former  distance,  amounts,  during  any 
given  time,  to  g-g^  of  the  deflection  or  fall  of  a  terrestrial 
body  during    the  same  length  of  time.    -But  when  at   the 
latter-named  distance,  her  deflection  is  only  •g-g'tT  ^^  ^^^*  ^^ 
a  terrestrial  body  during  an  equal  time.     These  numbers, 
3364  and  3844,  will  be  observed  to  be  the  squares  of  5S  and 
62,  whence  it  appears  that  the  force  which  deflects  the  moon, 
varies  in  intensity  inversely/  as  the  square  of  her  distance 
from  the  earth's  centre  varies;   and   this   is  confirmed    by 
observing  her  deflection  at  all  other  intermediate  distances. 
Hence  we  may  easily  calculate  at  what  rate  she  would  be 
deflected  or  attracted  if  placed  at  any  other  distance  not 
comprised  within  these  limits.     Now,  if  we  calculate  in  this 
manner  her  deflection  or  fall,  supposing  her  situated  at  our 
own  distance  from  the  earth's  centre,  we  shall  find  it  would 
be  exactly  16  feet  in  a  second,  64  feet  in  two  seconds,  &c.  &c., 
like  that  of  our  projectiles  or  falling  bodies. t 

*  See  "  Introduction  to  the  Study  of  Natural  Philosophy,"  (22). 

•f  The  identity  of  the  force  is  further  placed  beyond  all  doubt  by 
finding  that  the  same  variation  of  intensity,  according  to  the  distance 
from  the  earth's  centre,  applies  also  to  terrestrial  bodies ;  for  the  dis- 
tance fallen  by  them  in  the  first  second  is  found  to  be  rather  less  upon 
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147.  This  calculation  is  celebrated  as  having  laid  the  foun- 
aation  of  that  magnificent  discovery  which  forms  the  most 
memorable  epoch  in  the  whole  history  of  science.  But  the 
reader  must  not  suppose  that  the  merit  of  this  grand  gene- 
ralization consisted  merely,  or  indeed  at  all,  in  a  bold  and 
fortunate  conjecture,  supported  by  a  few  such  calculations  as 
this.  Such  a  conjecture  was  not  even  new ;  but  in  order  to 
remove  it  from  the  barren  region  of  conjecture  into  that  of 
rigid  and  useful  demonstration,  Newton  had  not  merely  to 
calculate,  but  to  invent  new  methods  of  calculation  (those 
previously  known  being  wholly  inadequate  to  solve  such 
questions) ;  not  merely  to  demonstrate,  but  to  invent  new 
modes  of  demonstration,  such  as,  though  never  before  heard 
of,  should  yet  command  universal  assent.  He  had,  moreover, 
to  show  how  this  simple  idea,  when  fully  carried  out,  repre- 
sented exactly^  in  number^  weighty  and  measure^  not  only  the 
main  features  of  planetary  motion,  but  all  its  minutest 
details ; — not  only  the  mean  motions,  or  such  as  are  observ- 
able without  actual  measurement,  and  reconcileable  with  the 
simple  notions  of  circular  and  uniform  motion, — not  only 
the  inequalities  detected  by  a  more  attentive  observation, 
and  still  designated  by  the  term  anomaly  (though  Kepler 
bad  just  then  reduced  them  to  perfect  order,  and  shown  their 
dependence  on  the  ellipticity  of  the  orbits), — not  only  the 
still  smaller,  and  till  then  unaccountable  and  seemingly 
capricious  deviations  from  these  laws   of  Kepler, — but  also 

high  mountains  than  at  the  sea-level,  and  to  be  diminished  exactly  as 
the  square  of  the  distance  from  the  earth's  centre  is  increased.  This 
has  been  proved  by  comparing  the  oscillations  of  a  pendulum  at  both 
stations,  for  the  times  of  these  oscillations  can  be  compared,  with  any 
degree  of  exactness,  by  counting  the  number  of  them  made  in  a  day,  or 
any  number  of  days ;  and  we  have  seen  that  these  times  bear  a  constant 
ratio  to  that  of  falling  half  the  height  of  the  pendulum.  A  pendulum 
beating  exact  seconds  at  Chamouni,  would  lose  upwards  of  120  beats 
per  day  at  the  top  of  Mont  Blanc ;  the  depth  fallen  by  a  body  in  the  first 
second  being  nearly  two-sevenths  of  an  inch  more  in  the  valley  than  on 
the  mountain. 
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numerous  other  variations,    too   slow  or  too   minute    to   be 
detected  by  the  instruments  then  in  use,  but  which  improved 
means  of  observation  have  since  rendered  appreciable,  thusj 
affording    continually,    as    the    observations    become    moi 
exact,  new  confirmations  of  this  wonderful  theory;   which,! 
among  all  the  multifarious  phenomena  of  falling  bodies,  pen- 
dulums, the  earth,  moon,  sun,  tides,  planets,  satellites,  comet 
double  stars,  leaves  not  one  fact  imperfectly  explained,  either! 
as    regards   kind    or   quantity ;    whether    it    be   a   cosmical  J 
movement,  perceptible  only  in  the  lapse  of  many  ages,  or  the] 
rising  of  one  spring-tide  an  inch  higher  than  another,  or  thej 
gain  or  loss  of  a  few  beats  per  month  by  a  pendulum  placed : 
in  a  new  situation. 

148.  Not  content,  like  many  theorists,  with  proving  that  his" 
assumed  force  would  be  sufficient  to  produce  all  the  observed 
effects,  Newton  undertook  to  prove  that  no  other  force  could 
possibly  explain  them ;  no  other  being  reconcileable  with  the 
laws  which  had  just  been  established  by  the  indefatigable 
labours  of  Kepler.  This  philosopher  had  devoted  his  life  to 
the  work  of  ascertaining  the  laws  which  regulate  (I.)  the  rela- 
tive velocities  of  a  planet  in  different  parts  of  its  orbit;  (II.) 
the  form  of  that  orbit ;  and  (III.)  the  relative  velocities  of  the 
different  planets ;  and  he  had  succeeded  in  all  three  objects. 

149.  First,  with  regard  to  the  variations  in  the  velocity  of 
the  same  planet,  he  had  found,  that  in  the  case  of  Mars  (and 
it  has  since  been  amply  confirmed  in  every  other  case),  the 
imaginary  line  drawn  from  the  planet  to  the  sun's  centre 
(called  the  radius  vector)  moves  always  in  the  same  plane, 
and  in  such  a  way  as  to  pass  over  equal  areas  in  equal  times. 
Thus  in  Fig.  72  (which  represents  the  most  eccentric  of  the 
known  planetary  orbits),  if  the  areas  of  the  sectors  1,  2,  3, 
4,  5,  be  all  equal,  the  planet  will  employ  an  equal  time  in 
moving  through  each  of  these  portions  of  its  orbit.  It  can  be 
demonstrated  from  this,  that  the  force  which  deflects  it  is 
never  directed  otherwise  than  towards  the  point  s ;  and, 
indeed,  that  a  force  so  directed  will  necessarily  produce  this 
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eject,  may  be  easily  proved*  thus: — Let  the  body  be  at  a, 
and  moving  with  such  velocity  as  would  in  a  unit  of  time 
carry  it  to  5,  while  the 
attraction    towards    s  *^^* 

would,  in  the  same 
unit,  draw  it  to^.  Let 
us  first  suppose  the 
attraction  to  act  only 
for  an  instant,  but 
to  impart,  in  that  in- 
stant, such  a  velocity 
as  would  carry  the 
body  in  a  unit  of  time 
to  g.  By  drawing  the 
parallelogram  a  g  h  c^ 
it  will  be  seen  that,  at 
the  end  of  this  time, 
the  body  will  be  found  at  c ;  and  as  both  the  component 
motions  are,  for  the  present,  supposed  to  be  uniform,  the  path 
of  the  body  will  be  the  straight  line  a  c  (140).  Now  let  the 
attraction  again  act  for  an  instant  only,  imparting  such  a 
velocity  towards  s  as  would,  in  another  unit  of  time,  carry 
the  body,  if  previously  at  rest,  through  the  space  eg',  which 

*  However  simple  this  and  the  other  results  of  Kepler's  labours  may 
appear,  they  could  not  be  elicited  without  a  degree  of  perseverance 
almost  unparalleled,  and  of  which  we  can  hardly  form  an  idea.  He  had 
neither  the  sextant,  which  has  been  called  "a  portable  observatory," 
nor  logarithms,  by  which  a  few  lines  of  simple  addition  are  made  to 
serve  instead  of  sheets  of  complex  calculations.  Yet  thousands  of 
observations  had  to  be  made  and  compared,  not  only  to  ascertain  the 
truth  of  each  of  Kepler's  laws,  but  the  falsehood  of  each  of  his  unsuc- 
cessful guesses— and  these  amounted,  in  the  present  case  alone,  to  seven- 
teen. His  contemporaries  regarded  him  as  a  useless  dreamer ;  but 
without  these  discoveries  we  should  have  had  no  Nautical  Almanac. 
Merchants,  underwriters,  the  most  practical  men  of  the  present  day, 
stake  their  fortunes  upon  the  results  of  these  dreamy  speculations  of 
Kepler. 
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may  be  greater  or  less  than  a  ^  in  any  proportion.  But  the 
previously  acquired  motion  of  the  body  would  carry  it  in  this 
second  unit  through  the  space  c  d  equal  to  a  c,  and  in  a 
straight  line  with  it.  "We  draw,  therefore,  the  parallelogram 
c y'  d  e,  and  find  that  the  body  will  describe  in  this  time  the 
straight  line  c  e.  Now,  by  the  well-known  rules  respecting 
the  areas  of  triangles  (Euclid,  Book  I.  Prop.  37),  because  d  e 
and  c  s  are  parallel,  the  triangles  e  c  s,  d  c  b  are  equal,  and 
(Prop.  38)  because  a  c  and  c  d  are  equal,  the  triangles  a  c  s, 
d  c  B  are  equal ;  so  that  e  c  s  \s  equal  to  c  a  s,  or  the  area 
described  by  the  radius  vector  in  the  second  unit,  to  that 
described  in  the  first ;  and  therefore,  if  the  attraction  continue 
to  act  by  instantaneous  impulses  (whether  equal  or  not),] 
repeated  at  equal  intervals  of  time,  the  body  (having 
motion  changed  by  each  impulse,  but  uniform  during  thel 
intervals)  will  describe  a  series  of  straight  lines,  such  that  thei 
area  described  in  each  interval  will  be  equal.  Now,  however] 
short  and  numerous  we  suppose  these  equal  intervals  to  be,  the 
law  will  still  obtain ;  therefore  it  will  obtain  when  they  are 
infinitely  short,  i.  e.  when  the  force  acts  continuously;  in  which 
case  the  series  of  straight  lines  becomes  a  curve.  To  whatever 
point,  then,  the  deflecting  force  (or  attraction)  may  be  directed, 
the  radius  drawn  from  this  point  passes  over  areas  proportional 
to  the  times  of  describing  them ;  and  conversely,  when  this 
uniform  description  of  areas  is  observed,  with  regard  to  any 
point  s,  it  proves  that  the  deflecting  force  is  constantly  directed 
towards  that  point.  This  remains  true,  in  whatever  way  the 
magnitude  of  the  force  may  vary. 

150.  The  second  law  observed  by  Kepler,  is,  that  every  planet 
describes  an  elliptical  orbit,  having  the  sun's  centre  in  one  of 
its  foci.*     As  the  former  law  enabled  Newton  to  deduce  the 

*  Strictly  speaking,  however,  neither  this  nor  the  former  law  applies 
exactly  to  the  sun's  centre,  but  to  that  point  near  it  which  is  the  common 
ce;3trc  of  gravity  of  himself  and  all  his  planets,  and  which  point  is,  as 
we  have  seen,  immoveable  by  any  action  between  the  bodies  of  the 
system. 
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manner  in  which  the  direction  of  the  force  varies ;  so  th© 
present  enabled  him  to  prove  how  its  magnitude  varies ;  viz. 
inversely  as  the  square  of  the  body's  distance  from  the  centre 
of  attraction ;  so  that  if  the  distance  be  doubled,  the  force  is 
diminished  4  times.  It  has  been  thought  by  some  that  this 
is  a  necessary  property  of  every  force  directed  to  or  from  a 
centre,  because  anything  spreading  in  all  directions  from  a 
centre, — flight  from  a  candle,  for  instance, — becomes,  at  a  double 
distance,  spread  over  a  quadruple  space  (twice  as  long,  and 
twice  as  broad) ;  but  it  has  been  doubted  whether  this  argu- 
ment can  be  extended  to  forces  in  general,  and  the  great 
philosopher  himself  certainly  regarded  the  law  as  an  experi- 
mental one.  It  applies  so  universally,  however,  to  central 
forces,  that  this  may  be  considered  useful  as  a  method  of 
impressing  it  on  the  memory.*  The  proof  that  it  applies  to 
terrestrial  gravity  has  already  been  mentioned.  (See  note, 
page  140.) 

151.  Kepler's  third  great  discovery,  instead  of  relating  to 
the  motion  of  each  planet  separately,  indicates  a  relation 
between  them  all;  thus  binding  the  whole  into  one  har- 
monious system,  and  enabling  Newton  to  prove  that  the  forces 
deflecting  them  towards  the  sun  are  not  merely  similar,  but 
identical.  Kepler  found  that  the  periodic  times  of  any  two 
planets  (i.  e.  the  times  occupied  in  revolving  round  their  whole 
orbits)  are  proportional  to  the  square  roots  of  the  cubes  of 
the  longest  diameters  of  those  orbits ;  or,  as  it  is  commonly 
stated,  "  the  squares  of  the  times  are  as  the  cubes  of  the  mean 
distances ;"  for  it  will  be  observed  that  the  m^an  distance  of 
a  planet  from  the  sun  is  half  the  major  axis  (or  longest 
diameter)  of  its  orbit,  for  it  comes  to  its  greatest  and  least 
distances  at  the  two  extremities  of  this  line,  which  is,  accord- 
ingly, equal  to  the  sum  of  these  distances,  or  twice  their  mean. 

1.52.  From  this  law,  Newton  proved  that  the  deflections  in 
equal  times  of  two  different  planets  were  connected  in  the  very 

*  This  is  more  folly  explained  by  a  figure  in  "  Introdaction  to  Natural 
Philosophy,"  (55). 

ileckanics,  it 
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same  manner  as  those  of  the  same  planet  in  different  parts 
of  its  orbit ;  viz.  that  they  were  inversely  as  the  squares  of 
the  distances  from  the  sun's  centre.  Thus  the  same  sort  of 
connexion  is  established  between  the  sunward  deflections  of 
different  planets,  as  between  the  earthward  deflections  of  the 
moon  and  of  a  projectile.  Moreover,  it  follows,  that  as  all 
the  planets  are  deflected  inversely  as  the  squares  of  their 
distances,  they  would  all  be  deflected  equally  if  at  the  same 
distance^  i.  e.  they  would  all  fall  sunward  with  equal  veloci- 
ties ;  just  as  we  have  seen  that  all  terrestrial  bodies  (at  the 
same  place)  fall  earthward  with  equal  velocities;  and  that 
the  moon  would  do  the  same  at  the  same  distance.  Thus  we 
have  another  point  of  resemblance  between  solar  and  terres- 
trial attraction  ;  that  each  pulls  all  bodies  at  the  same  distance 
with  equal  velocities,  and  therefore  with  forces  exactly  pro- 
portioned to  the  masses  of  the  bodies  pulled. 

153.  The  observance  of  exactly  the  same  laws  in  the  mo- 
tions of  the  satellites  of  the  great  planets,  shows  that  a  force 
of  the  same  kind  is  exerted  towards  their  centres.  Moreover, 
at  equal  distances,  the  largest  body  attracts  with  most  force 
in  every  case ;  for  the  deflection  towards  Jupiter  is  340 
times, — towards  Saturn  101  times, — and  towards  the  Sun 
354,936  times — greater  than  that  towards  the  Earth  at  an 
equal  distance,  and  in  equal  times.  That  these  numbers  are 
only  in  the  order  of  (but  not  proportional  to)  the  sizes  of  the 
respective  bodies,  need  not  surprise  us,  for  it  simply  indicates 
a  difference  of  density,  by  no  means  greater  than  that  existing 
between  some  of  the  commonest  substances  around  us,  such 
as  marble  and  wood. 

154.  So  far  we  find  nothing  to  contradict  the  idea  that  this 
force  of  attraction   is  a  peculiar  virtue  inherent   in  certain 

-  points,  viz.  the  centres  of  these  great  bodies.  But  Newton's 
generalization  went  a  great  deal  further  than  this.  Having 
first  proved  that  all  these  effects  would  be  exactly  the  same, 
on  the  supposition  of  a  similar  force  exerted  by  each  particle 
of  matter  composing  them,  he  then  showed  that  there  were 
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certaiu  other  phenomena  not  explicable  on  the  former  suppo 
sition,  for  though  a  sphere  composed  of  attractive  particles 
will  produce  on  every  other  body  exactly  the  same  effects  aa 
if  its  attraction  resided  in  its  centre  alone,  this  is  not  the  case 
with  a  spheroid  or  orange-like  body,  such  as  Jupiter ;  and 
accordingly  there  are  certain  variations  observable  in  the 
motions  of  his  satellites,  which  show  that  they  are  attracted 
not  merely  by  his  centre,  but  by  every  part  of  his  mass.* 
Other  inequalites  in  their  motions  also  prove  that  they 
attract  each  other,  and  Jupiter  himself,  with  forces  exactly 
proportioned  to  their  masses ;  and  similar  reactions  between 
all,  even  the  smallest,  bodies  of  the  solar  system,  account,  in 
exact  measure,  for  all  the  minutest  deviations  from  Kepler's 
laws;  so  that  at  length — to  place  the  crowning  stone  upon 
this  wondrous  edifice^ — we  have  in  our  own  day  seen  the 
inverse  problem  of  perturbation  solved.  By  the  comparison 
of  certain  deviations,  not  exactly  explained  by  the  action  of 
the  known  bodies,  theory  boldly  referred  them  to  the  influence 
of  a  body  previously  unknown^  and  even  pointed  out  its  place 
in  the  trackless  and  infinite  void ;  so  that  when  the  telescope 

*  The  lunar  inequalities  prove  the  same  thing  with  regard  to  the 
matter  of  the  earth.  But  a  more  satisfactory  proof  perhaps  is  derived 
from  the  fact  that,  notwithstanding  the  diminution  of  gravity  in  ascending 
mountains,  it  diminishes  also  in  descending  mines,  because  the  stratum 
of  earth  above  us  then  opposes  instead  of  assists  the  attraction  of  that 
below.  This  experiment  was  first  tried  by  Messrs.  Airy  and  "Whewell  by 
swinging  a  pendulum  at  the  bottom  of  Dolcoath  Mine.  That  all  protu- 
berances also  share  the  attractive  power,  is  shown  by  the  deflection  of 
the  plumb-line  near  the  foot  of  mountains,  which  was  first  observed  by 
Bouguer  and  La  Condamine  at  the  foot  of  the  Andes,  and  afterwards, 
with  great  precision,  by  Maskelyne,  in  1774,  at  the  mountain  Schehallien, 
in  Perthshire.  The  plumb-line  deviated  about  6"  from  the  vertical  direc- 
tion. It  was  ascertained  from  this  experiment,  and  from  a  careftil  mea- 
surement of  the  mountain  and  examination  of  the  density  of  its  materials, 
that  the  mass  of  the  terrestrial  globe  is  about  5  times  greater  than  that 
of  a  globe  of  water  of  the  same  dimensions  :  Cavendish  made  it  5.4,  and 
the  recent  repetition  of  the  Cavendish  experiment  by  the  Astronomical 
Society  has  made  it  5.6. 

H    3 
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was  pointed  to  that  assigned  spot,  the  feeble  glimmering  of 
the  planet  was  at  once  detected.  This  may  be  regarded  as  one 
of  the  greatest  triumphs  which  modern  science  has  achieved. 

155.  It  appears,  then,  that  attraction  or  gravity  is  a 
universal  property,  common  to  all  matter,  every  particle  in 
the  universe*  attracting  every  other  particle;  but  the  attrac- 
tion between  two  bodies  both  of  moderate  size,  is  too  feeble  to 
be  observed  under  common  circumstances.  The  attraction  of 
a  ship  for  boats  very  near  it,  however,  is  well  known ;  and 
Cavendish  distinctly  observed,  and  even  measured,  that  of 
leaden  globes  delicately  suspended  in  an  air-tight  room,  and 
viewed  from  a  distance  through  a  telescope. 

156.  The  force  which  we  call  the  weight  of  any  body  is, 
therefore,  the  resultant  of  the  forces  with  which  it  is  attracted 
by  all  the  other  bodies  in  the  universe,  all  their  forces  being 
proportional  to  their  masses  divided  by  the  squares  of  their 
distances.  Such,  at  least,  is  a  corxect  definition  of  the  weight 
of  any  body  at  rest  or  in  rectilinear  motion ;  but  in  the  case 
of  bodies  describing  curves,  we  have  seen  that  some  centripetal, 
or  centreward,  force  is  necessarily  employed  in  deflecting  them 
from  the  straight  line  which  their  inertia  would  otherwise 
cause  them  to  describe.  In  a  wheel  or  a  pendulum  this 
force  is  supplied  by  the  cohesion  of  the  spokes  or  the 
pendulum-rod,  but  in  a  projectile  or  a  planet  it  is  supplied 
by  gravity.  Now,  in  the  case  of  all  bodies  resting  on  the 
earth's  surface,  a  portion  of  their  earthward  gravity  must  be 
employed  in  thus  deflecting  them  from  a  straight  line  into 
the  circle  which  they  describe  by  the  earth's  daily  rotation 
and  we  must  restrict  the  term  weight  to  that  portion  ©f  theii 
gravity  which  is  not  so  employed,  for  this  is  the  only  portion 
which  causes  them  to  fall  or  press  downwards.  If  their 
gravity  were  only  just  sujficient  to  deflect  them  (as  is  the 
case  with  a  planet),  they  would  have  no  downward  pressure, 
that  is,   no   weight.     This   is   what  actually  occurs  on  the 

*  It  has  been  established  by  the  joint  labours  of  the  two  Herschels, 
that  the  same  force  regulates  the  motions  of  the  immeasurably  distant 
dcuble  stars. 
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outer  edge  of  Saturn's  ring,  and  is  in  all  probability  necessary 
to  the  very  existence  of  that  stupendous  arch.*  The  same 
thing  would  occur  on  the  earth's  equator  if  her  rotation 
were  only  17  times  more  rapid  than  it  is,  for  the  deflection 
from  a  straight  line  would  then  amount  to  16  feet  in  1  second, 
64  feet  in  2  seconds,  &c.,  or  would  be  as  much  as  gravity 
could  produce.  At  present,  however,  the  defection  of  a  body 
at  the  equator  during  a  second  is  only  about  |  of  an  inch, 
so  that  a  body  deprived  of  weight  would,  in  consequence  of 
its  inertia,  pursue  a  straight  line,  or  tangent  to  the  equator, 
which  would  in  1  second  lift  it  |  of  an  inch  above  the 
surface.  Now  this  tendency ^  which  the  inertia  of  bodies 
gives  them,  to  recede  from  the  centre  of  their  motion,  may  bo 
regarded  as  a  force^  under  the  name  of  centrifugal  force. 
The  weight  of  a  body,  then,  is  the  resultant  of  its  gravity 
towards  all  the  other  bodies  of  the  universe,  compounded  with 
its  centrifugal  force. 

157.  When  diflferent  bodies  revolve  round  the  same  axis  in 
equal  times,  as  the  different  parts  of  a  wheel  or  of  the  earth, 
their  centrifugal  forces  are  evidently  proportional  to  their  dis- 
tances from  that  axis.     Hence,  in  receding  from  the  equator, 

*  As  there  is  a  limit  to  the  cohesion  and  rigidity  of  all  solids,  how- 
ever hard,  such  vast  masses  as  the  planets  could  not  (if  at  rest)  deviate 
beyond  a  certain  extent  from  the  spherical  figure,  for  their  prominent 
parts  could  not  support  their  own  weight,  but  would  sink  and  spread, 
as  the  Pyramids  would  do  if  composed  of  jelly,  or  the  Andes  if  com- 
posed of  freestone ;  and  this  limit  to  the  height  of  mountains  would  be 
less  in  a  larger  planet,  so  that  perhaps  rw  substance  in  a  mass  as  large 
as  the  Sun  could  behave  differently  from  a  fluid.  So  also  with  arches : 
as  Chester  bridge  could  not  have  been  built  of  jelly,  so  there  would 
be  a  limit  to  the  span  even  of  an  arch  of  steel.  What,  then,  must  be 
the  adamantine  texture  of  an  arch  encircling  a  world !  and  not  this, 
but  the  thousandfold  greater  world  of  Saturn !  We  may  conclude  that 
this  wondrous  structure  could  not  subsist  by  cohesion  alone,  unassisted 
by  its  centrifugal  force. 

For  a  practical  view  of  the  subject  of  cohesion,  and  tables  of  its 
amount  in  different  solids,  see  "  Rudiments  of  Civil  Engineering," 
Part  I.  chap.  iii. 
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our  centrifugal  force  diminislies,  because  we  approach  nearer 
the  earth's  axis.  But  besides  being  diminished,  it  ceases  to 
be  directly  opposed  to  gravity,  because  the  latter  acts  towards 
the  earth's  centre,  while  the  former  acts  from,  and  at  right 
angles  with,  her  axis.  Thus,  in  London,  it  acts  not  directly 
upward,  but  upward  and  southward,  at  an  angle  of  51^°  from 
the  vertical.  (By  the  vertical  we  here  mean  the  earth's 
radius,  and  by  up  and  down,  to  and  from  her  centre.)  The 
whole  effect  of  centrifugal  force  in  this  latitude  during  a 
second  would  be  about  0.415  of  an  inch,  viz.  0.259  upward, 
and  0.325  southward.  Compounding  this,  then,  with  the  effect 
of  gravity,  which  is  193.403  inches*  downward,  we  find  that 
their  combined  effect,  or  that  oi  weight,  will  be  only  193.145 
inches  downward,  and  0.325  of  an  inch  southward.  A  body, 
then,  does  not  fall,  nor  a  plumb-line  hang,  truly  vertical,  or 
towards  the  earth's  centre,  but  deviates  towards  the  south 
by  about  3-^:^  of  its  length.  Hence,  a  surface  which  we  call 
level  or  horizontal,  as  that  of  a  liquid,  is  not  equidistant  at 
all  its  points  from  the  earth's  centre,  but  may  be  said  to 
have  a  rise  toward  the  south  of  1  in  594  (as  compared  with 
a  spherical  surface  concentric  with  the  earth).  By  extending 
the  same  argument  to  every  part  of  the  earth's  surface,  it 
will  appear,  that  if  it  were  covered  with  a  fluid,  the  surface  of 
that  fluid  would  be  a  spheroid  26  miles  thicker  across  the 
equator  than  from  pole  to  pole ;  so  that  if  the  earth  were 
a  solid  sphere,  water  might  be  poured  on  till  it  stood  13  miles 
high  at  the  equator,  still  leaving  the  poles  dry.  But  as  some 
land  is  exposed,  and  some  covered,  in  every  latitude,  we  thus 
see  that  the  earth  has  been  designedly  formed  with  a  shape 
nearer  this  spheroid  than  the  sphere,  and  with  a  view  to  her 

*  This  number  is  obtained  thus  exactly  by  means  of  pendulum  obser- 
vations ;  for  we  have  seen  that  as  the  time  of  one  vibration  :  the  time  of 
falling  half  the  pendulum's  length  ::  the  circumference  of  a  circle, 
•  its  diameter  (129).  Whence  it  follows,  that  the  height  fallen  in  one 
second  is  3.1416  x  3.1416  x  half  the  length  of  a  seconds  pendulum  at 
the  sarne  place. 
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rotation  with  this  particular  velocity.*  The  same  applies  to 
the  other  planets,  the  rapid  rotation  of  Jupiter,  for  instance, 
explaining  his  great  deviation  from  the  spherical  figure. 

158.  We  need  not  multiply  instances  of  the  more  familiar 
efiects  of  centrifugal  force, — the  destructive  violence  with 
which  grinding-stones  have  flown  in  pieces  when  too  rapidly 
turned,  or  the  useful  application  of  the  same  force  to  regulate 
the  supply  of  steam  to  an  engine  by  the  conical  pendulum,  or 
governor.  Some  beautiful  illustrations,  however,  are  afforded 
by  the  feats  of  horsemanship  in  the  ring  of  an  amphitheatre.  It 
may  not  be  generally  known  that  the  circular  form  is  absolutely 
necessary  to  the  success  of  these  performances.  It  would  pro- 
bably be  impossible  for  the  horseman  even  to  stand  on  his  saddle 
while  the  horse  is  moving  in  a  straight  line,  still  less  to  perform 
the  elegant  and  surprising  evolutions  which  we  so  m.uch  admire, 
because  it  would  be  impossible  for  the  rider  so  to  alter  the 
position  of  his  body  with  each  motion  of  the  horse  as  to  keep 
the  centre  of  gravity  of  his  body  constantly  within  the  narrow 
base  of  his  feet.  "  But  if,"  as  Professor  Moseley  remarks, 
"  instead  of  riding  in  a  straight  line,  he  rides  in  a  curve,  a 
new  force  is  lent  to  him  to  support  his  weight — acting,  too,  as 
if  it  acted  at  the  same  point  where  his  weight  may  be  supposed 
to  act,  viz.  his  centre  of  gravity ;  •  this  new  force  is  his  centri- 

*  Thus  we  see,  that  on  approaching  the  equator,  not  only  must  the 
centrifugal  force  increase,  because  we  are  farther  from  the  axis,  but  also 
the  force  of  gravity  must  slightly  diminish,  because  we  are  a  little  farther 
from  the  centre.  For  both  reasons,  therefore,  weight  must  diminish ; 
and  this  will  be  detected  by  opposing  a  weight  to  some  constant  force 
(as  the  elasticity  of  a  spring),  or  more  exactly  by  the  vibrations  of  the 
pendulum.  The  first  observations  for  this  purpose  were  made  by  Richter 
in  1672,  at  Cayenne,  where  he  found  the  seconds  pendulum  to  be  about 
^  inch  shorter  than  at  Paris.  The  London  seconds  pendulum  has  been 
made  the  standard  of  our  measures,  as  already  noticed  (note,  p.  3).  The 
pendulum  observations,  measurements  of  degrees  ("  Introduction  to 
Natural  Philosophy,"  sec.  22),  and  lunar  perturbations,  though  perfectly 
independent,  all  concur  in  making  the  difference  of  the  earth's  greatest  au<? 
least  diameters  =  about  ^^  of  either. 
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fugal  force.  His  centre  of  gravity  has  now  no  longer  any 
occasion  to  be  brought  over  the  base  of  his  feet,  another 
horizontal  force  joins  in  supporting  it,  and  poised  between  the 
horizontal  force  and  the  resistance  of  his  feet,  its  equili- 
brium is  easily  found.  To  the  action  of  the  centrifugal  force, 
which  would  otherwise  overthrow  him  outwards,  the  horse- 
man slightly  opposes  the  weight  of  his  body  by  leaning 
inwards ;  and  does  he  find  his  inclination  too  great,  he  urges 
on  his  horse,  and  his  centrifugal  force,  thus  increased,  raises 
him  up  again.  By  thus  varying  his  velocity  and  the  inclina- 
tion of  his  body,  the  conditions  of  his  equilibrium  are  placed 
completely  under  his  control,  and  he  can  perform  a  thousand 
evolutions  that  moving  in  a  straight  line  he  could  not ;  he  can 
leap  upon  his  horse,  stand  upon  his  head  or  his  hands  whilst 
he  is  performing  his  gyrations,  or  jump  from  his  horse  upon 
the  ground,  and,  running  to  accompany  its  motion,  vault 
again  upon  his  saddle.  The  conditions  of  his  stability,  and 
even  the  force  of  his  gravity,  appear  to  be  mastered.  There 
is  in  fact  given  to  him  a  third  invisible  power,  by  the  act  of 
his  revolution,  which  is  a  certain  modification  of  the  force  of 
his  onward  motion ;  this  acts  with  him  in  all  the  evolutions 
he  makes,  and  is  the  secret  of  all  his  feats.*' 


Part  III.— HYDROSTATICS. 


The  conditions  of  equilibrium  in  liquids,  and  tlie  pres- 
sures exerted  by  them,  are  considered  in  tbe  science  of 
Hydrostatics,  the  third  of  the  four  great  divisions  which  form 
the  subject  of  general  Mechanics. 

159.  The  properties  of  liquids  are  always  modified  by  the 
action  of  two  forces ;  viz.  that  of  weight,  or  the  attraction  of 
gravitation,  to  which  they,  in  common  with  matter  of  aU 
kinds,  are  subject ;  and,  secondly,  molecular  attraction,  which 
must  act  differently  in  liquids  and  solids,  although  we  hav« 
no  means  of  determining  in  what  this  difference  consists. 
We  can  readily  form  an  idea  of  the  distinct  action  of  each  of 
these  forces,  for  we  can  imagine  a  mass  of  water  ceasing  to 
be  heavy  without  ceasing  to  be  liquid  ;  such  a  mass  would 
neither  fall  nor  flow  when  turned  out  of  the  vessel  containing 
it,  and  indeed  it  would  not  require  for  its  equilibrium  to  be 
sustained  by  the  ground,  or  even  by  a  vessel ;  and  yet  such 
a  mass  of  weightless  fluid  would  display  a  number  of  re- 
markable properties,  the  most  important  of  which  would  be 
equality  of  pressure  in  all  directions;  that  is  to  say,  the 
liquid  would  transmit  equally,  and  in  all  directions,  any  pres- 
sure exerted  on  its  surface.  For  example,  let  a  b  c  d  ef. 
Fig.  73,  be  a  vessel  containing  a  liquid  supposed  to  be  without 
weight,  and  p  a  solid  piston,  which  exactly  covers  its  surface. 
If  the  piston  is  also  without  weight,  it  is  clear  that  the  liquid 
experiences  no  pressure,  and  that  if  a  hole  were  made  in  the 
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vessel  no  portion  of  the  liquid  would  flow  out.  Now,  sup- 
pose that  the  piston  be  loaded  with  any  given  weight,  «ay 
100  pounds,  it  will  of  course  tend  to  sink  down  into  the 
liquid,  and  it  would  do  so  unless  the  liquid  itself  opposed 
such  a  tendency.  Whether  the  liquid  be  compressible  or  not, 
the  result  is  the  same,  for  the  liquid  must  either  become 
annihilated,  or  it  must  bear  up  the  weight  of  100  lbs.  If  we 
divide  the  liquid  into  any  number  of  layers,  the  uppermost 
layer,  which  is  in  contact  with  the  piston,  and  sustains  it, 
also  sustains  the  whole  of  the  weight,  and  would  of  course 
descend  unless  supported  by  the  layer  immediately  beneath, 
which  receives  from  the  one  above  it  as  much  pressure  as 
that  one  receives  from  the  piston.     So  also  the  second  layer 


Fig.  73. 


presses  upon  the  third,  and  in 
this  way  we  may  go  on  until 
we  arrive  at  the  bottom  of  the 
vessel,  which  we  shall  find  has 
to  sustain  the  pressure  of  the 
100  lbs.  exactly  as  if  the  weight 
and  piston  were  placed  there 
instead  of  being  transmitted  by 
the  liquid.  Now,  as  this  pres- 
sure of  100  lbs.  is  borne  by  the 
whole  of  the  base  of  the  vessel, 
it  is  evident  that  one-half  of  the  base  sustains  only  50  lbs., 
and  that  one-hundredth  part  of  the  base  sustains  only  1  lb. 
We  see,  then,  from  this  illustration,  1st,  That  the  pressure  is 
transmitted  by  horizontal  surfaces  from  the  top  to  the  bottom 
of  the  vessel  without  any  loss  of  effect ;  2nd,  That  the  pres- 
sure is  equal  at  each  point ;  3rd,  That  it  is  proportional  to 
tiie  extent  of  the  surface  under  consideration. 

160.  So  far  we  find  no  diff'erence  between  a  liquid  and  a 
solid ;  but  the  peculiar  characteristic  of  liquids  is,  that  the  same 
effects  are  produced  on  the  sides  of  the  vessel  as  on  the  base. 
If  a  lateral  opening  be  made  in  any  direction,  as  at  a  6,  the 
liquid  will  spirt  out;  and  if  the  opening  thus  made  be  of  thu 
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Kime  size  as  the  piston  p,  it  will  require  a  force  equal  to 
100  lbs.  to  prevent  the  water  from  spirting  out;  if  this  side 
opening  be  only  one- hundredth  of  the  area  of  the  piston,  the 
water  may  be  kept  back  with  the  force  of  1  lb.  If  a  hole  be 
made  in  the  piston,  the  liquid  will  spirt  upwards,  proving 
that  the  piston  also  sustains  a  pressure  similar  to  that  on  the 
base  and  sides  of  the  vessel.  Indeed,  this  necessarily  arises 
from  the  principle  of  action  and  reaction.  It  will  be  seen 
that  liquids  transmit  equally,  and  in  all  directions,  the  pres- 
sures exerted  on  any  part  of  them,  so  that  every  surface 
which  they  touch  receives  (and  must  return)  a  pressure  pro- 
portioned to  its  area.  Thus,  if  the  area  of  the  piston  p  be,  as 
we  have  supposed,  100  times  that  of  the  piston  p,  it  will 
require  a  pressure  of  100  lbs.  on  p  to  balance  1  lb.  on  p.  Thus 
we  have  another  simple  machine,  like  those  commonly  called 
mechanical  powers,  and  described  in  Statics  (lY.).  And  this 
hydrostatic  power,  no  less  than  the  others,  depends  on  the 
principle  of  virtual  velocities ;  for  it  is  evident  that  if  the 
piston  p  be  pushed  in  through  any  given  distance,  the  piston 
p,  which  is  100  times  larger,  will  be  thrust  out  only  -j^^  of 
that  distance,  so  that  whatever  may  be  the  gain  of  power,  it 
is  procured  by  an  equivalent  loss  of  motion.  Used  as  a  press 
(Bramah's  press),  this  machine  has  some  great  advantages 
over  the  wedge  or  the  screw,  as  its  mechanical  efficacy  can 
evidently  be  increased  to  almost  any  extent  without  any  pro- 
portionate increase  of  friction  or  complication  of  parts. 

161.  Now  it  must  be  evident  that  this  property  can  be  in 
no  way  altered  by  conferring  weight  on  the  liquids  under  con- 
sideration, except  that  additional  forces  arising  from  the 
mutual  weight  and  pressure  of  the  particles  have  to  be  taken 
into  account.  Whence  it  follows,  that  in  order  for  a  liquid  to 
be  in  equilibrium,  first  every  point  of  its  surface  must  be 
perpendicular  or  normal  to  the  force  which  acts  upon  it ; 
and,  secondly,  each  individual  particle  of  the  liquid  must 
experience  equal  pressures  in  all  directions 

1()2.  With  respect  to  the  first  condition  of  equilibrium,  lei 


Fig.  74. 

f 
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US  suppose  that  the  surface  is  not  perpendicular  to  the  force 
which  acts  upon  the  liquid  particles ;  that  this  surface  follows 
the  direction  acde.  Fig.  74,  while  the  force 
acts  in  the  direction  of  the  vertical  lines  v  v. 
In  such  case  a  horizontal  layer  h  d  must 
be  pressed  by  the  weight  of  all  the  particles 
above  it ;  and  this  pressure  being,  as  we 
have  seen,  transmitted  laterally,  the  mole- 
cule d,  for  example,  would  be  thrust  out  by 
this  lateral  pressure,  since  there  is  no  coun- 
terbalancing pressure  on  the  opposite  side ;  it  is  thrust  aside, 
and  another  particle  occupies  its  place,  which,  in  its  turn, 
is  also  thrust  aside,  until  at  length  the  particles  forming  the 
curve  acd  have  fallen  into  the  depression  d  e,  and  the  whole 
^rface  has  become  horizontal.  The  same  process  would  take 
place  with  any  other  portion  of  the  liquid  above  the  hori- 
zontal surface,  and  there  can  be  no  equilibrium  until  there  are 
no  more  particles  to  descend ;  when  such  is  the  case,  they  are 
all  ranged  in  a  plane  normal  to  the  force.* 

*  From  this  law  arises  not  only  the  generally  level  or  horizontal  sur- 
face of  liquids  at  rest,  but  also  all  the  deviations  from  such  a  level. 
Thus  the  surface  of  water  commonly  rises  with  a  concave  slope  where 
it  meets  the  side  of  the  vessel,  because  the  particles  very  near  the  solid  are 
attracted  by  it  as  well  as  by  the  earth ;  and  the  resultant  of  the  two 
attractions  is  therefore  not  vertical,  but  more  and  more  inclined  in 
approaching  the  solid  wall ;  and  the  liquid  surface  is  everywhere  at  right 
angles  with  this  resultant.  If,  however,  the  solid  be  less  than  half  as 
dense  as  the  liquid,  the  extreme  particles  will  be  more  attracted  by  the 
liquid  on  one  side  than  by  the  solid  on  the  other,  so  that  the  resultant 
will  incline  the  contrary  way,  and  the  surface  will  be  depressed  instead 
of  being  raised,  and  convex  instead  of  concave,  as  happens  with  mercury 
resting  against  glass,  or  water  against  a  dry  cork  ;  but  if  the  cork  be  pre- 
viously wetted,  the  liquid  film  adhering  to  it  will  have  the  same  effect 
as  a  denser  solid.  Many  other  curious  effects  of  this  kind  are  classed 
nnder  the  term  capillarity.  (See  "  Introduction  to  Natural  Philosophy." 
sec.  39.)  Widely  contrasted  in  scale,  but  similar  in  principle  to  these,  are 
the  effects  mentioned  in  our  last  section.  The  general  surface  of  the 
ocean,  acted  on  at  once  by  two  forces  (gravity  towards  the  earth's 
centre,  and  centrifugal  force  from  her  axis),   must,  at  every  point,  be 
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163.  From  the  principle  of  equal  pressures,  as  well  as  from 
the  first  condition  of  equilibrium  in  liquids,  many  important 
consequences  are  obtained.  For  example,  the  Dressure  of 
water  and  other  liquids  upon  a  given  surface,  is  in  propor- 
tion jointly  to  the  magnitude  of  that  surface  and  to  the 
mean  height  of  the  liquid  above  that  surface.*  This  truth 
is  readily  understood  in  the  case  of  a  cylindrical  vessel, 
such  as  No.  1,  in 

Fig.  -75,  but  it  is  ^'^'J^^ 

not  so  evident  in 
the  vessels  No.  2 
and  No.  3.  All 
three  vessels  con- 
tain very  unequal 
quantities  of  wa- 
ter ;  they  diflfer  in 
every  respect  ex- 
cept being  of  equal  height  and  base ;  and  in  each  case  the 
same  amount  of  pressure  is  exerted  on  the  base  without 
any  regard  to  the  bulk  of  the  water.  Hence  we  may  estimate 
the  pressure  of  a  fluid  upon  the  base  of  the  containing  vessel 
by  multiplying  its  height  into  the  area  of  the  base,  and  this 
product  by  the  density  of  the  fluid.  In  the  vessel  No.  2  it 
will  be  seen  that  the  bottom  bears  only  the  column  of  fluid 
denoted  by  the  dotted  lines,  and  which  is  exactly  equal  to 
the  whole  fluid  in  No.  1.     But  however  paradoxical  it  may 

perpendiculir  to  their  resultant  (t.  e.  to  the  direction  of  the  plumb-line), 
and  hence  becomes  a  spheroid,  flattened  towards  the  poles.  So  also 
in  the  sides  of  a  whirlpool  the  liquid  surface  is  sloping,  because  the 
resultant  of  gravity  and  centrifugal  force  is  sloping,  as  would  be  shown 
by  a  plumb-line  in  a  vessel  carried  round  the  whirl.  The  moon's  attrac- 
tion, too,  combines  with  that  of  the  earth  to  produce  a  resultant  which 
is  not  always  vertical ;  and  thus  the  mobile  surface  of  the  ocean,  con- 
stantly seeking  an  equilibrium  which  it  cannot  find  on  account  of  the 
moon's  motion,  is  alternately  raised  and  depressed,  and  produces  the 
periodical  oscillations  of  the  tides. 

*  That  is,  its  height  above  the  centre  of  gravity  of  the  surface. 
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Fig.  76. 


appear,  it  is  no  less  true,  that  the  base  of  No.  3  bears  a  pres- 
sure exactly  equal  to  this  same  weight  of  fluid,  although  the 
whole  vessel  does  not  contain  so  much. 

164.  Some  curious  results  may  be  obtained  by  the  opera- 
tion of  this  law.  Let  a  vessel  a,  Fig.  76,  full 
of  water,  have  a  slender  tube  b  screwed  into  it ; 
on  filling  the  tube  with  wat6r  to  a  certain  height, 
the  vessel  will  immediately  burst ;  and  the  height 
of  the  fluid  necessary  to  efi"ect  this  result  will  be 
exactly  the  same,  however  large  or  however  small 
the  tube  may  be ;  so  that  the  weight  of  a  single 
ounce  of  water,  if  piled  high  enough,  may  burst 
the  strongest  vessel.  Suppose  the  bore  of  the  tube 
to  be  one-twentieth  of  an  inch,  then  whatever  pres- 
sure is  transmitted  through  it,  an  equal  pressure 
will  be  borne  by  every  space  one-twentieth  of  an 
inch  in  diameter  throughout  the  interior  of  a. 
Now  a  square  inch  contains  about  530  such  spaces  : 
so  that  an  ounce  of  water  poured  into  such  a  tube 
would  exert  a  pressure  of  530  ounces,  or  33  pounds, 
on  every  square  inch  of  a  ;  a  force  which  few 
vessels,  except  steam-boilers,  are  made  capable  of 
resisting. 

165.  Thus  the  whole  interior  surface  of  a  vessel 
is  subject  to  an  enormous  pressure  in  consequence 
of  the  manner  in  which  liquid  pressure  is  trans- 
mitted. And  not  only  the  interior  surface,  but 
the  liquid  particles  also  in  every  part  of  the 
vessel,  are  subject  to  corresponding  pressures. 
In  the  interior  of  the  liquid  mass  contained  in 
the  vessel  shown  in  Fig.  77,  let  us  imagine  a 
layer  I  I  parallel  to  the  surface  s  s.  All  the  particles  of  this 
layer  are  evidently  pressed  by  the  mass  of  liquid  above 
them ;  they  are,  as  it  were,  under  the  pressure  of  a  liquid 
cylinder  ss  II.  But  it  is  important  to  observe  that  this 
pressure    from   above,   downwards,    is,    by   the  principle    of 
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Fig.  78. 


action  and  reaction,  exactly  equal  to  that 

from  below,   upwards;    and   the    separate 

molecules   of  this   layer   1 1   are   held   in 

equilibrium  by  these  equal   and  opposite 

pressures.     Now,  in  limiting  our  attention 

to  a  portion  only  of  this  layer,  a  b,  it  will 

be  seen  that  the  surface  a  b  is  at  once 

pressed   from    above,   downwards,    by  the 

liquid    column    c  d  b  a,    and    from    below. 

upwards,  by  a  precisely  equal  force;  so  tluit  if  a  solid  were 

plunged    into   the   water  whose  base   exacily  occupied   a  b, 

this  pressure  would  act  upon  the  solid  from  below,  upwards, 

tending  to  drive  it  out  of  the  liquid. 

166.  This  will  be  clear  from  the  following  experiment: — 
A  tolerably  large  glass  tube  t.  Fig.  78,  ground  flat  at  its  lower 
extremity,  is  closed  by  means  of  a  glass  plate  or  valve  v  v, 
from  the  centre  of  which  proceeds  a  string 
up  to  the  top  of  the  tube.  If  the  surfaces 
be  tolerably  smooth,  the  valve  will  close  the 
tube  water-tight  on  pulling  the  string.  On 
lowering  the  tube  thus  closed  into  the  ves- 
sel of  water  a  b  c  d,  the  thread  can  be  let 
go,  because  the  valve  will  be  upheld  by  the 
upward  pressure  of  the  water;  and  that 
this  pressure  is  equal  to  that  which  it 
would  sustain  at  that  depth  from  a  column 
of  water  acting  from  the  surface,  down- 
wards, is  proved  by  pouring  water  into  the  tube.  As  soon 
as  the  interior  level  approaches  the  exterior  a  a,  the  glass 
valve  is  pressed  from  above  as  much  as  it  was  before  pressed 
from  below,  and  it  then  falls  to  the  bottom  of  the  vessel 
by  its  own  weight.* 

*  Or  rather  by  the  difference  between  its  weiijht  and  that  of  an  equal 
bulk  of  water,  for  it  cannot  descend  without  raising  such  a  quantity  of 
water,  just  as  the  heavy  arm  of  a  balance  cannot  descend  witl»nut  raising 
the  lighter  arm. 
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1 07.  The  pressure,  then,  upon  a  given  surface,  is  the  same, 
whether  it  face  upwards  or  downwards ;  and  may  also  be 
proved  to  be  the  same  in  whatever  direction  it  be  turned, 
provided  its  centre  of  gravity  remain  at  the  same  depth  below 
the  liquid  surface;  for  this  pressure  is  equal  to  the  weight 
of  a  column  of  liquid  whose  base  is  the  given  surface,  and 
whose  length  equals  the  depth  of  its  centre  of  gravity. 

168.  In  water,  the  pressure  on  any  surface  at  the  depth  of 

1  foot  is  equal  to  nearly  half  a  pound  on  the  square  inch.    At 

2  feet  deep  it  is  about  1  lb.  At  3  feet  =  1^  lb.  At  4  feet  = 
2  lbs.  At  5  feet  =  2^  lbs.  In  a  cubical  vessel  full  of  a  liquid, 
the  pressure  on  any  one  side  is  equal  one-half  the  pressure 
on  the  base ;  for  the  bottom  sustains  a  pressure  equal  to  the 
whole  weight  of  the  fluid,  and  the  pressure  sustained  by  each 
side  is  equal  to  the  weight  of  a  mass  as  long  and  broad  as 
that  surface,  and  as  deep  as  its  centre,  and,  consequently, 
equal  to  half  the  contents  of  the  vessel.  Hence  we  get  the 
remarkable  result  that,  in  a  cubical  vessel,  a  liquid  produces 
a  total  amount  of  pressure  3  times  as  great  as  its  own  weight ; 
for  if  this  equal  1,  and  the  pressure  upon  each  of  the  4  sides  be 
equal  to  half  that  upon  the  base,  4x^  =  2,  and  2  +  1=3. 

169.  In  any  surface  which  sustains  the  pressure  of  a  mass 
of  fluid,  there  is  a  point  called  the  centre  of  pressure^  at  which 
the  whole  pressure  of  the  mass  may  be  conceived  to  act,  and 
to  which,  if  a  single  sufficient  force  were  applied,  the  mass  of 
fluid  would  be  supported,  and  the  surface  kept  at  rest.  In 
any  vertical  surface  extending  to  the  top  of  the  fluid,  this 
point  is  at  one-third  the  depth  of  the  fluid  from  the  bottom, 
and  at  the  middle  of  the  breadth  of  the  surface.  The  deter- 
mination of  this  point  is  of  the  highest  importance  in  all 
works  made  to  resist  fluid  pressure. 

170.  When  a  number  of  vessels  communicate  with  each 
other,  whatever  be  their  form  or  size,  the  same  conditions  of 
equilibrium  apply  to  the  fluid  contained  in  them  as  to  a  single 
vessel.  In  the  first  place,  the  surfaces  of  the  fluid  in  tlie 
vessels  are  all  level ;  and,  secondly,  they  are  all  at  the  same 
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levels  provided  the  same  fluid  be  used.  Thus,  on  filling  the 
large  vessel  a  with  water,  or 
mercury,  or  any  other  fluid,  it 
will  exert  a  pressure  on  the 
side  tube,  near  the  bottom,  equal 
to  the  area  of  the  tube  x  by  the 
height,  X  by  the  density  of  the 
fluid ;  and  on  opening  the  stop- 
cock c,  this  pressure  will  cause 
the  fluid  to  ascend  into  the  small 
vessel  B  until  it  attains  the  same 
level  as  in  a,  when  equilibrium 

will  be  established,  because  the  water  in  a,  as  well  as  the 
water  in  b,  presses  upon  the  same  space  at  c,  and  both  are 
of  the  same  height. 

171.  After  what  has  been  said,  it  is  scarcely  possible  for  the 
reader  to  ask  a  not  uncommon  question  :  "  If  water  presses 
equally  in  all  directions,  why  does  not  the  large  mass  in  a 
cause  the  small  mass  in  b  to  overflow?" 
A  man  who  was  seeking  a  solution  of  the 
absurd  mechanical  problem  of  perpetual 
motion,  once  asked  himself  this  very  ques- 
tion, and  constructed  a  vessel  of  the  form 
shown  in  Fig.  80,  supposing  that  the 
large  mass  of  water  in  the  vessel  would 
force  the  water  along  the  narrow  tube  and 
raise  it  to  its  extremity,  where  it  would 
flow  back  into  the  larger  division  perpetu- 
ally. He  was,  however,  greatly  surprised  to  see  the  fluid  in 
both  divisions  settle  at  the  same  level. 

.72.  If  fluids  of  different  densities,  such  as  water  and  mer- 
cury, be  made  to  communicate,  the  height  to  which  they  will 
rise  in  the  limbs  of  a  vessel  such  as  a  b,  Fig.  81,  will  be  re- 
spectively in  the  inverse  ratio  of  their  densities.  If  the  bend 
be  first  filled  with  mercury,  and  water  be  then  poured  into  a, 
a  column  of  that  fluid,  13.6  inches  high,  will  be  necessary 
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Fig.  81.  to  balance  1  inch  of  mercury  in  b,  mercury  being 
13-j*^  times  denser  than  water.  It  matters  not 
how  unequal  in  bore  may  be  the  two  branches 
of  the  tube :  if  the  experiment  be  repeated  in 
such  an  apparatus  as  Fig.  79,  the  result  will  be 
the  same,  whether  the  mercury  be  in  a  or  in  b  ; 
the  whole  height  of  water  will  always  be  13.6 
times  that  of  the  higher  mercurial  level  above  the 
lower.  This  affords  an  easy  illustration  of  the 
principle  of  the  barometer^  for  which  see  "  Rudi- 
mentary Pneumatics." 

173.  The  densities  or  specijic  gravities  of  dif- 
ferent bodies  are  usually  compared  with  water 
as  a  standard  on  what  is  sometimes  called  the  principle  of 
A  rchimedes.  namely,  that  when  a  solid  is  immersed  in  a  fluid, 
it  displaces  a  quantity  of  the  fluid  exactly  equal  to  its  own 
bulk.  If  the  quantity  of  fluid  thus  displaced  be  lighter 
than  the  solid,  the  solid  will  sink  in  the  fluid ;  if  it  be  of  the 
same  weight,  it  will  rest  indifferently  in  any  part  of  the  fluid  ; 
if  heavier,  it  will  float  in  such  a  manner  as  to  displace  only 
as  much  fluid  as  may  equal  its  own  weight.  But  confining 
our  attention  to  the  first  case  (of  a  body  that  sinks),  the  body 
thus  immersed  in  the  fluid  apparently  loses  a  portion  of  its 
weight  exactly  equal  to  that  of  the  fluid  displaced,  as  the 
following  experiment  will  prove.  A  solid  cylinder  of  copper 
s,  Fig.  82,  exactly  fitting  into  a  hollow  cylinder  c  of  the 
same  material,  are  both  suspended  from  an  arm  of  a  balance, 
and  brought  into  equilibrium  by  weights  in  the  opposite 
scale-pan  p.  The  solid  cylinder  is  allowed  to  dip  into  an 
empty  glass.  On  filling  up  this  glass  with  water,  so  as  com- 
pletely to  immerse  the  solid  cylinder,  the  scale-pan  p  will 
sink  down  in  consequence  of  the  apparent  loss  of  weight  in 
the  cylinder  s.  Now,  on  filling  up  the  hollow  cylinder  c 
with  water,  the  balance  is  restored.  The  fluid  support  which 
IS  given  to  s  is  represented  by  the  weight  of  the  water  in  c 
required  to  restore  the  equilibrium  of  the  balance ;  and  as  s 
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Fig.  82. 


exactly  fits  into  c,  the  bulk 
of  water  poured  into  c  must 
be  exactly  equal  to  that 
displaced  by  s.  And  tbis 
would  be  true,  whatever 
might  be  the  material  of  s, 
whether  gold  or  cork.  If  it 
were  cork,  it  would  appear 
to  lose  more  than  its  whole 
weight,  or  to  acquire,  when 
immersed,  a  levity  or  up- 
ward tendency,  which,  how- 
ever, is  still  found  to  be 
neutralized,  and  its  exact 
weight  restored,  by  filling 
c.  It  is  scarcely  necessary 
to  observe,  that  all  apparent 

instances  of  a  tendency  the  reverse  of  gravity,  as  in  smoke, 
balloons,  &c.  are  only  efl'ects  of  this  kind  depending  on  the 
pressure  of  the  surrounding  fluid,  which  must  be  denser  than 
the  rising  body. 

174.  In  ascertaining  the  specific  gravity  or  density  of  a 
solid  denser  than  water,  it  is  first  weighed  in  air  and  then  in 
water.  By  subtracting  the  weight  of  the  substance  iu  water 
from  its  weight  in  air,  and  dividing  the  latter  by  the  difi"er- 
ence,  the  product  will  be  the  specific  gravity  required.  For 
example,  a  piece  of  gold  weighs  in  air  77  grains,  and  in  water 
73  grains;  then  77— 73  =  4;  and  '/  =  19 J.  The  propor- 
tion, therefore,  of  the  weights  of  equal  bulks  of  the  metal  and 
the  water,  is  77  to  4,  or  19^  to  1.  So  that  gold  is  19^  times 
heavier  than  its  own  bulk  of  water;  and  this  number  is 
called  the  specific  gravity  or  density  of  gold.  It  is  obviously 
unimportant  how  much  or  how  little  be  taken, — the  specific 
gravity  will  be  the  same.  It  is  equally  unimportant  whether 
the  standard  of  comparison  be  taken  as  1  or  1000.  It  is 
usual,  however,  to  write  the  value  of  the  standard  decimally, 
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thus — 1.000.  When,  therefore,  we  say  that  the  specific 
gravity  of  gold  is  19^,  or  19.25,  we  mean  that  a  quantity 
of  water  weighing  1  is  exactly  equal  in  bulk  to  a  mass 
of  gold  weighmg  19^.  The  specific  gravity  of  cork  is  only 
0.24;  that  is,  the  mass  of  water  which  any  given  bulk  of 
cork  displaces  on  being  plunged  into  it,  is  rather  more  than 
4  times  heavier  than  the  cork.  The  specific  gravities  of 
liquids  are  taken  by  means  of  a  bottle  capable  of  holding 
exactly  1,000  grains  of  water  at  a  given  temperature  (such  as 
60°  Fahr.).  On  filling  this  bottle  with  proof  spirit,  it  will  be 
found  to  contain  only  837  grains ;  so  that  .837  is  the  specific 
gravity  of  proof  spirit.  If  the  bottle  be  filled  with  sulphuric 
acid  of  commerce,  it  will  weigh  about  1845  grains;  and  hence 
1.845  is  said  to  be  the  specific  gravity  of  this  acid.  In  taking 
the  specific  gravities  of  gases  and  vapours,  atmospheric  air  is 
the  standard. 

175.  When  a  body  ^oats  on  a  fluid,  it  displaces  a  quantity 
equal  in  weight  to  itself ;  when  it  sinks,  it  displaces  a  quantity 
equal  in  hulk.  Hence  the  conditions  of  equilibrium  in  float- 
ing bodies  are  two: — 1st.  That  the  portion  immersed  :  the 
whole  bulk  :  :  the  density  of  the  solid  :  that  of  the  fluid. 
2nd.  That  the  centre  of  gravity  of  the  solid,  and  that  of  the 
fluid  displaced,  are  in  the  same  vertical  line.  The  equili- 
brium, however,  may  be  stable  or  unstable ;  and  if  stable,  the 
body  will,  on  being  disturbed,  return  to  its  former  position 
by  a  number  of  oscillations  which  are  isochronous,  like  those 
of  the  pendulum;  and  their  times  depend  on  the  position  of  a 
point  called  the  metacentre,  which  has  the  properties  of  the 
point  of  suspension  in  pendulums.  When  the  metacentre 
is  lower  than  the  centre  of  gravity  of  the  whole  body,  the 
equilibrium  is  unstable .   otherwise  it  is  stable. 
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176.  The  principles  which  regulate  the  motions  of  fluids  are 
considered  in  the  fourth  division  of  Mechanics,  called  Hydro- 
dynamics^ or  Hydraulics.  This  subject  is  one  of  great  com- 
plexity, on  account  of  the  facility  with  which  a  fluid  mass  is 
set  in  motion  by  the  disturbance  of  %  few  only  of  its  particles ; 
and  the  resulting  motions  are  modified,  either  in  their  velocity 
or  in  their  direction,  by  so  many  causes,  that  it  is  difficult  to 
anticipate  or  explain  the  various  phenomena  which  arise. 
There  are,  however,  in  this  science  certain  fundamental  laws 
which  go  far  to  generalize  the  phenomena. 

177.  The  sides  of  a  vessel  containing  a  fluid  are  subject  to 
two  opposite  forces — one  arising  from  the  hydrostatic  pressure 
of  the  fluid,  tending  to  burst  the  vessel  outwards;  the  other,  the 
atmospheric  pressure,  or  that  of  any  other  medium  surround- 
ing the  vessel,  tending  to  burst  the  vessel  inwards.  If  an 
opening  be  made  in  the  side  or  base  of  the  vessel,  the  liquid 
will  flow  out,  provided  the  interior  pressure  be  greater  than 
the  exterior.  In  the  common  trick  of  covering  a  glass  quite 
full  of  water  with  a  piece  of  paper,  and  inverting  the  glass 
without  spilling  the  water,  the  atmospheric  pressure  is 
greater  than  that  of  the  water,  and  would  continue  to  be  so 
if  the  glass  were  32  feet  in  depth.  If  the  mouth  of  the 
glass  be  small,  as  in  a  narrow-necked  phial,  no  paper  need 
be  used,  for,  on  inverting  it,  the  pressure  of  the  air  on  the 
mobile  but  narrow  surface  of  the  fluid  will  prevent  it  from 
flowing  out  without  dividing,  which  its  cohesion  prevents  it 
from  doing.  If  the  neck  be  enlarged,  the  air,  being  so  much 
lighter  than  the  water,  will  force  a  passage  up  through  it, 
ind  break  up  the  liquid  column.  But  if  an  opening  be 
nade  in  the  top  of  the  vessel,  the  liquid  will  flow  smoothly, 
as  if  no  air  were  present;  for  the  atmospheric  pressure,  to- 
gether with  that  of  the  fluid  within^  is  opposed  to  the  atmo- 
spheric pressure  alone  without ;  and  the  motion  is  produced  by 
the  difierence  of  these  pressures,  viz.  that  of  the  liquid  alone. 
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178.  In  the  examples  which  we  are  about  to  consider  of 
liquids  escaping  from  an  orifice,  the  flow  will  result  from 
excess  of  pressure,  and  not  from  the  breaking  up  of  the 
liquid  column.  But,  in  order  that  results  may  be  comparable, 
it  is  necessary  that  the  surface  of  the  liquid  in  the  containing 
vessel  be  maintained  at  the  same  height  by  some  contrivance 
which  shall  add  to  the  vessel  the  same  amount  of  liquid  as 
flows  from  it.  In  such  case,  neglecting  all  mechanical  ob- 
stacles arising  from  friction  and  other  causes,  the  flow  of 
liquids  from  orifices  in  vessels  obeys  the  force  of  gravitation, 
and  their  motion  becomes  accelerated,  according  to  the  law 
already  noticed  for  falling  bodies  (114).  The  expression  of 
this  law,  known  as  Torricelli's  theorem,  is.  That  particles  of 
fluid,  on  escaping  from  an  orifice,  possess  the  same  velocity 
as  if  they  had  fallen  freely  in  vacuo  from  a  height  equal  to 
that  of  the  fluid  surface  above  the  centre  of  the  orifice. 

179.  Now,  as  we  have  already  seen  (112),  that  all  bodies 
falling  from  the  same  height  in  vacuo,  acquire  the  same 
velocity;  the  flow  of  liquids  from  an  oriflce  does  not  depend 
upon  their  densities,  but  only  on  the  depth  of  the  orifice 
below  the  level  of  the  fluid.  Mercury  and  water,  for  exam- 
ple, flow  with  the  same  velocity  when  they  escape  by  similar 
orifices  at  the  same  depth  below  their  levels ;  for  although  the 
pressure  of  the  mercury  is  18^  times  greater  than  that  of  the 
water,  it  has  13  J  times  as  much  matter  to  move. 

180.  We  have  seen  (115)  that  the  velocities  acquired  by 
falling  bodies  are  as  the  square  roots  of  the  heights ;  that  in 
order  to  produce  a  twofold  velocity,  a  fourfold  height  is  neces- 
sary, &c. ;  so  also  in  the  escape  of  liquids  from  an  orifice,  the 
velocities  are  as  the  square  roots  of  the  depths  of  the  orifices 
below  the  surface  of  the  fluid ;  so  that,  if  we  wish  to  double 
the  velocity  of  discharge  from  the  same  orifice,  a  fourfold 
depth  is  required ;  to  obtain  a  threefold  velocity,  a  ninefold 
pressure  is  necessary,  and  so  on.* 

*  Because,  in  an  equal  time,  thrtce  as  much  matter  has  to  be  moved 
with  thrtce  as  much  velocity. 
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181.  When  a  vessel  with  vertical  sides  is  allowed  to  empty 
itself  by  an  orifice  in  the  bottom,  the  quantities  flowing  out  in 
successive  equal  intervals  are  as  a  diminishing  series  of  odd 
numbers  (as  9,  7,  5,  3,  1),  or  as  the  spaces  described  in  equal 
intervals  by  a  falling  body,  taken  backwards. 

182.  In  such  cases  there  forms,  after  a  certain  time,  a  hollow 
depression  on  the  surface  immediately  over  the  orifice;  this 
increases  until  it  becomes  a  cone  or  funnel,  the  centre  or 
lowest  point  of  which  is  in  the  orifice,  and  the  liquid  flows  in 
lines  directed  towards  this  centre.*  Of  course,  the  issuing 
stream  or  vein  is  vertical  if  the  orifice  is  at  the  bottom  of  the 
vessel,  or  it  describes  a  parabolic  curve  if  the  orifice  is  at  the 
side.  In  either  case  it  moulds  itself,  as  it  were,  to  the  form 
of  the  orifice,  and  extends  to  a  considerable  distance  before  it 
scatters  and  divides  into  drops.  Between  the  mouth  of  the 
orifice  and  the  point  where  it  begins  to  divide,  the  liquid  vein 
has  a  permanent  form,  and  a  polished  surface ;  and  notwith- 
stanaing  the  rapid  motion  of  the  liquid  particles  which  succeed 
each  other  incessantly,  the  jet  has  the  appearance  of  a  per- 
fectly motionless  rod  of  glass.  At  the  commencement  of  its 
course,  the  vein  is  of  the  same  diameter  as  the  orifice,  but  for 
a  short  distance  its  diameter  grows  less,  forming  what  is 
called  the  vena  contracta^  or  contracted  vein  of  fluid  (Fig.  83). 
The  reason  for  this  contraction  appears  to  be,  that  as  the 
liquid  particles  approach  the  orifice,  they  converge  to  a  point 
beyond  it,  so  that  the  liquid  column  in  escaping  must  neces- 
sarily be  narrower  or  more  contracted  at  the  point  towards 
which  the  motion  of  the  liquid  converges,  than  it  is  either 
before  it  arrives  at  that  point,  or  after  it  has  passed  it.  The 
greatest  contraction  of  this  fluid  vein  is  at  a  distance  from  the 
orifice  equal  to  half  its  diameter;   the  diameter  of  the  con- 

*  In  this  state  of  the  liquid  a  rotary  motion  is  imparted  to  it,  and 
rapidly  increases,  because  all  the  particles  are  approaching  the  centre ; 
and  by  virtue  of  their  inertia  they  tend  to  maintain  the  same  velocity 
which  they  had  in  a  larger  circle,  so  that  their  angular  velocity  (or  tht 
number  of  revolutions  in  a  given  time)  is  constantly  increased. 
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Fig.  83. 


tracted  portion  being  to  that  of  the  orifice  as  5  :  7.  Hence 
the  real  discharge  of  fluid  is  only  |^,  or 
about  half  of  the  theoretic  discharge,  or 
that  which  would  take  place  if  the  whole 
orifice  transmitted  fluid  with  the  velocity  of 
a  body  that  had  fallen  from  the  surface.* 

183.  The  division  of  the  vein  at  a  certain 
distance  from  the  orifice  is  not  produced 
only  by  the  presence  of  the  air,  it  takes 
place  in  vacuo,  and  is  the  result  of  the 
acceleration  due  to  gravity.  The  efiect  of 
this  acceleration  is  best  seen  in  a  stream  of 
treacle,  which  tapers  downwards,  because 
the  flow  (or  quantity  passing  in  a  given  time)  must  be  equal 
at  all  points  of  the  stream,  so  that  wherever  the  velocity  is 
greater  than  at  another  point,  the  size  (or  sectional  area)  of 
the  stream  must  be  diminished  in  the  same  proportion.  In 
water,  however,  the  cohesion  is  not  of  such  a  kind  as  to 
admit  of  this  tapering;  but  each  portion,  when  it  has  ac- 
quired a  certain  velocity,  tears  itself  away  from  the  stream, 
forming  a  drop,  and  leaving  the  stream,  which  has  been 
forcibly  elongated,  to  contract  again,  tiU  another  drop  is 
detached.  Thus  each  drop  is  subject  during  its  fall  to  cer- 
tain periodic  vibrations,  by  which  it  alternately  elongates 
and  contracts.  A  series  of  pulsations,  also,  occurs  at  the 
orifice,  the  number  of  which  is  in  the  direct  ratio  of  the 
rapidity  of  the  current,  and  in  the  inverse  ratio  of  the  dia- 
meter of  the  orifice ;  they  are  often  suflBciently  rapid  to 
produce  a  distinct  musical  sound.  If  a  note  in  unison  with 
this  be  played  on  a  musical  instrument  at  such  a  distance  as 


*  It  is  evident  that  only  those  particles  which  are  vertically  above  the 
centre  of  the  orifice  can  descend  through  it  in  a  straight  line.  All  others 
coming  from  the  sides  of  the  vessel  must  move  in  lines  more  or  less  in- 
clined. Hence  the  particles  on  the  outside  of  the  effluent  stream  are 
retarded,  and  move  more  slowly  than  those  in  its  centre.  Hence  also 
arises  the  difference  between  the  mean  velocity  of  the  escape  and  the 
velocity  due  to  gravity  /'1 80). 
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to  be  scarcely  audible,  the  aerial  pulses  thus  produced  have  a 
marked  effect  on  the  vein  in  shortening  the  limpid  part. 

184.  "When  a  tube  is  added  to  the  orifice,  the  flow  is  acce- 
lerated if  air  be  present,  for  the  reason  explained  in  *'  Rudi- 
mentary Pneumatics;"  but,  in  vacuo,  no  such  acceleration 
t^kes  place.  The  most  remarkable  and  useful  result,  however, 
of  the  experiments  on  the  flow  of  water  through  pipes,  is  the 
discovery  that  it  may  be  accelerated  by  merely  giving  par- 
ticular forms  to  the  commencement  and  termination  of  the 
pipe,  without  altering  its  general  capacity.  A  4-inch  pipe 
(of  any  length)  may  be  made  to  deliver  considerably  more 
water,  if  its  first  3  inches  and  last  yard  be  enlarged  conically, 
than  if  they  were  cylindrical  like  the  rest  of  the  pipe. 

185.  One  of  the  most  intricate  subjects  to  which  the  laws 
of  motion  have  yet  been  applied  deductively,  is  that  of  liq^uid 
waves.  When  any  portion  of  a  liquid  surface  is  raised  above 
or  depressed  below  the  rest,  we  have  already  seen  (162)  that 
it  will  return  to  the  general  level,  but  in  doing  so  it  acquires 
a  velocity  which  necessarily  carries  it  beyond  the  position  of 
equilibrium,  and  thus  produces  a  series  of  oscillations,  which 
are  communicated  in  every  direction  over  the  liquid  surface, 
each  portion  receiving  its  motion  from  that  preceding  it,  and 
therefore  arriving  at  each  phase  of  its  oscillation  a  little  later 
than  the  preceding  portion ;  whence  arises  the  appearance  of 
a  form  travelling  along  the  surface,  which  form  we  call  a 
wave.  Each  wave  contains,  at  any  one  moment,  particles  in 
all  possible  stages  of  their  oscillation,  some  rising,  some  falling, 
some  at  the  top  of  their  range,  some  at  the  bottom ;  and  the 
distance  from  any  row  of  particles  to  the  next  row  that  are 
in  precisely  the  same  stage  of  their  oscillation,  is  called  the 
breadth  of  a  wave.  Now  as  these  oscillations  are  caused  by 
the  force  of  gravity,  we  may  expect  some  analogy  between 
their  laws  and  those  of  the  pendulum,  and  accordingly,  when 
the  depth  of  the  liquid  is  disregarded,  or  considered  as  un- 
limited, the  wave-breadth  (like  the  pendulum-length)  varied 
as  the  square  of  the  time  of  oscillation ;  so  that  the  time  which 

Mechanics,  j 
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elapses  between  the  arrival  of  the  crests  of  two  successive 
waves  at  a  fixed  point,  is  as  the  square  root  of  the  distance 
between  them,  or  the  distance  which  either  of  them  travels 
over  in  the  said  time;  hence  it  is  easy  to  see  that  their 
velocity  varies  inversely  as  the  square  root  of  their  breadth. 
For  instance,  if  a  certain  buoy  be  observed  to  rise  and  fall 
twice  as  often  as  another,  the  waves  which  pass  it  must  be 
four  times  as  broad  as  those  which  pass  the  other,  but  as  they 
travel  over  this  quadruple  distance  in  only  double  the  time, 
they  must  evidently  move  with  a  double  velocity.*  When 
the  water,  however,  is  so  shallow  that  the  waves  are  affected 
by  the  form  of  the  bottom,  the  simplicity  of  these  results  gives 
place  to  an  extreme  degree  of  complexity.  The  use  of  these 
investigations  lies  in  their  application  to  the  tides,  which  may 
be  regarded  as  waves  of  moderate  height,  but  enormous  breadth 
and  velocity,  the  time  of  oscillation  being  half  a  lunar  day. 
and  the  velocity  sometimes  1,000  miles  an  hour. 

186.  To  hydrodynamics  belongs,  also,  the  theory  of  such 
machines  for  raising  water  as  do  not  depend  on  atmospheric 
pressure.  Such  are  the  water-screw,  invented  by  Archi- 
medes, the  endless  chain  of  buckets,  the  water-ram,  the 
hydraulic  belt,f  &c. ;  but  perhaps  the  most  ingenious  of  these 

*  The  velocity  of  waves  that  run  in  the  same  or  the  opposite  direction 
with  a  ship,  may  be  ascertained  by  means  of  the  log,  or  any  other  floating 
body,  attached  to  a  known  length  of  cord.  By  noticing  the  time  that  elapses 
between  the  lifting  of  this  body,  and  that  of  the  ship's  stern,  by  the  same 
wave,  and  adding  or  subtracting  the  way  made  by  the  ship  during  that 
interval,  we  find  the  time  which  the  wave  takes  to  travel  the  length  of  the 
cord.  In  this  way  it  has  been  found,  that  in  the  open  ocean,  some  waves 
travel  at  the  rate  of  80  miles  an  hour ;  the  breadth  of  such  waves  is  some- 
times a  quarter  of  a  mile.  The  utmost  difference  of  level  is  found  by  measur- 
ing how  high  above  the  ship's  water-line  an  eye  must  be  raised  to  have  an 
uninterrupted  view  of  the  horizon.  No  authentic  observations  of  this  kind 
give  more  than  25  feet,  even  in  the  greatest  storms. 

t  This  machine,  the  use  of  which  has  been  revived  within  a  few  years,  is 
one  of  the  most  efficient  of  water  elevators,  yet  the  most  inexplicable  in  its 
action.  In  its  ancient  form  it  consisted  of  a  number  of  hair-ropes,  for  which 
«  band  of  flannel,  or  felt,  is  now  substituted,  passing  over  two  rollers,  one  at 
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is  tbe  toater-rantf  by  which  a  stream  of  water  descending  a 
small  depth  is  made  alternately  to  open  and  close  a  valve,  at 
each  shutting  of  which,  a  portion  of  the  water  is  driven  up 
another  tube,  to  a  level  considerably  higher  than  that  from 
which  it  originally  descended,  and  is  then  retained  there  by 
a  valve. 

187.  To  this  science  also  belongs  the  application  of  the 
power  of  streams  and  waterfalls  to  useful  purposes.  The  chief 
means  of  effecting  this,  are,  the  undershot  wheel,  the  overshot 
wheel,  the  breast  wheel,  the  horizontal  water-wheel,  the 
hydraulic  engine^  the  Tourhine^  and  Ba/r'ker's  mill.  The 
first  two  are  too  well  known  to  require  a  description,  but  we 
may  observe,  that  the  overshot  wheel  is  always  the  most 
advantageous  where  the  height  of  the  fall  is  sufficient  to  admit 
of  its  use.  The  smallest  rill  may  be  applied  in  this  manner, 
but  the  undershot  wheel  requires  a  considerable  body  of  water. 
The  breast  wheel  unites,  in  some  measure,  the  advantages  of 
both,  and  is  applicable  to  falls  of  a  medium  height,  as  it 
requires  only  a  fall  equal  to  its  radius,  and  not  to  its  dia- 
meter,  as  is  the  case  with  the  overshot  wheel.  This  wheel  is 
formed  with  plain  floats,  but  the  water  enters  at  the  level  of 
its  axle,  and  descends  round  one  quadrant  of  its  circumference, 
which  is  enclosed  for  this  purpose  in  a  sort  of  box  of  masonry. 
The  horizontal  water-wheel  is  used  in  some  parts  of  France, 
and  is  the  most  applicable  to  a  small  fall,  and  a  small  quantity 
of  water.  Its  floats  are  set  diagonally,  and  may  receive  the 
water  at  one  or  at  several  points  of  its  circumference  at  once. 
In  the  hydraulic  engine,  the  pressure  of  a  column  of  water 
is  applied  as  the  motive  power,  by  means  of  a  piston  and 
cylinder,  like  those  of  the  steam-engine.  The  Tourbine  has 
been  principally  used  in  France,  in  cases  where  the  fall  of 

the  top,  and  the  other  at  the  bottom  of  the  well.  By  means  of  the  upper 
roller,  it  is  set  in  very  rapid  motion,  when  the  water  adheres  to  its  surface  in 
a  layer  which  is  thicker  the  more  rapidly  it  moves,  and  becomes  nearly  half 
an  inch  thick  when  the  velocity  is  1,000  feet  per  minute.  It  follows  the  band 
to  any  height,  and  is  thrown  off  by  centrifugal  force,  in  turning  over  th« 
upper  roller. 
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water  is  very  considerable.  Barker's  mill  acts  on  a  differftnt 
principle  from  any  of  these,  and  has  not  yet  been  applied  on 
a  large  scale,  though  experiments  made  on  models  have 
shown  it  to  be  the  least  wasteful  of  all  modes  of  applying  the 
power  of  a  waterfall.  It  consists  of  an  upright  tube,  from 
the  lower  end  of  which  proceed  two  horizontal  branches 
closed  at  their  ends,  and  giving  the  whole  the  form  of  an 
inverted  x«  This  apparatus  is  moveable  on  a  vertical  axis, 
and  water  is  admitted  at  the  top  through  a  funnel ;  of  course, 
this  will  produce  no  motion,  because  the  pressures  against 
all  parts  of  the  interior  balance  each  other :  but  suppose  a 
hole  to  be  made  in  one  side  of  one  of  the  horizontal  arms, 
the  water  flows  out,  and  the  pressure  on  that  surface  which 
the  hole  occupies  is  removed.  Hence  the  pressure  on  the 
opposite  side  of  the  tube  is  unbalanced,  and  causes  it  to 
recede  in  the  direction  contrary  to  that  of  the  issuing  stream. 
A  similar  hole  in  the  other  arm  doubles  the  effect. 

1 88.  In  all  water-wheels  it  is  a  constant  rule  that  the  greatest 
mechanical  effect  will  be  produced  when  the  velocity  of  the 
parts  driven  is  just  halj  that  of  the  stream  driving  them ; 
and  this  is  a  most  important  principle,  applicable  also  to  the 
sails  of  windmills  and  ships,  and  the  paddles  of  steamers. 
It  is  obvious  that  the  pressure  of  the  wind  or  water  on  any 
of  these  bodies  diminishes  as  their  velocity  approaches  that  of 
the  current,  so  that  if  it  were  possible  for  a  water-wheel  to 
revolve  with  exactly  the  velocity  of  the  stream,  there  would 
be  no  pressure  on  its  floats,  and,  consequently,  no  power  to 
drive  any  other  machinery.  On  the  other  hand,  the  pressure 
is  at  a  maximum  when  the  wheel  is  standing  still,  but  then 
having  no  velocity,  it  is  also  powerless.  As  the  power  then 
is  proportional  to  the  product  of  the  pressure  and  velocity, 
it  is  greatest  when  they  have  each  their  mean  value,  that  is, 
in  the  exact  medium  between  these  two  states — rest  and 
motion  with  the  current, — in  other  words,  it  is  greatest  when 
the  velocity  is  half  that  of  the  current. 
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Accelerated  motion,  law  of,  111. 

Accelerating  forces,  2. 

Action  and  reaction,  97. 

Air,  effect  of,  on  the  motion  of  pro- 
jectiles, 137  n. ;  resistance  of,  to 
falling  bodies  described,  104. 

Animals,  principles  of  the  lever 
shown  in  the  action  of  the  limbs 
of,  35. 

Archimedes,  principle  of,  described, 
162. 

Arithmetical,  mean  defined,  43  n. 

Arms  of  the  lever  defined,  32. 

Atmospheric  pressure,  influence  of, 
on  fluids,  165. 

Attraction  proportional  to  mass, 
146. 

Attwood's  machine  for  experimenting 
on  the  law  of  descent  of  falling 
bodies,  112. 

Axis,  properties  of  an,  27. 

Axle,  wheel  and,  51. 

Balance  described,  40 ;  index  of,  de- 
scribed, 41;  defects  of  the,  42; 
bent  lever,  48 ;  Danish,  47 ;  false, 
test  of  a,  42;  hydrostatic,  163; 
sensibility  of  a  balance,  43  j  stabi- 
lity of  a  balance,  43. 

Ballistic  pendulum,  99. 

Bands,  use  of,  to  communicate 
motion,  57. 

Barometer,  principle  of  the,  162, 

Bartons,  Spanish,  defined,  68. 

Bent  lever,  36. 

Bent  lever  balance,  48. 

Bevelled  wheels,  59. 

Block  defined,  63  n. ;  effect  of  the 
weight  of,  in  using,  71. 

Blocks  of  pulleys,  63. 

Blocks,  Smeaton's,  65  ;  White's,  67. 

Bodies,  descent  of,  on  curved  slopes, 
115 ;  descent  of,  on  inclined 
planes,  114;  to  find  the  specific 
gravities  of,  163. 

Brachystochrone  defined,  117. 


Capstan,  52. 

Centre  of  figure  defined,  18. 

Centre  of  gravity,  15;  to  find  the 
position  of,  17  ;  to  find  the  position 
of,  by  geometry,  17 ;  position  of 
the,  of  various  bodies,  18  n. ; 
centrobaryc  theorem,  18. 

Centrifugal  force,  149 ;  examples  of, 
151. 

Circles,  pitch,  defined,  54. 

Cogged  wheels,  53. 

Cogs  defined,  53 ;  form  of,  57 ;  num- 
ber of,  58. 

Combination  of  levers,  38. 

Comparison  of  forces,  2. 

Components  of  forces,  4. 

Composition  of  forces,  7 ;  examples 
of,  8. 

Composition  of  motions,  130. 

Compound  pendulum,  123. 

Cone,  position  of  the  centre  of 
gravitj'  of  a,  18  n. 

Continual  lever,  52. 

Cord  considered  as  a  machine,  60. 

Cord  tackle,  velocities  of,  65. 

Cords,  compound  system  of,  68 ; 
transverse  tension  of,  64. 

Crown  wheels  defined,  59. 

Curved  slopes,  descent  of  bodies  on, 
115. 

Cycloid,  isochronism  of  the,  118. 

Cycloidal  pendulum,  119. 

Danish  balance,  47. 
Defects  of  the  balance,  42. 
Deflected  motion,  135. 
Deflecting  forces,  2. 
Differential  screw,  81. 
Double  levers,  37. 
Double  weighing,  42. 
Dynamics,   86;    difference    between 
statics  and,  86. 

Earth,  attraction  of  the,  103. 
Endl&ss  screw,  83. 
Equality  of  moments,  15. 
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Equilibrium  defined,  1 ;  conditions 
of,  in  the  pulley,  68 ;  indifferent, 
21 ;  of  two  or  more  forces  at  a 
point,  3 ;  stable,  defined  and  ex- 
plained, 20,  22, 23 ;  superposition  of, 
6 ;  unstable,  defined  and  explained, 
20,  22,  23  ;  of  wheelwork,  54. 

Equivalent  lever,  49. 

Falling  bodies,  equality  of  speed  in 
all,  when  unresisted,  105  n. ;  law 
of,  108 ;  unequal  speed  of,  ex- 
plained, 103. 

False  balance,  test  of  a,  42. 

Figure,  centre  of,  defined,  18. 

Floating,  condition  of ,  described,  164. 

Fluids,  centre  of  pressure  of,  160 ; 
contracted  vein  of  flowing,  167; 
equal  transmission  of  pressure  by, 
154 ;  flow  of,  through  orifices,  166 ; 
flow  of,  through  pipes,  169 ;  in- 
fluence of  atmospheric  pressure  on, 
165 ;  law  regulating  the  flow  of, 
167  ;  levels  of,  161 ;  resistance  of, 
102;  surfaces  of,  normal  to  the 
force  acting  upon  them,  156  ;  up- 
ward pressure  of,  illustrated,  159 ; 
vein  of  flowing,  described,  167. 

Force,  centrifugal,  149 ;  moments  of, 
28  ;  varieties  of,  2. 

Forces,  comparison  of,  2 ;  composi- 
tion of,  7  ;  equilibrium  of  two  or 
more  at  a  point,  3 ;  parallel,  14 ; 
parallelogram  of,  6 ;  parallelopiped 
of,  7  ;  polygon  of,  13 ;  resolution 
of,  7  ;  resultant  of,  acting  in  diffe- 
rent directions,  5. 

Fulcrum  defined,  32. 

Galileo's  experiments  on  gravitation, 

107. 
Galileo's  invention  of  the  pendulum, 

121. 
Gear  spur  defined,  59. 
Geometrical  mean  defined,  43  n. 
Gravitation,    Galileo's    experiments 

on,   107;    Newton's  discovery  of 

the  universality  of,  141. 
Gravity,  centre  of,  15 ;   conservation 

of  the  centre  of,  139  n. ;  centre  of, 

of  line«»,  18 ;  common  to  all  matter, 

146. 
Guldinus,  method  of,  18. 
Gnns,  recoil  of,  101. 

TIemicylinder,  position  of  the  centre 
of  gravity  of  a,  18  n.  I 


Hemisphere,  position  of  the  centre  of 

gravity  of  a,  18  n. 
Hunter's  differential  screw,  81. 
Hunting  cog  defined,  59. 
Hydraulic  machines,  170. 
Hydro-dynamics  described,  165. 
Hydrostatic  balance,  163. 
Hydrostatics,  153. 

Impact  defined,  91. 

Inclined  plane,  71;  described,  72; 
effect  of  vars'ing  the  direction  of 
the  power,  73;  principle  of  the, 
72 ;  statical  problem  of  the,  71 ; 
virtual  velocities  of  the,  75 ;  de- 
scent of  bodies  on,  114;  move- 
able, 72. 

Indifferent  equilibrium,  21. 

Inertia  of  matter,  89. 

Isochronism  of  the  cycloid,  118 ;  of 
the  pendulum,  120 ;  ditto  dis- 
covered by  Galileo,  121. 

Isochronous  pendulum,  119. 

Kepler's  laws  of  planetary  motion, 
142 ;  Newton's  deductions  from, 
145. 

Law  of  falling  bodies,  108. 

Law  of  planetary  motion,  142. 

Law  regulating  the  flow  of  fluids,  167. 

Leaves  defined,  53. 

Levels,  fluid,  161. 

Lever  described,  32 ;  bent,  36 ;  con- 
tinual, 52 ;  double,  37 ;  equiva- 
lent, 49;  illustration  of  the  uses 
of  the  lever,  34 ;  principles  of  the 
lever,  36. 

Levers,  application  of  the  principle 
of,  40 ;  combination  of,  38 ;  three 
kinds  of,  32. 

Limbs  of  animals,  principle  of  the 
lever  shown  in  the  action  of,  35. 

Line  of  projection  defined,  135. 

Lines,  centre  of  gravity  of,  18 ; 
pitch,  defined,  54. 

Machine,  weighing,  described,  39. 

Machines,  hydraulic,  170. 

Machines,  power  of,  48. 

Matter,  inertia  of,  89. 

Mechanical  powers,  31.  Lever,  32 ; 
bent  lever,  36  ;  continual  lever, 
52 ;  double  lever,  37 ;  equivalent 
lever,  49 ;  illustrations  of  the  uses 
of  the  lever,  34  ;  principle  of  the 
lever,    26.      Inclined    plane,    71 ; 
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described,  72;  effect  of  vannng 
the  direction  of  the  power  of*  the 
inclined  plane,  73  ;  principle  of 
the  inclined  plane,  72 ;  statical 
problem  of  the  inclined  plane,  71 ; 
virtual  velocities  of  the  inclined 
plane,  75.  Pulley  described,  61 ; 
conditions  of  equilibrium  in  the 
pulley,  68  ;  single  moveable  pulley, 
62 ;  Smeaton's  pulley,  65  ;  White's 
pulley,  67.  Screw,  79 ;  application 
of  the  screw,  79;  differential 
screw,  81 ;  power  of  the  screw,  80. 
Wedge,  77  ;  value  of  the  wedge,  77. 
Wheel  and  axle,  51;  condition 
of  equilibrium  of  the  wheel,  51. 
Natural  prototypes  of  the  mecha- 
nical powers,  85. 

Mechanics,  division  of,  1. 

Moments,  equality  of,  15. 

Moments  of  force  defined,  28. 

Momentum  defined,  92;.  Newton's 
theorem  on,  93 ;  Newton's  experi- 
ments on,  94. 

Moon,  motion  of  the,  140. 

Motion,  circular,  138 ;  communica- 
tion of,  91 ;  comparison  between 
uniformly  accelerated  and  retarded, 
129;  deflected,  135;  elliptical,  138; 
never  lost,  98 ;  parabolic,  138 ;  uni- 
form rectilinear,  90. 

Motions,  composition  of,  130;  pro- 
portional to  pressure,  131 ;  uni- 
form composition  of,  134;  com- 
position of  uniform  and  uniformly 
accelerated,  135. 

Natural  prototypes  of  the  mechanical 

powers,  85. 
Newton's  deductions  from  Kepler's 

laws  of   planetary   motion,   145 ; 

discovery  of  universal  gravitation, 

141 ;  theorem  on  momentum,  93 ; 

experiments  on  ditto,  94. 

Orifices,  flow  of  liquids  through,  166 ; 

law  regulating  the,  167. 
Oscillation  defined,  119;   centre  of, 

124. 

Paraboloid,  position  of  the  centre  of 

gravity  of  a,  18  n. 
Parallel  forces,  14 ;  resultant  of,  25. 
Tarallelogram  of  forces,  6. 
i'arallelopiped  of  forces,  7. 
Pendulum  described,  119, 
Pendulum,  ballistic,  99  ;   comnound. 


123;  cycloidal,  119;  isochronisin 
of  the,  120;  influence  of  the  length 
on  the  isochronism,  122 :  isochro- 
nous, 119;  length  of,  125;  oscilla- 
tion of  a,  defined,  120;  vibration 
of  a,  120 ;  duration  of  vibration, 
102. 

Percussion,  centre  of,  124  n. 

Perpetual  lever,  52. 

Perpetual  screw,  83. 

Pinion  defined,  53. 

Pinion  spur  defined,  59. 

Pipes,  flow  of  fluids  through,  169. 

Pitch  lines  defined,  54. 

Plane,  inclined,  71 ;  described,  72  ; 
effect  of  varying  the  direction  of 
the  power,  73;  principle  of  the, 
72 :  statical  problem  of  the,  71 ; 
virtual  velocities  of  the,  75 ;  move- 
able, 77. 

Planes,  descent  of  bodies  on  inclined, 
114. 

Planets,  elliptical  orbits  of,  144 ; 
motion  of,  142. 

Plumb  line,  deflection  of,  147  n. 

Polygon  of  forces,  13. 

Power  of  machines,  48 ;  of  wheel- 
work,  35. 

Powers,  mechanical,  31 ;  lever,  32 ; 
wheel  and  axle,  51 ;  pulley,  61 ; 
inclined  plane,  71 :  wedge,  77 ; 
screw,  79 ;  natural  prototypes  of 
the  mechanical  powers,  85. ' 

Pressure,  equal  transmission  of,  by 
fluids,  154 ;  multiplication  of,  158; 
units  of,  2. 

Pressure  upward  of  fluids,  159. 

Principle  of  Archimedes,  162. 

Projectiles,  motion  of,  137 ;  effect  of 
air  on  the,  137  n. ;  effects  of  rapid, 
100 ;  to  find  the  velocity  of,  99. 

Projection,  line  of,  135. 

Prototypes,  natural,  of  the  mechanical 
powers,  85. 

Pulley  described,  61. 

Pulley,  block  of,  63 ;  condition  of 
equilibrium  in  the,  68 ;  effect  of 
the  weight  of  the,  71 ;  single 
moveable,  62;  Smeaton's,  65; 
White's,  67. 

PjTamid,  position  of  the  centre  of 
gravity  of  a,  18  n. 

Rack  and  pinion,  49. 
Railroads,  traction  on,  76. 
Rain  water,  171. 
Ratchet,  52. 
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Reaction,  action  and,  97. 
Recoil  of  guns,  101. 
Rectilinear  motion,  uniform,  90. 
Resistance  of  fluids,  102. 
Resolution  of  forces,  7  ;  examples,  8. 
Resultant  of    forces,  4;    of  forces 

acting  in  different  directions,  5 ;  of 

parallel  forces,  25. 
Retarded  motion,  129. 
Retarding  forces,  2. 
Revolution,  to  find  the  contents  of 

a  solid  of,  19. 
Road  weighing  macnine    described, 

39. 
Roads,  traction  on,  75. 
Rope,  considered  as  a  machine,  60. 
Runner  described,  62. 

Screw,  79 ;  application  of  the,  79 ; 
differential,  81 ;  endless,  83 ;  power 
•of,  80. 

Sensibility  of  a  balance,  43 ;  to  test 
the,  44.' 

Sheaves  defined,  63  n. 

Single  moveable  pulley,  62. 

Slope  of  quickest  descent,  117. 

Slopes,  curved,  descent  of  bodies  on, 
115. 

Smeaton's  block,  65. 

Solid  of  revolution,  to  find  the  con- 
tents of  a,  19. 

Spanish  bartons,  68. 

Specific  gravitv,  162 ;  to  find  the,  of 
bodies,  163.  ' 

Spur  gear  defined,  59. 

Spur  pinion  defined,  59. 

Stabilitv  of  a  balance,  43;  to  test 
the,  43. 

Stable  equilibrium  defined,  20 ;  de- 
scribed, 22,  23. 

Statical  forces  defined,  2. 

Statics,  1;  difference  between  dyna- 
mics and,  86. 

Steelyard,  45  ;  graduation  of,  46. 

Superposition  of  equilibrium,  5. 

Tackle  defined,  63  n. 
Tackle  cord,  velocities  of,  65. 
1'eeth,    defined,    53 ;    form  of,   57 ; 

number  of,  58. 
Toothed  wheels,  division  of,  59. 
Torricelli's  theorem,  166. 


Traction  on  roads  and  railroads,  75. 
Transverse  tension  of  cords,  64. 

Uniform    motion,    composition    of, 

134. 
Uniform  rectilinear  motion.  90. 
Uniformlv  accelerated  motions,  law 

of,  111.* 
Unstable   equilibrium  defined,    20; 

described,  22,  23. 
Upward  pressure  of  fluids  illustrated, 

159. 

Vacuo,  fall  of  bodies  in,  106. 

Vein  of  flowing  fluids  described,  167. 

Velocities  of  projectiles,  to  find  the, 

99. 
Velocities  of  wheelwork,  55. 
Velocity,  87  ;   to  measure,  88;    of  a 

falling  body,  108. 
Vibration  defined,  119. 
Virtual  velocities,  principle  of,  30. 

Water  ram,  171. 

Water  wheels,  171. 

Waves,  phenomena  of,  169 ;  breadth 

of,  169;   liquid,   169;    oscillation 

of,  170;  velocity  of,  170  n. 
Wedge  described,  77 ;    loss  and  in- 
crease of  power  by  the  variation  of 

the  angle,  79. 
Weighing  double,  42. 
Weighing  machine,  construction  of, 

described,  39. 
Weight  the  resultant  of  gravity  and 

centrifugal  force,  150. 
Wheel,  51. 
Wheel  and  axle,  51 ;    condition  of 

.equilibrium  of  the,  51. 
Wheel  and  screw,  83. 
Wheel  racket,  52. 
Wheels,    cogged,   53 ;    multiplying, 

53. 
Wheels,  toothed,    division    of,  59; 

bevelled,  59 ;  crown,  59 ;  described, 

55;  spur,  59. 
Wheelwork,  equilibrium  of,  54  ;   form 

and  number  of  teeth,  57  ;  gain  and 

loss  of  power  in,  56  •  power  of,  55 ; 

velocities  of,  55. 
White's  blocks,  67. 
Windlass,  50. 
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POWERS,  FIELD  MACHINES,  MACHINERY  AND 
IMPLEMENTS,  by  G.  H.  Andrews,  C.E.    3^. 

67.  CLOCKS,  WATCHES,  AND  BELLS,  by  E.  B.  Denison.  New 
Edition,  with  Appendix.     3s.  Gd. 

Appendix  [to  the  ith  and  Wi  Editions)  separately.  Is. 

77*.  ECONOMY  OF  FUEL,  bv  T.  S.  Prideaux.     1^.  Gd. 

78.  STEAM  AND  LOCOMOTION,  by  Sewell.  [Reprinting. 

78*.  THE  LOCOMOTIVE  ENGINE,  by  G.  D.  Demps^y.     U.  Gd. 

79*.  ILLUSTRATIONS  TO  ABOVE.  4to.   4s.  Gd.      [Reprinting. 

80.  MARINE  ENGINES,  AND  STEAM  VESSELS,  AND  THE 
SCREW,  by  Robert  Murray,  C.E.,  Engineer  Surveyor  to  the 
Board  of  Trade.  With  a  Glossary  of  Technical  Terms,  and 
their  equivalents  in  French,  German,  and  Spanish.    3*. 

82.  WATER  POWER,  as  applied  to  Mills,  &c.,  by  J.  Glynn.    28. 

97.  STATICS  AND  DYNAMICS,  by  T.Baker.  New  Edition.  \s.Gd. 

98.  MECHANISM   AND  MACHliS^E  TOOLS,  by  T.  Baker;  and 

TOOLS  AND  MACHINERY,  by  J.  Nasmyth.    25.  Gd. 
113*.  MEMOIR  ON  SWORDS,  by  Marey,  translated  by  Maxwell.  1«. 
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114.  MACHINERY,  Construction  and  Working,  by  CD.  Abel.  ls.6d. 

115.  PLATES  TO  THE  ABOVE.     4to.     7*.  6^. 

125.  COMBUSTION  OF  COAL,  AND  THE  PREVENTION  OP 

SMOKE,  by  C.  Wye  Williams,  M.I.C.E.     &. 
139.  STEAM  ENGINE,  Mathematical  Theory  of,  by  T.  Baker.    1*. 
162.  THE  BRASSFOUNDER'S  MANUAL,  bv  W.Graham.  2s.6d. 

164.  MODERN  WORKSHOP  PRACTICE.   By  J.  G.  Winton.  3s. 

165.  IRON  AND  HEAT,  Exhibiting  the  Principles  concerned  in 

the  Construction  of  Iron  Beams,  Pillars,  and  Bridge  Girders, 
and  the  Action  of  Heat  in  the  Smelting  Furnace,  by  James 
Armour,  C.E.    Woodcuts.     25.  6d.  [Now  ready. 

ICC.  POWER  IN  MOTION:  Horse  Power,  Motion,  Toothed  Wheel 
Gearing,  Long  and  Short  Driving  Bands,  Angular  Forces,  &c., 
byJAMKS  Armour,  C.E.  With  73Diagrams.  2s.6c?.  {Nov)  ready. 

167.  A  TREATISE  ON  THE  CONSTRUCTION  OP  IRON 
BRIDGES,  GIRDERS,  ROOFS,  AND  OTHER  STRUC- 
TURES, by  P.  Campin.     Numerous  Woodcuts.  2s.    [Ready. 

171.  THE    WORKMAN'S     MANUAL     OF     ENGINEERING 

DRAWING,  by  John  Maxton,  Instructor  in  Engineering 
Drawing,  Royal  School  of  Naval  Architecture  &  Marine  Engi- 
neering, South  Kensington.  Plates  &  Diagrams.  3*.  6^.  [Ready. 

172.  MINING  TOOLS.    For  the  Use  of  Mine  Managers,  Agents, 

Mining  Student?,  &c.,  by  William  Morgans,  Lecturer  on 
Mining,  Bristol  School  of  Mines.  12mo.  2s.Q>d.      \Kow  ready. 

172*.ATLAS  OP  PLATES  to  the  above,  containing  200  Illustra- 
tions.    4to.     4*.  %d.  [Xoio  ready. 

176.  TREATISE  ON  THE  METALLURGY  OF  IRON;  con- 
taining Outlines  of  the  History  of  Iron  Manufacture,  Methods 
of  Assay,  and  Analysis  of  Iron  Ores,  Processes  of  Manufacture 
of  Iron  and  Steel,  kc,  by  H.  Bauerman,  F.G.S.,  A.R.S.M. 
Second  Edition,  revised  and  enlarged.  Woodcuts.  As.'cd.  [Ready. 
COAL  AND  COAL  MINING,  by  W.W.Smyth.  [In  preparatiou . 


NAVIGATION    AND    SHIP-BUILDING. 

51.  NAVAL  ARCHITECTURE,  by  J.  Peake.    3^. 

53#.  SHIPS  FOR  OCEAN  AND  RIVER  SERVICE,  ConstructioD 

of,  by  Captain  H.  A.  Sommerfeldt.    \s. 
63*».  ATLAS  OP   15  PLATES  TO    THE  ABOVE,  Drawn  for 

Practice.    4to.     75. 6i. 
54.  MASTING,  MAST-MAKING,   and   RIGGING  OF  SHIPS, 

by  R.  Kipping.     Xs.  Q>d. 
64*.  IRON  SHIP-BUILDING,  by  J.  Grantham.    Fifth  Edition, 

with  Supplement.     4*. 
64**.  ATLAS  OP  40  PLATES  to  illustrate  the  prec5eding.  4to.  38*. 
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SCIENTIFIC  WORKS. 


56.  NAVIGATION ;  the  Sailor's  Sea  Book :  How  to  Keep  the  Log 
and  Work  it  off,  Law  of  Storms,  &c.,  by  J.  Greenwood.     2*. 

83  bis.  SHIPS  AND  BOATS,  Form  of,  by  W.  Bland.     Is.  6d. 

99.  NAUTICAL  ASTRONOMY  AND  NAVIGATION,  by  J.  E. 
Young.     2s. 

100*.  NAVIGATION  TABLES,  for  Use  with  the  aboTe.     Is.  Qd. 

106.  SHIPS'  ANCHORS  for  all  SERVICES,  by  G.  Cotsell.    Is.  6d. 

149.  SAILS  AND  SAIL-MAKING,  by  U.  Kipping,  N.A.    2s.  6d. 

156.  ENGINEER'S  GUIDE  TO  THE  ROYAL  AND  MER- 
CANTILE NAVIES,  by  a  Practical  Engineer.  Revised  by 
D.  F.  McCarthy.    35. 


PHYSICAL  AND    CHEMICAL   SCIENCE. 

1.  CHEMISTRY,   by  Prof.  Fownes.    With  Appendix  on  Agri- 

cultural Chemistry.     New  Edition,  with  Index.     Is. 

2.  NATURAL  PHILOSOPHY,  by  Charles  Tomliuson.     la. 

3.  GEOLOGY,  by  Major-Gen.  Portlock.    New  Edition.     1*.  6d. 

4.  MINERALOGY,  by  A.  Ramsay,  Jim.    35. 

7.  ELECTRICITY,  by  Sir  W.  S.  Harris.     Is.  Qd. 

7*.  GALVANISM,  ANIMAL  AND  VOLTAIC  ELECTRICITY, 
by  Sir  W.  S.  Harris.     Is.  Qd. 

8.  MAGNETISM,  by  Sir  W.  S.  Harris.    New  Edition,  revised  and 

enlarged  by  H.  M.  Noad,  Ph.D.,  F.R.S.   With  165  woodcuts. 

3s.  Qd.  [This  day. 

11.  HISTORY  AND  PROGRESS  OF  THE  ELECTRIC  TELE- 
GRAPH, by  Robert  Sabine,  C.E.,  F.S.A.     3s. 
72.  RECENT  AND  FOSSIL  SHELLS  (A  Manual  of  the  MoUusca), 

by  S.  P.  Woodward.     With  Appendix  by  Ralph  Tate,  F.G.S. 

6s.  Qd. ;  in  cloth  boards,  7s.  Qd.    Appendix  separately,  Is, 
79**.  PHOTOGRAPHY,  the  Stereoscope,   &c.,  from  the  French 

of  D.  Van  Monckhoven,  by  W.  H.  Thornthwaite.     Is.  Qd. 
96.  ASTRONOMY,  by  the  Rev.  R.  Main.      New  and  Enlarged 

Edition,  with  an  Appendix  on  "  Spectrima  Analysis."    Is.  Qd. 

133.  METALLURGY  OF  COPPER,  by  Dr.  R.  H.  Lambom.     2s. 

134.  METALLURGY  OF  SILVER  AND  LEAD,  by  Lamborn.   2s. 

135.  ELECTRO -METALLURGY,  bv  A.  Watt.    25. 

138.  HANDBOOK  OF  THE  TELEGRAPH,  by  R.  Bond.    New 

and  enlarged  Edition.     Is.  Qd. 
143.  EXPERIMENTAL  ESSAYS— On  the  Motion  of  Camphor 

and  Modern  Theory  of  Dew,  by  C.  Tomlinson.     Is. 
161.  QUESTIONS   ON  MAGNETISM,  ELECTRICITY,  AND 

PRACTICAL  TELEGRAPHY,  by  W.  McGregor.     Is.  6^^. 

173.  PHYSICAL  GEOLOGY  (partly  based  on  Portlock's  "  Rudi- 

ments of  Geology  "),  by  Ralph  Tate,  A.L.S.,&c.  25.  {Now  ready. 

174.  HISTORICAL  GEOLOGY  (partly  based  on  Portlock's  "  Rudi- 

ments of  Geology  "),  by  Ralph  Tate,  A.L.S.,  &c.     2s.  Qd. 

[Now  ready. 
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MISCELLANEOUS    TREATISES. 

12.  DOMESTIC  MEDICINE,  by  Dr.  Ealph  Gooding.    2s. 

112*.  THE  MANAGEMENT  OF  HEALTH,  by  James  Baird.    Is. 

113.  USE  OF  FIELD  ARTILLERY  ON  SERVICE,  by  Taubert, 
translated  by  Lieut.-Col.  H.  H.  Maxwell.     Is.  Qd. 

150.  LOGIC,  PURE  AND  APPLIED,  by  S.  H.  Emmens.     U.  6d. 

152.  PRACTICAL  HINTS  FOR  INVESTING  MONEY,  by 
Francis  Playford,  Sworn  Broker.    1*. 

163.  LOCKE  ON  THE  CONDUCT  OF  THE  HUMAN  UNDER- 
STANDING, Selections  from,  by  S.  H.  Emmens.    2s. 


NEW  SERIES  OF  EDUCATIONAL  WORKS. 


1.  ENGLAND,  History  of,  by  W.  D.  Hamilton.   5*. ;  cloth  board*, 
6«.    (Also  in  5  parts,  price  Is.  each.) 

6.  GREECE,  History  of,  by  W.  D.  Hamilton  and  E.  Leyien,  M.A. 

2*.  Qd. ;  clotb  boards,  3s.  6d. 

7.  ROME,  History  of,  by  E.  Levien.     2s.  6d. ;  cloth  boards,  3s.  6<f. 
9.  CHRONOLOGY    OF    HISTORY,    ART,     LITERATURE, 

and  Progress,  from  the  Creation  of  the  World  to  the  Con- 
clusion of  the  Franco-German  War.  The  continuation  by 
W.  D.  Hamilton,  F.S.  A.  3s.  limp ;  3s.  Gd.  boards.  [Now  ready. 

11.  ENGLISH  GRAMMAR,  by  Hyde  Clarke,  D.C.L.     Is. 

11*.  HANDBOOK  OF  COMPARATIVE  PHILOLOGY,  by  Hyde 
Clarke,  D.C.L.     Is. 

12.  ENGLISH   DICTIONARY,  containing  aboye  100,000  words, 

by  Hyde  Clarke,  D.C.L,     3s.  Gd. ;  cloth  boards,  4s.  Gd. 

,  with  Grammar.     Cloth  bds.  5«.  Gd. 

14.  GREEK  GRAMMAR,  by  H.  C.  Hamilton.     Is. 

16.  DICTIONARY,  by  Hamilton.   Vol.  1.  Gr.— Eng.  2s. 

17.   Vol.  2.  English— Greek.     2s. 

Complete  in  1  yol.    4s. ;  cloth  boards,  5s. 

,  with  Grammar.     Cloth  boards,  6#. 

19.  LATIN  GRAMMAR,  by  T.  Goodwin,  M.A.     Is. 

20.  DICTIONARY,  by  T.  Goodwin,  M.A.     Vol.  1.  Latin 

— EngUsh.     2s. 

22.  Vol.  2.  English— Latin.     Is.  6^. 

Complete  in  1  yol.  3s.  Gd. ;  cloth  boards,  4s.  Gd. 

,  with  Grammar.    Cloth  bds.  5s.  Gd. 

24.  FRENCH  GRAMMAR,  by  G.  L.  Strauss.     Is. 

25.  FRENCH  DICTIONARY,  by  Elwes.    Vol.  1.  Fr.— Eng.    Is. 

26.  Vol.2.  English— French.     Is.Gd. 

Complete  in  1  yol.     2s.  Gd. ;  cloth  boards,  3s.  Gd. 

,  with  Grammar.    Cloth  bds.  4s.  Gd. 
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27.  ITALIAN  GRAMMAE,  by  A.  Elwes.     Is. 

28.  TRIGLOT   DICTIONARY,  by  A.  Elwes.    Vol.  1. 

Italian — English — French.    2s. 

30.  Vol.  2.  English— French— Italian.     25. 

32.  , Vol.  3.  French— Italian— English.    2s. 

Complete  in  1  vol.     Cloth  boards,  7».  6i. 

,  with  Grammar.     Cloth  bds.  8s.  Qd. 

34.  SPANISH  GRAMMAR,  by  A.  Elwes.     }s. 

35.  ENGLISH    AND    ENGLISH— SPANISH    DIC- 
TIONARY, by  A.  Elwes.     4s. ;  cloth  boards,  6«. 

-,  with  Grammar.    Cloth  boards,  6*. 

39.  GERMAN  GRAMMAR,  by  G.  L.  Strauss.     Is. 

40.  READER,  from  best  Authors.     Is. 

4L  TRIGLOT  DICTIONARY, by  N.E. S.A.Hamilton. 

Vol.  1.  English — German — French.     Is. 

42.  Vol.  2.  German— French — English.     Is. 

43.  Vol.  3.  French — German— English,    l*. 

Complete  in  1  vol.     3*. ;  cloth  boards,  4s. 

^  -vnth  Grammar.    Cloth  boards,  5s. 

44.  HEBREW  DICTIONARY,  by  Bresslau.  Vol.  1.  Heb.— Eng.  6s. 
,   with  Grammar.     7*. 

46.  Vol.  2.  English— Hebrew.    3s. 

Complete,  with  Grammar,  in  2  vols.    Cloth  boards,  12*. 

46*.  GRAMMAR,  by  Dr.  Bresslau.     Is. 

47.  FRENCH  AND  ENGLISH  PHRASE  BOOK.    Is. 

48.  COMPOSITION  AND  PUNCTUATION,  by  J.Brenan.     Is 

49.  DERIVATIVE  SPELLING  BOOK,  by  J.  Rowbotham.  Is.Gd. 

50.  DATES  AND  EVENTS.    A  Tabular  View  of  English  History, 

with  Tabular  Geosraphy,  by  Edgar  H.  Rand.   [In Preparation. 

5L  ART    OF    EXTEMPORE    SPEAKING.      Hints    for    the 

Pulpit,  the  Senate,  and  the  Bar,  by  M.  Bautain,  Professor  at 

the  Sorbonne,  &c.     2s.  &d.  [Now  ready. 

52.  MINING  AND  QUARRYING  FOR  SCHOOLS,  First  Book 

of,  by  J.  H.  Collins.     Is.  6d.  [Nearly  ready. 

53.  PLACES  AND  FACTS :  A  Compendium  of  Oleography. 

[In  the  press. 

THE 

SCHOOL  MANAGERS'  SERIES  OF  READING  BOOKS, 

Adapted  to  the  Requirements  of  the  New  Code  o/  1871. 

Edited  by  the  Rev.  A,  R.  Grant,  Rector  of  Hitcham,  and  Honorary 

Canon  of  Ely ;  formerly  H.M.  Inspector  of  Schools. 

s.    d.  I  *.  d. 

Thirt)  Standard  0    8    Fifth  Standard  1  0 
Fourth      „       .  0  10    Sixth        „  12 


s.  d. 
First  Standard  0  3 
Second       „        0    6 


The  following  are  in  preparation  : — 
Lessons  from  the  Bible.     Part  1.  Old  Testament.         [Qeograpl 
Lessons  from  the  Bible.    Part  2.  New  Testament,  and  Scripti 
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LATIN  AND  GREEK  CLASSICS, 

WITH   EXPLANATOET  NOTES   IN   ENGLISH. 


LATIN    SERIES. 

1.  A  NEW   LATIN    DELECTUS,   with  Vocabularies  and 

Notes,  by  H.  Young 1«. 

2.  C^SAR.    De  BeUo  Gallico ;  Notes  by  H.  Young      .        .    2». 

3.  CORNELIUS  NEPOS;  Notes  by  H.Young     .        .        .     U. 

4.  VIEGIL.     The  Georgics,  Bucolics,  and  Doubtful  Poems; 

Notes  by  W.  Eushton,  M.A.,  and  H.  Young  .       I*.  Qd. 

6.  VIRGIL,    ^neid ;  Notes  by  H.  Young  .        .        .    2». 

6.  HORACE.  Odes,  Epodes,  and  Carmen  Seculare,  by  H.Young   Is. 

7.  HORACE.      Satires  and  Epistles,  by  W.  B.  Smith,  M.A.  1*.  Qd. 

8.  SALLUST.      Catiline  and    Jugurthine    War;    Notes  by 

W.  M.  Donne,  B.A :        .       Is.  6d. 

9.  TERENCE.    Andria  and  Heautontimorumenos ;  Notes  by 

the  Rev.  J.  Davies,  M.A U.  6d. 

10.  TERENCE.     Adelphi,  Hecyra,  and  Phormio;  Notes  by 

the  Rev.  J.  Davies,  M.A 2s. 

11.  TERENCE.     Eunuchus,  by  Rev.  J.  Davies,  M.A.      .        Is.  6d. 

Nos.  9,  10,  and  11  in  1  vol,  cloth  boards,  6s. 

12.  CICERO.     Oratio  Pro  Sexto  Roscio  Amerino.     Edited, 

with  Notes,  &c.,  by  J.  Davies,  M.A.  {Now  ready.)  .        .     1^. 
14.  CICERO.     De  Amicitia,  de  Senectute,  and  Brutus ;  Notes 

by  the  Rev.  W.  B.  Smith,  M.A 2*. 

16.  LIVY.    Books  i.,  ii.,  by  H.  Young     .        ...       Is.  6d. 
16*.  LIVY.    Books  iii.,  iv.,  v.,  by  H.  Young    .         .        .       Is.  6d. 

17.  LIVY.    Books  xxi.,  xxii.,  by  W.  B.  Smith,  M.A.  .       Is.  Gd. 

19.  CATULLUS,   TIBULLUS,   OVID,  and  PROPERTIUS, 

Selections  from,  by  W.  Bodham  Donne  .         .         .        .    2». 

20.  SUETONIUS  and  the  later  Latin  Writers,  Selections  from, 

by  W.  Bodham  Donne 2». 

21.  THE  SATIRES  OF  JUVENAL,  by  T.  H.  S.  Escott,  M.A., 

of  Queen's  College,  Oxford     .        .         .        .        .       U.  Qd. 
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GREEK    SERIES. 

WITH   EXPLANATORY   NOTES  IN   ENGLISH. 


1.  A  NEW  GEEEK  DELECTUS,  by   H.  Young       .        .     U. 

2.  XENOPHON.    Anabasis,  i.  ii.  iii.,  by  H.  Young       .        .     U. 

3.  XENOPHON.    Anabasis,  iy.  y.  yi.  yii.,  by  H.  Young        .     U. 

4.  LUCIAN.     Select  Dialogues,  by  H.  Young         .         .         .     U. 

5.  HOMER.    Iliad,  i.  to  yi.,  by  T.  H.  L.  Leary,  D.C.L.        Is.  6d. 

6.  HOMER.     Iliad,  vii.  to  xii.,  by  T.  H.  L.  Leary,  D.C.L.    U.  6d. 

7.  HOMER,     niad,  xiii.  to  xyiii.,  by  T.H.  L.  Leary,  D.C.L.  Is.  6d. 

8.  HOMER.    Iliad,  xix.  to  xxiy.,  by  T.  H.  L.  Leary,  D.C.L.  Is.  6d. 

9.  HOMER.     Odyssey,  i.  to  yi.,  by  T.  H.  L.  Leary,  D.C.L.   Is.  6d. 

10.  HOMER.     Odyssey,  yii.  to  xii.,  by  T.  H.  L.  Leary,  D.C.L.  Is.  Qd. 

11.  HOMER.     Odyssey,  xiii.  to  xyiii.,  by  T.  H.  L.  Leary,  D.C.L.  Is.  6d. 

12.  HOMER.     Odyssey,  xix.  to  xxiy. ;  and  Hymns,  by  T.  H.  L. 

Leary,  D.C.L .    2». 

13.  PLATO.     Apologia,  Crito,  and  Phaedo,  by  J.Dayies,  M.A.     2s. 

14.  HERODOTUS,  Books  i.  ii.,  by  T.  H.  L.  Leary,  D.C.L.     Is.  6d. 

15.  HERODOTUS,  Books  iii.  iy.,  by  T.  H.  L.  Leary,  D.C.L.  Is.  6d. 

16.  HERODOTUS,  Books  y.  yi.  yii.,  by  T.  H.  L.  Leary,  D.C.L.  Is.  6d. 

17.  HERODOTUS,   Books  yiii.  ix.,  and  Index,  by  T.  H.  L. 

Leary,  D.C.L Is.  6d. 

18.  SOPHOCLES.  CEdipus  Tyrannus,  by  H.  Yo^ong  .  .  Is. 
20.  SOPHOCLES.  Antigone,  by  J.  Milner,  B.A.  ...  2s. 
23.  EURIPIDES.  Hecuba  and  Medea,  by  W.  B.  Smith,  M.A.  ls.6d. 
26.  EURIPIDES.  Alcestis,  by  J.  Milner,  B.A.  .  .  .Is. 
30.  ^SCHYLUS.  Prometheus  Vinctus,  by  J.  Dayies,  M.A.  .  Is. 
32.  ^SCHYLUS.     Septem  contra  Thebas,  by  J.  Dayies,  M.A.     Is. 

40.  ARISTOPHANES.    Acharnenses,  by  C.  S.  D.  Townshend, 

M.A ls.6d. 

41.  THUCYDIDES.  Peloponnesian  War.  Book  i.,  by  H.  Young  Is. 

42.  XENOPHON.  Panegyric  on  Agesilaus,  by  LI.  F.  W.  Jewitt  Is.  Gd. 
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♦ 

Humbers  New  Work  on  Water-Supply. 

A  COMPREHENSIVE  TREATISE  on  the  WATER-SUPPLY 
of  CITIES  and  TOWNS.  By  William  Humber,  Assoc.  Inst. 
C.E.,  and  M.  Inst.  M.E.  Author  of  "Cast  and  Wrought  Iron 
Bridge  Construction,"  &c.  &c.  This  work,  it  is  expected,  will  con- 
tain about  50  Double  Plates,  and  upwards  of  300  pages  of  Text. 
Imp.  4to,  half  bound  in  morocco.  [/«  the  press. 

*^*  In  accumulating  information  for  this  volume,  the  Author  has 
been  very  liberally  assisted  by  several  professional  friends,  who  have 
made  this  department  of  engineering  their  special  study.  He  has  thus 
been  in  a  position  to  prepare  a  -woj'k  which,  within  the  limits  of  a 
single  voluine,  will  supply  the  reader  with  the  most  complete  and 
reliable  information  upon  all  subjects,  theoretical  and  practical,  con- 
nected with  water  supply.  Through  the  kindness  of  Messrs.  Afider- 
son,  Bateman,  Hawksley>,  Homersham,  Baldwin  Latham,  Lawson, 
Milne,  Quick,  Rawlinson,  Simpson,  and  others,  several  works,  con- 
structed and  in  course  of  constructioii,  from  the  designs  of  these  gentle- 
men, will  be  fully  illustrated  and  described. 

AMONGST   OTHER  IMPORTANT  SUBJECTS  THE   FOLLOWING  WILL  BE  TREATED 
IN   THE   TEXT  :— 

Historical  Sketch  of  the  means  that  have  been  proposed  and  adopted  for  the  Supply 
of  Water. — Water  and  the  Foreign  Matter  usually  associated  with  it. — Rainfall  and 
Evaporation. —  Springs  and  Subterranean  Lakes. —  Hydraulics. — The  Selection  of 
Sites  for  Water  Works. — Wells. — Reservoirs. — Filtration  and  Filter  Beds. — Reservoir 
and  Filter  Bed  Appendages. — Pumps  and  Appendages. — Pumping  Machinery. — 
Culverts  and  Condinls,  Aqueducts,  Syphons,  &c. — Distribution  of  Water. — Water 
Meters  and  general  House  Fittings. — Cost  of  Works  for  the  Supply  of  Water. — Con- 
stant and  Intermittent  Supply. — Suggestions  for  preparing  Plans,  &c.  &c.,  together 
with  a  Description  of  the  numerous  Works  illustrated,  viz  : — Aberdeen,  Bideford, 
Cockermouth,  Dublin,  Glasgow,  Loch  Katrine,  Liverpool,  Manchester,  Rotherhani, 
Sunderland,  and  several  others ;  with  copies  of  the  Contract,  Drawings  and  Specifi- 
cation in  each  case. 
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Htimbers  Moderji  Engineering.     First  Series, 

A  RECORD  of  the  PROGRESS  of  MODERN  ENGINEER- 
ING, 1863.  Comprising  Civil,  Mechanical,  Marine,  Hydraulic, 
Railway,  Bridge,  and  other  Engineering  Works,  &c.  By  William 
HuMBER,  Assoc.  Inst.  C.E.,  &c.  Imp.  4to,  with  36  Double 
Plates,  drawn  to  a  large  scale,  and  Photographic  Portrait  of  John 
Hawkshaw,  C.E.,  F.R.S.,  &c.     Price  3/.  y.  half  morocco. 

List  of  the  Plates. 

NAME   AND   DESCRIPTION.  PLATES.  NAME  OF  ENGINEER. 

Victoria  Station  and  Roof— L.  B.&  S.  C.  Rail.      i  to  8  Mr.  R  Jacomb  Hood,  C.E. 

Southport  Pier 9  and  10  Mr.  James  Brunlees,  C.  E. 

Victoria  Station  and  Roof— L.  C.  &  D.  &  G.W. 

Railways    iitoisA  Mr.  John  Fowler,  C.E. 

Roof  of  Cremorne  Music  Hall 16  Mr.  William  Humber,  C.E. 

Bridge  over  G.  N.  Railway 17  Mr.  Joseph  Cubitt,  C.  E. 

Roof  of  Station — Dutch  Rhenish  Railway   ..  18  and  19  Mr.  Euschedi,  C.E. 

Bridge  over  the  Thames— West  London  Ex- 
tension Railway 20  to  24  Mr.  William  Baker,  C.  E. 

Armour  Plates 25  Mr.  James  Chalmers,  C.E. 

Suspension  Bridge,  Thames 26  to  29  Mr.  Peter  W.  Barlow,  C.E. 

The  Allen  Engine    30  Mr.  G.  T.  Porter,  M.E. 

Suspension  Bridge,  Avon 31   to  33  Mr.  John  Hawkshaw,  C.  E. 

andW.  H.  Barlow,  C.E. 

Underground  Railway 34  to  36  Mr.  John  Fowler,  C.E. 

W^ith  copious  Descriptive  Letterpress,  Specifications,  &.c. 


"  Handsomely  lithographed  and  printed.  It  will  find  favour  with  many  who  desire 
to  preserve  in  a  permanent  form  copies  of  the  plans  and  specifications  prepared  for  the 
guidance  of  the  contractors  for  many  Important  engineering  works." — E7igi7ieer. 

Htimber^s  Modern  Engineerhig .    Second  Series. 

A  RECORD  of  the  PROGRESS  of  MODERN  ENGINEER- 
ING, 1864  ;  with  Photographic  Portrait  of  Robert  Stephenson, 
C.E.,  M.P.,  F.R.S.,  &c.     Price  3/.  3^.  half  morocco. 

List  of  the  Plates. 

NAME  AND   DESCRIPTION.  PLATES.  NAME  OF   ENGINEER. 

Birkenhead  Docks,  Low  Water  Basin   i  to  15  Mr.  G.  F.  Lyster,  C.E. 

Charing  Cross  Station  Roof^C.  C.  Railway.  16  to  18  Mr.  Hawkshaw,  C.E. 

Digswell  Viaduct — Great  Northern  Railway.  19  Mr.  J.  Cubitt,  C.E. 

Robbery  Wood  Viaduct— Great  N.  Railway.  20  Mr.  J.  Cubitt,  CE. 

Iron  Permanent  Way -zoa  

Clydach  Viaduct  —  Merthyr,  Tredegar,  and 

Abergavenny  Railway  21  Mr.  Gardner,  C.E. 

Ebbw  Viaduct        ditto        ditto        ditto  22  Mr.  Gardner,  C.E. 

College  Wood  Viaduct — Cornwall  Railway  . .  23  Mr.  Brunei. 

Dublm  Winter  Palace  Roof 24  to  26  Messrs.  Ordish  S:  Le  Feuvre. 

Bridge  over  the  Thames— L.  C.  &  D.  Railw.  27  to  32  Mr.  J.  Cubitt,  C.E. 

Albert  Harbour,  Greenock    33  to  36  Messrs.  Bell  &  Miller. 

With  copious  Descriptive  Letterpress,  Specifications,  &c. 


"  A  resume  of  all  the  more  interesting  and  Important  works  lately  completed  In  Great 
Britain ;  and  containing,  as  it  does,  carefully  executed  drawings,  with  full  working 
details,  will  be  found  a  valuable  accessory  to  the  profession  at  large." — Engineer. 

"  Mr.  Humber  has  done  the  profession  good  and  true  service,  by  the  fine  collection 
of  examples  he  has  here  brought  before  the  profession  and  the  public." — Practical 
Mechanic's  Journal. 
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numbers  Modern  Engineering.     Third  Series. 

A  RECORD  of  the  PROGRESS  of  MODERN  ENGINEER- 
ING, 1865,  Imp.  4to,  with  40  Double  Plates,  drawn  to  a  large 
scale,  and  Photographic  Portrait  of  J.  R.  M 'Clean,  Esq.,  late  Pre- 
sident of  the  Institution  of  Civil  Engineers.  Price  3/.  3^-.  half 
morocco. 

List  of  Plates  and  Diagrams. 


MAIN  DRAINAGE,  METROPOLIS. 

North  Side. 
Map  showing  Interception  of  Sewers. 
Middle  Level  Sewer.     Sewer  under  Re- 
gent's Canal. 
Middle  Level  Sewer.    Junction  with  Fleet 
Ditch. 

Bridge  over  River  Lea. 


Bridge  over  River  Lea. 
Bridge  over  River  Lea. 


Outfall  Sewer. 

Elevation. 
Outfall  SrArer. 

Details. 
Outfall  Sewer. 

Details. 
Outfall  Sewer.    Bridge  over  Marsh  Lane, 

North  Woolwich  Railway,  and  Bow  and 

Barking  Railway  Junction. 
Outfall   Sewer.      Bridge    over    Bow  and 

Barking  Railway.     Elevation. 
Outfall    Sewer.      Bridge  over   Bow  and 

Barking  Railway.     Details. 
Outfall   Sewer.      Bridge  over    Bow   and 

Barking  Railway.     Details. 
Outfall  Sewer.    Bridge  over  East  London 

Waterworks'  Feeder.     Elevation. 
Outfall  Sewer.     Bridge  over  East  London 

Waterworks'  Feeder.     Details. 
Outfall  Sewer.     Reservoir.     Plan. 
Outfall  Sewer.     Reservoir.     Section. 
Outfall  Sewer.  Tumbling  Bay  and  Outlet. 
Outfall  Sewer.    Penstocks. 

South  Side. 
Outfall  Sewer,     Bermondsey  Branch. 
Outfall  Sewer.     Bermondsey  Branch. 
Outfall  Sewer.      Reservoir  and   Outlet. 
Plan. 


MAIN  DRAINAGE,  METROPOLIS, 

continued — 
Outfall    Sewer.     Reservoir   and   Outlet. 


Reservoir   and  Outlet. 
Reservoir  and   Outlet- 


Details. 
Outfall   Sewer. 

Details. 
Outfall   Sewer. 

Details. 
Outfall  Sewer.     Filth  Hoist. 
Sections  of  Sewers    (North  and  South 

Sides). 

THAMES   EMBANKMENT. 

Section  of  River  Wall. 

Steam-boat  Pier,  Westminster.  Elevation 

Steam-boat  Pier,  Westminster.    Details. 

Landing  Stairs  between  Charing  Cross 
and  Waterloo  Bridges. 

York  Gate.     Front  Elevation, 

York  Gate.     Side  Elevation  and  Details. 

Overflow  and  Outlet  at  Savoy  Street  Sewer. 
Details. 

Overflowand  Outletat  Savoy  Street  Sewer. 
Penstock. 

Overflow  and  Outlet  at  Savoy  Street  Sewer. 
Penstock. 

Steam-boat  Pier,  Waterloo  Bridge.  Eleva- 
tion. 

Steam-boat  Pier,  Waterloo  Bridge.  De- 
tails. 

Steam-boat  Pier,  Waterioo  Bridge.  De- 
tails. 

Junction  of  Sewers.     Plans  and  Sections. 

Gullies.     Plans  a.nd  Sections. 

Rolling  Stock. 

Granite  and  Iron  Forts. 


With  copious  Descriptive  Letterpress,  Specifications,  &c 


Opinions  of  the  Press, 

"  Mr.  number's  works — especially  his  annual  '  Record,'  with  which  so  many  of  our 
readers  are  now  familiar — fill  a  void  occupied  by  no  other  branch  of  literature.  .  .  . 
The  drawings  have  a  constantly  increasing  value,  and  whoever  desires  to  possess  clear 
representations  of  the  two  great  works  carried  out  by  oiu:  Metropolitan  Board  will 
obtain  Mr.  number's  last  volume." — Engineering. 

"  No  engineer,  architect,  or  contractor  should  fail  to  preserre  these  records  of  works 
which,  for  magnitude,  have  not  their  parallel  in  the  present  day,  no  student  in  the 
profession  but  should  carefully  study  the  details  of  these  great  works,  which  he  may  be 
one  day  called  upon  to  imitate." — Mec/tanics'  Magazine. 

"  A  work  highly  creditable  to  the  industry  of  its  author The  volume  is  quite 

an  encyclopaidia  for  the  study  of  the  student  who  desires  to  master  the  subject  cf 
municipal  drainage  on  its  scale  of  greatest  development,"— Practical  Mtchanic's 
journal. 


4  WORKS   PUBLISHED  BY  LOCKWOOD   &  CO. 

Humberts  Modern  Engineering.    Fo2irth  Series, 

A  RECORD  of  the  PROGRESS  of  MODERN  ENGINEER- 
ING, 1866.  Imp.  4to,  with  36  Double  Plates,  drawn  to  a  large 
scale,  and  Photographic  Portrait  of  John  Fowler,  Esq.,  President 
of  the  Institution  of  Civil  Engineers.     Price  3/.  3^'.  half-morocco. 

Lisf  of  the  Plates  and  Diagrams. 

NAME  AND  DESCRIPTION.  PLATES.  NAME  OF  ENGINEER. 

Abbey  Mills  Pumping  Station,  Main  Drainage, 

Metropolis i  to  4  Mr.  Bazalgette,  C.E. 

Barrow  Docks 5  to  9  Messrs.  M'Clean  &  Stillman, 

Manquis  Viaduct,  Santiago  and  Valparaiso  [C.E. 

RaUway 10,11  Mr.  W.  Loyd,  C.E. 

Adams' Locomotive,  St.  Helen's  Canal  Railw.  12,  13  Mr.  H.  Cross,  C.E. 
Cannon  Street  Station  Roof,  Charing  Cross 

Railway 14  to  16  Mr.  J.  Hawkshaw,  C.  E. 

Road  Bridge  over  the  River  Moka. 17,  18  Mr.  H.  Wakefield,  C.E. 

Telegraphic  Apparatus  for  Mesopotamia  ....  19  Mr.  Siemens,  C.E. 

Viaduct  over  the  River  Wye,  Midland  Railw.  20  to  22  Mr.  W.  H.  Barlow,  C.E. 

St.  Germans  Viaduct,  Cornwall  Railway 23,  24  Mr.  Brunei,  C.E. 

Wrought-Iron  Cylinder  for  Diving  Bell 25  Mr.  J.  Coode,  C.E. 

Millwall  Docks 26  to  31  Messrs.  J.  Fowler,  C.E.,  and 

William  Wilson,  C.E. 

Milroy's  Patent  Excavator    32  Mr.  Milroy,  C.  E. 

Metropolitan  District  Railway 33   to  38  Mr.  J.  Fowler,  Engineer-in- 

Chief,    and     Mr.    T.    M. 
Johnson,  C.E. 

Harbours,  Ports,  and  Breakwaters A  to  c 

The  Letterpress  co7nprises — 

A  concluding  article  on  Harbours,  Ports,  and  Breakwaters,  with 
Illustrations  and  detailed  descriptions  of  the  Breakwater  at  Cher- 
bourg, and  other  important  modem  works  ;  an  article  on  the 
Telegraph  Lines  of  Mesopotamia ;  a  full  description  of  the  Wrought- 
iron  Diving  Cylinder  for  Ceylon,  the  circumstances  under  which  it 
was  used,  and  the  means  of  working  it  ;  full  description  of  the 
Millwall  Docks  :  &c.,  &c.,  &c. 


Opinions  of  the  Press. 

"  Mr.  Humber's  *  Record  of  Modern  Engineering'  is  a  work  of  peculiar  value,  as 
well  to  those  who  design  as  to  those  who  study  the  art  of  engineering  construction. 
It  embodies  a  vast  amount  of  practical  information  in  the  form  of  full  descriptions  and 
working  drawings  of  all  the  most  recent  and  noteworthy  engineering  works.  The 
plates  are  excellently  lithographed,  and  the  present  volume  of  the  '  Record '  is  not  a 
whit  behind  its  predecessors." — Mechanic^  Magazine. 

"  We  gladly  welcome  another  year's  issue  of  this  valuable  publication  from  the  able 
pen  of  Mr.  Humber.  The  accuracy  and  general  excellence  of  this  work  are  well 
known,  while  its  usefulness  in  giving  the  measurements  and  details  of  some  of  the 
latest  examples  of  engineering,  as  carried  out  by  the  most  eminent  men  in  the  profes- 
sion, cannot  be  too  highly  prized." — Artizan. 

"  The  volume  forms  a  valuable  companion  to  those  which  have  preceded  it,  and 
cannot  fail  to  prove  a  most  important  addition  to  every  engineering  library." — Mining 
Journal. 

"  No  one  of  Mr.  Humber's  volumes  was  bad  ;  all  were  worth  their  cost,  from  the 
mass  of  plates  from  well-executed  drawings  which  they  contained.  In  this  respect, 
perhaps,  this  last  volume  is  the  most  valuable  that  the  author  has  produced. " — Prac- 
tical Mecttanics'  Journal. 


WORKS  PUBLISHED  BY  LOCKWOOD  &  CO.  5 

Htcmbers  Great  Work  on  Bridge  Constrtcctio7i. 

A  COMPLETE  and  PRACTICAL  TREATISE  on  CAST  and 
WROUGHT-IRON  BRIDGE  CONSTRUCTION,  including 
Iron  Foundations.  In  Three  Parts — Theoretical,  Practical,  and 
Descriptive.  By  William  Humber,  Assoc.  Inst.  C.  E,,  and  M.  Inst 
M.E.  Third  Edition,  revised  and  much  improved,  with  115  Double 
Plates  (20  of  which  now  first  appear  in  this  edition),  and  numerous 
additions  to  the  Text.  In  2  vols.  imp.  4to.,  price  6/.  ids.  6d.  half- 
bound  in  morocco.  \Recently  published. 

*'A  very  valuable  contribution  to  the  standard  literature  of  civil  engineering.  In 
addition  to  elevations,  plans,  and  sections,  large  scale  details  are  given,  which  very 
much  enhance  the  instructive  worth  of  these  illustrations.  No  engineer  would  wil- 
lingly be  without  so  valuable  a  fund  of  information." — Civil  Engitieer  and  Architect s 
youmal. 

"  The  First  or  Theoretical  Part  contains  mathematical  investigations  of  the  prin- 
ciples involved  in  the  various  forms  now  adopted  in  bridge  construction.  These 
investigations  are  exceedingly  complete,  having  evidently  been  very  carefully  con- 
sidered and  worked  out  to  the  utmost  extent  that  can  be  desired  by  the  practical  man. 
The  tables  are  of  a  very  useful  character,  containing  the  results  of  the  most  recent 
experiments,  and  amongst  them  are  some  valuable  tables  of  the  weight  and  cost  of 
cast  and  wrought-iron  structures  actually  erected.  The  volume  of  text  is  amply  illus- 
trated by  numerous  woodcuts,  plates,  and  diagrams  :  and  the  plates  in  the  second 
volume  do  great  credit  to  both  draughtsmen  and  engravers.  In  conclusion,  we  have 
great  pleasure  in  cordially  recommending  this  work  to  our  readers." — Artiza7i. 

'  Mr.  Humber's  stately  volumes  lately  issued — in  which  the  most  important  bridges 
erected  during  the  last  five  years,  under  the  direction  of  the  late  Mr.  Brunei,  Sir  W. 
Cubitt,  Mr.  Hawkshaw,  Mr.  Page,  Mr.  Fowler,  Mr.  Hemans,  and  others  among  our 
most  eminent  engineers,  are  drawn  and  specified  in  great  detail." — Engineer. 

Weale^s  Engineer  s  Pocket-Book. 

THE  ENGINEER'S,  ARCHITECT'S,  and  CONTRACTOR'S 
POCKET-BOOK  (Lockwood  &  Co.'s;  formerly  We.a.le's). 
Published  Annually.  In  roan  tuck,  gilt  edges,  with  10  Copper- 
Plates  and  numerous  Woodcuts.  Price  ds. 
"  A  vast  amount  of  really  valuable  matter  condensed  into  the  small  dimen- 
sions of  a  book  which  is,  in  reality,  what  it  professes  to  be — a  pocket-book 

We  cordially  recommend  the  book  to  the  notice  of  the  managers  of  coal  and  other 
mines ;  to  them  it  will  prove  a  handy  book  of  reference  on  a  variety  of  subjects  more 
or  less  intimately  connected  with  their  profession." — Colliery  Guardian. 

"  Every  branch  of  engineering  is  treated  of,  and  facts,  figures,  and  data  of  ever^- 
kind  abound." — Mechanics'  Mag. 

"  It  contains  a  large  amount  of  information  peculiarly  valuable  to  those  for  whose 
use  it  is  compiled.  We  cordially  commend  it  to  the  engineering  and  architectural 
professions  generally." — Mining  yournal. 

Iro7i  Bridges^  Girders,  Roofs,  &c. 

A  TREATISE  on  the  APPLICATION  of  IRON  to  the  CON- 
STRUCTION of  BRIDGES,  GIRDERS,  ROOFS,  and  OTHER 
WORKS  ;  showing  the  Principles  upon  w  hich  such  Structures  are 
Designed,  and  their  Practical  Application.  Especially  arranged  for 
the  use  of  Students  and  Practical  Mechanics,  all  Mathematical  For- 
mulae and  Symbols  being  excluded.  By  Francis  Campin,  C.E. 
With  nimierous  Diagrams.    i2mo.,  cloth  boards,  3^.,  cloth  limp,  2s. 

\Rccmtly  published. 
"  For  numbers  of  young  engineers  the  book  is  just  the  cheap,  handy,  first  guide 
they  want." — Middlesborough  Weekly  Neivs. 

"  Invaluable  to  those  who  have  not  been  educated  in  mathematics." — Colliery 
Guardian. 
"  Remarkably  accurate  and  well  written." — Arlizan. 
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Barloiv  on  the  Strength  of  Materials,  enlarged. 

A  TREATISE  ON  THE  STRENGTH  OF  MATERIALS, 
with  Rules  for  application  in  Architecture,  the  Construction  of 
Suspension  Bridges,  Railways,  &c.  ;  and  an  Appendix  on  the 
Power  of  Locomotive  Engines,  and  the  effect  of  Inclined  Planes 
and  Gradients.  By  Peter  Barlow,  F.R.S.,  Mem.  Inst,  of  France  ; 
of  the  Imp.  and  Royal  Academies  of  St.  Petersburgh  and  Brussels  ; 
of  the  Amer.  Soc.  Arts  ;  and  Hon.  Mem.  Inst.  Civil  Engineers. 
A  New  and  considerably  Enlarged  Edition,  revised  by  his  Sons, 
P.  W.  Barlow,  F.R.S.,  Mem.  Inst.  C.E.,  and  W.  H.  Barlow^ 
F.R.S.,  Mem.  of  Council  Inst.  C.E.,  to  which  are  added  a  Sum- 
mary of  Experiments  by  Eaton  Hodgkinson,  F.R.S.,  William 
Fairbairn,  F.R.S,,  and  David  Kirkaldy  ;  an  Essay  (with 
Illustrations)  on  the  effect  produced  by  passing  Weights  over 
Elastic  Bars,  by  the  Rev.  Robert  Willis,  M.A.,  F.R.S.  And 
Formulas  for  Calculating  Girders,  &c.  The  whole  arranged  and 
edited  by  William  Humber,  Assoc.  Inst.  C.E.,  and  Mem.  Inst. 
M.E.,  Author  of  "  A  Complete  and  Practical  Treatise  on  Cast  and 
Wrought-Iron  Bridge  Construction,"  &c.  &c.  Demy  8vo,  400  pp., 
with  19  large  Plates,  and  numerous  woodcuts,  price  i&r.  cloth. 

"This  edition  has  undergone  considerable  improvement,  and  has  been  brought  down 
to  the  present  date.     It  is  one  of  the  first  books  of  reference  in  existence." — Artiza7i. 

"  Although  issued  as  the  sixth  edition,  the  volume  under  consideration  is  worthy  of 
being  regarded,  for  all  practical  purposes,  as  an  entirely  new  work  .  .  .  the  book 
is  undoubtedly  worthy  of  the  highest  commendation." — Mining  Joitrjtal. 

"An  increased  value  has  been  given  to  this  very  valuable  work  by  the  addition  of 
a  large  amount  of  information,  which  cannot  prove  otherwise  than  highly  useful  to 

those  who  require  to  consult  it The  arrangement  and  editing  of  this 

mass  of  information  has  been  undertaken  by  Mr.  Humber,  who  has  most  ably  fulfilled 
a  task  requiring  special  care  and  ability  to  render  it  a  success,  which  this  edition  most 
certainly  is.  He  has  given  the  finishing  touch  to  the  volume  by  introducing  into  it 
an  interesting  memoir  of  Professor  Barlow,  which  tribute  of  respect,  we  are  sure,  will 
be  appreciated  by  the  members  of  the  engineering  profession." — Mechanics'  Magazi?ie. 

"A  book  which  no  engineer  of  any  kind  can  afford  to  be  without." — Colliery 
Guardian. 

"  The  best  book  on  the  subject  which  has  yet  appeared We  know  of 

no  work  that  so  completely  fulfils  its  mission." — English  Mechanic. 

"There  is  not  a  pupil  in  an  engineering  school,  an  apprentice  in  an  engineer's  or 
architect's  office,  or  a  competent  clerk  of  works,  who  will  not  recognise  in  the  scientific 
volume  newly  given  to  circulation,  an  old  and  valued  friend." — Building  News. 

"The  standard  treatise  upon  this  particular  subject." — Engineer. 

Strains^  For mulcB  &  Diagrams  for  Calculation  of, 

A  HANDY  BOOK  for  the  CALCULATION  of  STRAINS 
in  GIRDERS  and  SIMILAR  STRUCTURES,  and  their 
STRENGTH  ;  consisting  of  Formula  and  Corresponding  Diagi'ams, 
with  numerous  Details  for  Practical  Application,  &c.  By  William 
Humber,  Assoc.  Inst.  C.E.,  &c.  Fcap.  8vo,  with  nearly  100 
Woodcuts  and  3  Plates,  price  1$.  6d.  cloth. 
"The  arrangement  of  the  matter  in  this  little  volume  is  as  convenient  as  it  well 

could  be The  system  of  employing  diagrams  as  a  substitute  for  complex: 

computations  is  one  justly  coming  into  great  favour,  and  in  that  respect  Mr.  Humber's 
volume  is  fully  up  to  the  times." — Engifieering. 

"The  formuJae  are  neatly  expressed,  and  the  diagrams  good." — Athenetum. 
"We  heartily  commend  this  really  ha?idy  book   to   our  engineer  and  architect 
readers. " — English  Mecha?nc. 
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Strains. 

THE  STRAINS  ON  STRUCTURES  OF  IRONWORK; 
with  Practical  Remarks  on  Iron  Construction.  By  F.  W.  Sheilds, 
M.  Inst.  C.E.    Second  Edition,  with  5  plates.    Royal  8vo,  5j.  cloth. 

Contents. — Introductory  Remarks  ;  Beams  Loaded  at  Centre  ;  Beams  Loaded  at 
unequal  distances  between  supports  ;  Beams  uniformly  Loaded  ;  Girders  with  triangu- 
lar bracing  Loaded  at  centre  ;  Ditto,  Loaded  at  unequal  distances  between  supports  ; 
Ditto,  uniformly  Loaded ;  Calculation  of  the  Strains  on  Girders  with  triangular 
Basings  ;  Cantilevers;  Continuous  Girders;  Lattice  Girders;  Girders  with  Vertical 
Struts  and  Diagonal  Ties  ;  Calculation  of  the  Strains  on  Ditto  ;  Bow  and  String 
Girders  ;  Girders  of  a  form  not  belonging  to  any  regular  figure  ;  Plate  Girders  ;  Ap- 
portionments of  Material  to  Strain  ;  Comparison  of  different  Girders  ;  Proportion  of 
Length  to  Depth  of  Girders  ;  Character  of  the  Work  ;  Iron  Roofs. 

Construction  of  Iron  Beams,  Pillars,  &c. 

IRON  AND  HEAT,  Exhibiting  the  Principles  concerned  in  the 
Construction  of  Iron  Beams,  Pillars,  and  Bridge  Girders,  and  the 
Action  of  Heat  in  the  Smelting  Furnace.  By  James  Armour, 
C.E.     Woodcuts,  i2mo,  cloth  boards,  3J-.  6d.  ;  cloth  limp,  2s.  6d. 

\Rece7itly  published. 
"  A  very  useful  and  thoroughly  practical  little  volume,  in  every  way  deserving  of 
circulation  amongst  working  men." — Mitiing  Journal. 

"  No  ironworker  who  wishes  to  acquaint  himself  with  the  principles  of  his  own 
trade  can  afford  to  be  without  it." — South  Durliavt  Mercury. 

Power  in  Motion. 

POWER  IN  MOTION  :  Horse  Power,  Motion,  Toothed  Wheel 
Gearing,  Long  and  Short  Driving  Bands,  Angular  Forces,  &c. 
By  James  Armour,  C.E.  With  73  Diagrams.  i2mo,  cloth 
boards,  3J.  (id.;  cloth  limp,  zs.  6d.  \Recently published. 

"  Numerous  illustrations  enable  the  author  to  convey  his  meaning  as  explicitly  as 
it  is  perhaps  possible  to  be  conveyed.  The  value  of  the  theoretic  and  practical  know- 
ledge imparted  cannot  well  be  over  estimated. " — Nnvcastle  Weekly  Chronicle. 

Metallurgy  of  Iron. 

A  TREATISE  ON  THE  METALLURGY  OF  IRON  :  con- 
taining Outlines  of  the  History  of  Iron  Manufacture,  Methods  of 
Assay,  and  Analyses  of  Iron  Ores,  Processes  of  Manufacture  of 
Iron  and  Steel,  &c.  By  H.  Bauerman,  F.G.S.,  Associate  of  the 
Royal  School  of  Mines.  With  nvmierous  Illustrations.  Third 
Edition,  revised  and  much  enlarged.  i2mo.,  cloth  boards,  ^s.  6d. ; 
cloth  limp,  4J.  6d.  \jfust  piiblished. 

"  Carefully  written,  it  has  the  merit  of  brevity  and  conciseness,  as  to  less  important 
points,  while  all  material  matters  are  very  fully  and  thoroughly  entered  into." — 
Slanciard. 

trigonometrical  Surveying. 

AN  OUTLINE  OF  THE  METHOD  OF  CONDUCTING  A 
TRIGONOMETRICAL  SURVEY,  for  the  Formation  of  Geo- 
graphical and  Topographical  Maps  and  Plans,  Military  Recon- 
naissance, Levelling,  &c.,  with  the  most  useful  Problems  in  Geodesy 
and  Practical  Astronomy,  and  Formulae  and  Tables  for  Facilitating 
their  Calculation.  By  Major-General  Frome,  R.E.,  Inspector- 
General  of  Fortifications,  &c.  Third  Edition,  revised  and  improved. 
With  10  Plates  and  113  Woodcuts.     Royal  8vo,  12^.  cloth. 
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Hydraulics. 

HYDRAULIC  TABLES,  CO-EFFICIENTS,  and  FORMULA 
for  finding  the  Discharge  of  Water  from  Orifices,  Notches,  Weirs, 
Pipes,  and  Rivers.  By  John  Neville,  Civil  Engineer,  M.R.I.A. 
Second  Edition,  with  extensive  Additions,  New  Formulae,  Tables, 
and  General  Information  on  Rain-fall,  Catchment-Basins,  Drainage, 
Sewerage,  Water  Supply  for  Towns  and  Mill  Power.  With  nume- 
rous Woodcuts,  8vo,  ids.  cloth. 

%*  This  work  contains  a  vast  number  of  different  hydraulic 
formulae,  and  the  most  extensive  and  accurate  tables  yet  published 
for  finding  the  mean  velocity  of  discharge  from  triangular,  quadri- 
lateral, and  circular  orifices,  pipes,  and  rivers ;  with  experimental 
results  and  co-efficients ;  effects  of  friction ;  of  the  velocity  of 
approach  ;  and  of  curves,  bends,  contractions,  and  expansions  ;  the 
best  form  of  channel ;  the  drainage  effects  of  long  and  short  weirs, 
and  weir-basins  ;  extent  of  back-water  from  weirs ;  contracted 
channels ;  catchment-basins ;  hydrostatic  and  hydraulic  pressure  ; 
water-power,  &c.  &c. 


Levelling. 


A  TREATISE  on  the  PRINCIPLES  and  PRACTICE  of 
LEVELLING ;  showing  its  Application  to  Purposes  of  Railway 
and  Civil  Engineering,  in  the  Construction  of  Roads  ;  ^vith  Mr. 
Telford's  Rules  for  the  same.  By  Frederick  W.  Simms, 
F.G.S.,  M.  Inst.  C.E.  Fifth  Edition,  very  carefully  revised,  with 
the  addition  of  Mr.  Law's  Practical  Examples  for  Setting  out 
Railway  Curves,  and  Mr.  Trautwine's  Field  Practice  of  Laying 
out  Circular  Curves.  With  7  Plates  and  numerous  Woodcuts.  8vo, 
8j.  6d.  cloth.  *^*  Trautwine  on  Curves,  separate,  price  5^. 

"  One  of  the  most  important  text-books  for  the  general  surveyor,  and  there  is 
scarcely  a  question  connected  with  levelling  for  which  a  solution  would  be  sought  but 
that  would  be  satisfactorily  answered  by  consulting  the  volume." — Mining'  Journal. 

"The  text-book  on  levelling  in  most  of  our  engineering  schools  and  colleges." — 
Engineer. 

"  The  publishers  have  rendered  a  substantial  service  to  the  profession,  especially  to 
the  younger  members,  by  bringing  out  the  present  edition  of  Mr.  Simms's  useful  work." 
—Engineeritig. 

Ttmnelli^tg. 

PRACTICAL  TUNNELLING  ;  explaining  in  Detail  the  Setting 
out  of  the  Works  ;  Shaft  Shiking  and  Heading  Driving  ;  Ranging 
the  Lines  and  Levelling  Under-Ground  ;  Sub-Excavating,  Timber- 
ing, and  the  construction  of  the  Brickwork  of  Tunnels ;  with  the 
Amount  of  Labour  required  for,  and  the  Cost  of  the  various  Por- 
tions of  the  Work.  By  Fredk.  W.  Simms,  F.R.A.S.,  F.G.S., 
M.  Inst.  C.E.,  Author  of  "A  Treatise  on  the  Principles  and 
Practice  of  Levelling,"  &c.  &c.  Second  Edition,  revised  by  W. 
Davis  Haskoll,  Civil  Engineer,  Author  of  *'The  Engineer's 
Field-Book,"  Sec.  &c.  With  16  large  folding  Plates  and  numerous 
Woodcuts.     Imperial  8vo,  il.  is.  cloth. 


WORKS  PUBLISHED  BY  LOCKWOOD  &  CO.  9 

Stre7igth  of  Cast  Iron,  &c. 

A  PRACTICAL  ESSAY  on  the  STRENGTH  of  CAST  IRON 
and  OTHER  METALS  ;  intended  for  the  Assistance  of  Engineers, 
Iron-Masters,  Millwrights,  Architects,  Founders,  Smiths,  and 
others  engaged  in  the  Construction  of  Machines,  Buildings,  &c.  ; 
containing  Practical  Rules,  Tables,  and  Examples,  founded  on  a 
series  of  New  Experiments  ;  with  an  Extensive  TalDle  of  the  Pro- 
perties of  Materials.  By  the  late  Thomas  Tredgold,  Mem.  Inst. 
C.E.,  Author  of  '*  Elementary  Principles  of  Carpentry,"  '*  History 
of  the  Steam-Engine,"  &c.  Fifth  Edition,  much  improved. 
Edited  by  Eaton  Hodgkinson,  F.R.S.  ;  to  which  are  added 
EXPERIMENTAL  RESEARCHES  on  the  STRENGTH  and 
OTHER  PROPERTIES  of  CAST  IRON  ;  with  the  Develop- 
ment of  New  Principles,  Calculations  Deduced  from  them,  and 
Inquiries  Applicable  to  Rigid  and  Tenacious  Bodies  generally.  By 
the  Editor.  The  whole  Illustrated  with  9  Engravings  and  nume- 
rous Woodcuts.     8vo,  I2J-.  cloth. 

%*  Hodgkinson's  Experimental  Researches  on  the 
Strength  and  Other  Properties  of  Cast  Iron  may  be  had 
separately.    With  Engravings  and  Woodcuts.    8vo,  price  6^.  cloth. 

The  High-Pressure  Steam  Engine. 

THE  HIGH-PRESSURE  STEAM  ENGINE  ;  an  Exposition 
of  its  Comparative  Merits,  and  an  Essay  towards  an  Improved 
System  of  Construction,  adapted  especially  to  secure  Safety  and 
Economy.  By  Dr.  Ernst  Alban,  Practical  Machine  Maker, 
Plau,  Mecklenberg,  Translated  from  the  German,  with  Notes,  by 
Dr.  Pole,  F.R.S.,  M.  Inst.  C.E.,  &c.  &c.  With  28  fine  Plates, 
8vo,  i(>s.  6d.  cloth. 

"  A  work  like  this,  which  goes  thoroughly  into  the  examination  of  the  high-pressure 
engine,  the  boiler,  and  its  appendages,  &c.,  is  exceedingly  useful,  and  deserves  a  place 
in  every  scientific  library." — Stcajti  Shipping  Chronicle. 

Tables  of  Ctcrves. 

TABLES    OF   TANGENTIAL  ANGLES  and  MULTIPLES 
for  setting  out  Curves  from  5  to  200  Radius.     By  Alexander 
Beazeley,  M.  Inst.  C.E.      Printed  on  48  Cards,   and  sold  in  a 
cloth  box,  waistcoat-pocket  size,  price  y.  6d. 
"  Each  table  is  printed  on  a  small  card,  which,  being  placed  on  the  theodolite,  leaves 

the  hands  free  to  manipulate  the  instrument — no  small  advantage  as  regards  the  rapidity 

of  work.     They  are  clearly  printed,  and  compactly  fitted  into  a  small  case  for  the. 

pocket — an  arrangement  that  will  recommend  them  to  all  practical  men." — Engineer. 
"  Very  handy  :  a  man  may  know  that  all  his  day's  work  must  fall  on  two  of  these 

cards,  which  he  puts  into  his  own  card-case,  and  leaves  the  rest  behind." — Atheiueum. 

Laying  Out  Curves. 

THE  FIELD  PRACTICE  of  LAYING  OUT  CIRCULAR 
CURVES  for  RAILROADS.  By  John  C.  Trautwine,  C.E., 
of  the  United  States  (extracted  from  Simms's  Work  on  Levelling). 
8vo,  55-.  sewed. 
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Estimate  and  Price  Book. 

THE  CIVIL  ENGINEER'S  AND  CONTRACTOR'S  ESTI- 
MATE AND  PRICE  BOOK  for  Home  or  Foreign  Service  : 
in  reference  to  Roads,  Railways,  Tramways,  Docks,  Harbours, 
Forts,  Fortifications,  Bridges,  Aqueducts,  Tunnels,  Sewers,  Water- 
works, Gasworks,  Stations,  Barracks,  Warehouses,  &c.  &c.  &:c. 
W^ith  Specifications  for  Permanent  Way,  Telegraph  Materials, 
Plant,  Maintenance,  and  Working  of  a  Railway  ;  and  a  Priced  List 
of  Machinery,  Plant,  Tools,  &c. ,  required  in  the  execution  of  Public 
Works.  By  W.  Davis  Haskoll,  C.E.  Plates  and  numerous 
Woodcuts.  Published  annually.  Demy  8vo,  cloth,  6j-. 
"As  furnishing  a  variety  of  data  on  every  conceivable  want  to  civil  engineers  and 
contractors,  this  book  has  ever  stood  perhaps  unrivalled." — Architect. 

"The  care  with  which  the  particulars  are  arranged  reflects  credit  upon  the  author, 
each  subject  being  divided  into  tables  under  their  own  special  heads,  so  that  no 
difficulty  arises  in  finding  the  exact  thing  one  wants.  The  value  of  the  work  to  the 
student  and  the  experienced  contractor  is  inestimable." — Mechanic  s  Mag. 

"Mr.  Haskoll  has  bestowed  very  great  care  upon  the  preparation  of  his  estimates 
and  prices,  and  the  work  is  one  which  appears  to  us  to  be  in  every  way  deser\-ing  of 
confidence." — Bjiilders  Weekly  Reporter. 

Surveying  (Land  and  Marine), 

LAND  AND  MARINE  SURVEYING,  in  Reference  to  the 
Preparation  of  Plans  for  Roads  and  Railways,  Canals,  Rivers, 
Towns'  Water  Supplies,  Docks  and  Harbours  ;  with  Description 
and  Use  of  Surveying  Instruments.  By  W.  Davis  Haskoll,  C.  E.  , 
Author  of  "The  Engineer's  Field  Book,"  "  Examples  of  Bridge 
and  Viaduct  Construction,"  &c.  Demy  8vo,  price  \2s.  6d.  cloth, 
with  14  folding  Plates,  and  numerous  Woodcuts. 
"  '  Land  and  Marine  Surveying'  is  a  most  useful  and  well  arranged  book  for  the 

aid  of  a  student We  can  strongly  recommend  it  as  a  carefully-written 

and  valuable  text-book." — Bjiilder. 

"  He  only  who  is  master  of  his  subject  can  present  it  in  such  a  way  as  to  make  it 
intelligible  to  the  meanest  capacity.  It  is  in  this  that  Mr.  Haskoll  excels.  He  has 
knowledge  and  experience,  and  can  so  give  expression  to  it  as  to  make  any  matter  on 

which  he  writes,  clear  to  the  youngest  pupil  in  a  survej'^or's  office The 

work  will  be  found  a  useful  one  to  men  of  experience,  for  there  are  few  such  who  will 
not  get  some  good  ideas  from  it ;  but  it  is  indispensable  to  the  young  practitioner." — 
Colliery  Guardian. 

"  A  volume  which  cannot  fail  to  prove  of  the  utmost  practical  utility It 

is  one  which  may  be  safely  recommended  to  all  students  who  aspire  to  become  clean 
and  expert  surveyors  ;  and  from  the  exhaustive  manner  in  which  Mr.  Haskoll  has 
placed  his  long  experience  at  the  disposal  of  his  readers,  there  will  henceforth  be  no 
excuse  for  the  complaint  that  young  practitioners  are  at  a  disadvantage,  through  the 
neglect  of  their  seniors  to  point  out  the  importanoe  of  minute  details,  since  they  can 
readily  supply  the  deficiency  bj-  the  study  of  the  volume  now  under  consideration."— 
Mining  Jotirttal. 


Engineering  Fieldwork.  * 


THE     PRACTICE     OF    ENGINEERING    FIELDWORK, 

applied  to  Land  and  Hydraulic,  Hydrographic,  and  Submarine 
Surveying  and  Levelling.  Second  Edition,  revised,  with  consider- 
able additions,  and  a  Supplementary  Volume  on  WATER- 
WORKS, SEWERS,  SEWAGE,  and  IRRIGATION.  By  W. 
Davis  Haskoll,  C.E.  Numerous  folding  Plates.  Demy  8vo,  2 
vols,  in  one,  cloth  boards,  i/.  is.  (published  at  2/.  4^-.) 
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Fire  Engineering. 


FIRES,  FIRE-ENGINES,  AND   FIRE   BRIGADES.     With 

a  History  of  Manual  and  Steam  Fire-Engines,  tlieir  Construc- 
tion, Use,  and  Management ;  Remarks  on  Fire-Proof  Build- 
ings, and  the  Preservation  of  Life  from  Fire  ;  Statistics  of  the  Fire 
Appliances  in  English  Towns  ;  Foreign  Fire  Systems  ;  Hints  for 
the  formation  of,  and  Rules  for.  Fire  Brigades  ;  and  an  Account  of 
American  Steam  Fire-Engines.  By  Charles  F.  T.  Young,  C.E., 
Author  of  "The  Economy  of  Steam  Power  on  Common  Roads," 
&C.  With  numerous  Illustrations,  Diagrams,  &c.,  handsomely 
printed,  544  pp.,  demy  8vo,  price  i/.  4^.  cloth. 

"We  can  most  heartily  commend  this  book It  is  really  the  only  English 

work  we  now  have  upon  the  subject." — Engineering. 

"  We  strongly  recommend  the  book  to  the  notice  of  all  who  are  in  any  way  in- 
terested in  fires,  fire-engines,  or  fire-brigades." — Mecltanics'  Magazine. 


Manual  of  Mining  Tools. 


MINING  TOOLS.  For  the  use  of  Mine  Managers,  Agents, 
Mining  Students,  &:c.  By  W^illiam  Morgans,  Lecturer  on  Prac- 
tical Mining  at  the  Bristol  School  of  Mines.  i2mo,  3J-.  6</.  With 
an  Atlas  of  Plates,  containing  235  Illustrations.    4to,  ds.     [Ready. 

"  A  very  substantial  and  much  needed  contribution  to  the  Art  literature  of  an  im- 
portant branch  of  English  industry." — Mechanics'  Magazine. 

"  Students  in  the  Science  of  Mining,  and  not  only  they,  but  subordinate  officials  in 
mines,  and  even  Overmen,  Captains,  Managers,  and  Viewers  may  gain  practical 
knowledge  and  useful  hints  by  the  study  of  Mr.  Morgans's  Manu^." —  Colliery 
Gttardian. 

"A  very  valuable  work,  which  will  tend  materially  to  improve  our  'mining  litera- 
ture."— Mining  Journal. 

Earthwork,  Measicremejit  and  Calculation  of. 

A  MANUAL  on  EARTHWORK.  By  Alex.  J.  S.  Graham, 
C.E.,  Resident  Engineer,  Forest  of  Dean  Central  Railway.  With 
numerous  Diagrams.     i8mo,  is.  6d.  cloth. 

"  As  a  really  handy  book  for  reference,  we  know  of  no  work  equal  to  it ;  and  the 
railway  engineers  and  others  employed  in  the  measurement  and  calculation  of  earth- 
work will  find  a  great  amount  of  practical  information  very  admirably  arranged,  and 
available  for  general  or  rough  estimates,  as  well  as  for  the  more  exact  calculations 
required  in  the  engineers'  contractor's  offices,'' — Artizan. 


Useful  Inventions. 


BAILEY'S  ILLUSTRATED  USEFUL  INVENTIONS,  con- 
taining 800  Wood  Engravings  of  Engineers'  Sundries,  Steam 
Fittings,  Tools,  Small  Machines,  Church  Clocks,  Lightning  Con- 
ductors, Electric  Telegraph  Instruments,  &c.,  &c.,  with  prices 
attached,  valuable  to  all  who  are  interested  in  manufactures.  By 
J.  Bailey  &  Co.,  Inventors,  Patentees,  Manufacturers,  Brass- 
founders,  Electric  Telegraph  Engineers,  Turret  Clock  Makers,  &c., 
Albion  Works,  Salford,  Manchester.  15th  Edition,  4to,  140  pp. 
price  2.3. ,  post  free.  VJ^ist  Published. 
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Field- Book  for  Engineers. 


THE  ENGINEER'S,  MINING  SURVEYOR'S,  and  CON- 
TRACTOR'S FIELD-BOOK.  By  W.  Davis  Haskoll,  Civil 
Engineer.  Second  Edition,  much  enlarged,  consisting  of  a  Series 
of  Tables,  with  Rules,  Explanations  of  Systems,  and  Use  of  Theo- 
dolite for  Traverse  Surveying  and  Plotting  the  Work  with  minute 
accuracy  by  means  of  Straight  Edge  and  Set  Square  only ;  Levelling 
with  the  Theodolite,  Casting  out  and  Reducing  Levels  to  Datum, 
and  Plotting  Sections  in  the  ordinaiy  manner;  Setting  out  Curves 
with  the  Theodolite  by  Tangential  Angles  and  Multiples  with  Right 
and  Left-hand  Readings  of  the  Instrument;  Setting  out  Curves 
without  Theodolite  on  the  System  of  Tangential  Angles  by  Sets  of 
Tangents  and  Offsets ;  and  Earthwork  Tables  to  80  feet  deep  cal- 
culated for  every  6  inches  in  depth.  With  numerous  wood- cuts, 
i2mo,  price  \2s.  cloth. 

"  A  verj'  useful  work  for  the  practical  engineer  and  surveyor.  Every  person 
engaged  in  engineering  field  operations  will  estimate  the  importance  of  such  a  work 
and  the  amount  of  valuable  time  which  will  be  saved  by  reference  to  a  set  of  reliable 
tables  prepared  with  the  accuracy  and  fulness  of  'those  given  in  this  volume." — Rail- 
•wny  Ne^vs. 

"The  book  is  verj^  handy,  and  the  author  might  have  added  that  the  separate  tables 
of  sines  and  tangents  to  every  minute  will  make  it  useful  for  many  other  purposes,  the 
genuine  traverse  tables  existing  all  the  same." — Athenceuin. 

"  The  work  forms  a  handsome  pocket  volume,  and  cannot  fail,  from  its  portability 
and  utilitj',  to  be  extensively  patronised  by  the  engineering  profession.' — Almiti^ 
yo7ima]. 

"  We  know  of  no  better  field-book  of  reference  or  collection  of  tables  than  that 
Mr.  Haskoll  has  given." — Artizaii. 

"  A  series  of  tables  likely  to  be  very  useful  to  manj-  civil  engineers." — Building  News. 

' '  A  verj'  useful  book  of  tables  for  expediting  field-work  operations.  .  .  .  The  present 
edition  has  been  much  enlarged. " — Mechanics'  Magazine. 

"We  strongly  recommend  this  second  edition  of  Mr,  HaskoU's  '  Field  Book*  to  all 
classes  of  surveyors." — Colliery  Guardian. 

Railway  Engineering. 

THE  PRACTICAL  RAILWAY  ENGINEER.  A  concise 
Description  of  the  Engineering  and  Mechanical  Operations  and 
Structures  which  are  combined  in  the  Fonnation  of  Railways  for 
Public  Traffic  ;  embracing  an  Account  of  the  Principal  Works  exe- 
cuted in  the  Constniction  of  Railways  ;  with  Facts,  Figures,  and 
Data,  intended  to  assist  the  Civil  Engineer  in  designing  and  executing 
the  important  details  required.  By  G.  Drysdale  Dempsey,  C.E. 
Fourth  Edition,  revised  and  greatly  extended.  With  71  double 
quarto  Plates,  72  Woodcuts,  and  Portrait  of  George  Stephenson. 
One  large  vol.  4to,  2/.  12s.  6d.  cloth. 

Harbours. 

THE  DESIGN  and  CONSTRUCTION  of  HARBOURS.  By 
Thomas  Stevenson,  F.R.S.E.,  M.I. C.E.  Reprinted  and  en- 
larged from  the  Article  "Harbours,"  in  the  Eighth  Edition  of  "  Tlae 
Encyclopaedia  Britannica."  With  10  Plates  and  numerous  Cuts. 
8vo,  \os.  6d.  cloth. 
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Bridge  Construction  in  Masonry,   Timber,  and 
Iron. 

EXAMPLES  OF  BRIDGE  AND  VIADUCT  CONSTRUC- 
TION OF  MASONRY,  TIMBER,  AND  IRON  ;  consisting  of 
46  Plates  from  the  Contract  Drawings  or  Admeasurement  of  select 
Works.  By  W.  Davis  Haskoll,  C.E.  Second  Edition,  with 
the  addition  of  554  Estimates,  and  the  Practice  of  Setting  out  Works, 
illustrated  with  6  pages  of  Diagrams.  Imp.  4to,  price  2/.  \2s.  6d. 
half-morocco. 

"  One  of  the  very  few  works  extant  descending  to  the  level  of  ordinary  routine,  and 
treating  on  the  common  cvery-day  practice  of  the  railway  engineer.  ...  A  work  of 
the  present  nature  by  a  man  of  Mr.  Haskoll's  experience,  must  prove  invaluable  to 
hundreds.  The  tables  of  estimates  appended  to  this  edition  will  considerably  enhance 
its  value." — Engvieering. 

"  A  very  valuable  volume." — Builder. 

"An  excellent  selection  of  examples,  very  carefully  drawn  to  useful  scales  of  pro- 
portion. " — A  riizan. 

Mathematical  and  Drawing  Instruments. 

A  TREATISE  ON  THE  PRINCIPAL  MATHEMATICAL 
AND  DRAWING  INSTRUMENTS  employed  by  the  Engineer, 
Architect,  and  Surveyor.  By  Frederick  W.  Simms,  F.G.S.,  M. 
Inst.  C.E.,  Author  of  "Practical  Tunnelling,"  &c.  &c.  Third 
Edition,  with  a  Description  of  the  Theodolite,  together  with  Instruc- 
tions in  Field  Work,  compiled  for  the  use  of  Students  on  commenc- 
ing practice.     With  numerous  Cuts.     i2mo,  price  3i-.  6^.  cloth. 

Matkefuatical  Instricments,  their  Construction,  &c. 

MATHEMATICAL  INSTRUMENTS  :  their  CONSTRUC- 
TION, ADJUSTMENT,  TESTING,  AND  USE;  comprising 
Drawing,  Measuring,  Optical,  Surveying,  and  Astronomical  Instru- 
ments. By  J.  F.  Heather,  M.A.,  Author  of  "Practical  Plane 
Geometry,"  "Descriptive  Geometry,"  &c.  Enlarged  Edition,  for 
the  most  part  entirely  rewritten.  With  numerous  Wood-cuts. 
i2mo,  cloth  boards,  price  $s.  [Now  ready. 

Oblique  Arches. 

A  PRACTICAL  TREATISE  ON  THE  CONSTRUCTION  of 
OBLIQUE  ARCHES.  By  John  Hart.  Third  Edition,  witli 
Plates.     Imperial  8vo,  price  Zs.  cloth. 

*^*   The  small  remaining  stock  of  this  work,  which  has  been  iin- 
obtainable/or  some  time,  has  just  been  purchased  by  LoCKWOOD  Si.  Co. 

Oblique  Bridges. 

A  PRACTICAL  and  THEORETICAL  ESSAY  on  OBLIQUE 
BRIDGES,  with  13  large  folding  Plates.  By  Geo.  Watson 
Buck,  M.  Inst.  C.E.  Second  Edition,  corrected  by  W.  H. 
Barlow,  M.  Inst.  C.E.     Imperial  8vo,  I2j.  cloth. 

"The  standard  text-book  for  all  engineers  regarding  skew  arches,  is  Mr.  Buck's 
treatise,  and  it  would  be  impossible  to  consult  a  better." — E^igiiieer. 

"  A  very  complete  treatise  on  the  subject,  re-edited  by  Mr.  Barlow,  who  has  added 
to  it  a  method  of  making  the  requisite  calculations  without  the  use  of  trigonometrical 
formulae." — Builder.  « 
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WeaUs  Series  of  Rudimentary   Works. 

These  highly  popular  and  cheap  Series  of  Books,  now  comprising 
nearly  Three  Hundred  distinct  Works  in  almost  every  department  of 
Science,  Art,  and  Education,  are  recommended  to  the  notice  of  En- 
gineers, Architects,  Builders,  Artizans,  and  Students  generally,  as  well 
as  to  those  interested  in  Workmen's  Libraries,  Free  Libraries,  Literary 
and  Scientific  Institutions,  Colleges,  Schools,  Science  Classes,  &c.,  &g. 

Lists  of  the  seyeral  Series  may  be  had  on  application  to  LOCKWOOD 
4  CO. 

The  following  is  a  Selection  of  the  Works  07t  Civil  Engineering,  ^^c. — 

STEAM  ENGINE.    By  Dr.  Lardneb.     is. 

TUBULAR  AND   IRON  GIRDER    BRIDGES,  including  the  Britannia   and 

Conway  Bridges.     By  G.  D.  Dempsey.     xs.  6d. 
STEAM  BOILERS,   their  Construction  and  Management.     By  R.   Armstrong. 

With  Additions,     u.  6d. 
RAILWAY  CONSTRUCTION.     By  Sir  M.  Stephenson.    New  Edition,  as.  6d. 
STEAM  ENGINE,  Mathematical  Theory  of.     By  T.  Baker,     xs. 
ENGINEER'S  GUIDE  TO  THE. ROYAL  AND  MERCANTILE  NAVIES. 

By  a  Practical  Engineer.     Revised  by  D.  F.  McCarthy.     3^. 
LIGHTHOUSES,  their  Construction  and  Illumination.     By  Alan  Stevenson.     3^. 
CRANES  AND  MACHINERY  FOR  RAISING  HEAVY  BODIES,  the  Art  of 

Constructing.     By  J.  Glynn,     is. 
CIVIL  ENGINEERING.     By  H.  Law  and  G.  R.  Burnell.     Ne^v  Edition,  5J. 
DRAINING  DISTRICTS  AND  LANDS.  By  G.  D.  Dempsey.  -lsM.  ]       The 
DRAINING  AND  SEWAGE  OF  TOWNS  AND  BUILDINGS.   By  [-2  vols,  in  r, 

G.  D.  Dempsey.     is.  J        3-r- 

WELL-SINKING,   BORING,  AND  PUMP  WORK.      By  J.   G.    Swindell  ; 

Revised  by  G.  R.  Burnell.     xs. 
ROAD-MAKING  AND   MAINTENANCE   OF    MACADAMISED   ROADS. 

By  Gen.  Sir  J.  Burgoyne.     xs.  6d. 
AGRICULTURAL    ENGINEERING,    BUILDINGS,    MOTIVE    POWERS, 

FIELD  MACHINES,  MACHINERY  AND  IMPLEMENTS.      By  G.   H. 

Andrews,  C.E.    3J. 
ECONOMY  OF  FUEL.     By  T.  S.  Prideaux.     i.f.  6d. 
EMBANKING  LANDS  FROM  THE  SEA.     By  J.  Wiggins.    2s. 
WATER  POWER,  as  applied  to  Mills,  &c.     By  J.  Glynn,     zs. 

GAS    WORKS,    AND    THE    PRACTICE    OF    MANUFACTURING    AND 

DISTRIBUTING  COAL  GAS.     By  S.  Hughes,  C.E.     3.?. 
WATERWORKS  FOR  THE  SUPPLY  OF   CITIES  AND  TOWNS.      By  S. 

Hughes,  C.E.     3,y. 
SUBTERRANEOUS  SURVEYING,  AND  THE  MAGNETIC  VARIATION 

OF  THE  NEEDLE.     By  T.  Fenwick,  with  Additions  by  T.  Baker,     zs.  6d. 
CIVIL  ENGINEERING  OF  NORTH  AMERICA.    By  D.  Stevenson.     3^. 
HYDRAULIC  ENGINEERING.     By  G.  R.  Burnell.     3J. 
RIVERS  AND  TORRENTS,  with  the  Method  of  Regulating  their  Course  and 

Channels,  Navigable  Canals,  &c.,  from  the  Italian  of  Paul  Frisi.     zs.  6d. 
COMBUSTION  OF  COAL  AND   THE  PREVENTION   OF   SMOKE.     By 

C.  Wye  Williams,  M.I, C.E.    3.?. 
WATER  POWER,  as  applied  to  Mills,  &c.     By  J.  Glynn,     zs. 
MARINE  ENGINES  and  STEAM  VESSELS  and  the  SCREW.     By  Robert 

Murray,  C.E.     Fifth  Edition.     3J.  , 
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ARCHITECTURE,   &c. 

Construction, 

THE   SCIENCE  of  BUILDING  :   an  Elementary  Treatise  on 

the  Principles  of  Construction.     By  E.  Wyndham  Tarn,  M.A., 

Architect.     Illustrated   with  47   Wood  Engravings.     Demy  8vo, 

price  Sj.  dd.  cloth.  \Recently  published. 

"A  very  valuable  book,  which  we  strongly  recommend  to  all  students." — Builder. 

"While  Mr.  Tarn's  valuable  little  volume  is  quite  sufficiently  scientific  to  answer 

the  purposes  intended,  it  is  written  in  a  style  that  will  deservedly  make  it  popular. 

The  diagrams  are  numerous  and  exceedingly  well  executed,  and  the  treatise  does 

credit  alike  to  the  author  and  the  publisher." — Engineer. 

"  No  architectural  student  should  be  without  this  hand-book  of  constructional 
knowledge." — A  rchitect. 

"The  book  is  very  far  from  being  a  mere  compilation  ;  it  is  an  able  digest  of 
information  which  is  only  to  be  found  scattered  through  various  works,  and  contains 
more  really  original  writing  than  many  putting  forth  far  stronger  claims  to  originality." 
— Engineering. 

Beaton  s  Pocket  Estimator. 

THE  POCKET  ESTIMATOR  FOR  THE  BUILDING 
TRADES,  being  an  easy  method  of  estimating  the  various  parts 
of  a  Building  collectively,  more  especially  applied  to  Carpenters' 
and  Joiners'  work,  priced  according  to  the  present  value  of  material 
and  labour.  By  A.  C.  Beaton,  Author  of  *  Quantities  and 
Measurements.'    33  Woodcuts.     Leather,  waistcoat-pocket  size.  2J-. 

Beaton  s Builders^  and  Surveyors  Technical  Gtiide. 

THE  POCKET  TECHNICAL  GUIDE  AND  MEASURER 
FOR  BUILDERS  AND  SURVEYORS:  containing  a  Complete 
Explanation  of  the  Terms  used  in  Building  Construction,  Memo- 
randa for  Reference,  Technical  Directions  for  Measuring  Work  in 
all  the  Building  Trades,  with  a  Treatise  on  the  Measurement  of 
Timbers,  and  Complete  Specifications  for  Houses,  Roads,  and 
Drains.  By  A.  C.  Beaton,  Author  of  '  Quantities  and  Measure- 
ments.' With  19  Woodcuts.    Leather.    Waistcoat  pocket  size.   2s. 

\_N'o'zv  ready. 

Villa  Architecture. 

A  HANDY  BOOK  of  VILLA  ARCHITECTURE ;  being  a 
Series  of  Designs  for  Villa  Residences  in  various  Styles.  With 
Detailed  Specifications  and  Estimates.  By  C.  Wickes,  Architect, 
Author  of  "The  Spires  and  Towers  of  the  Mediaeval  Churches  of 
England,"  &c.  First  Series,  consisting  of  30  Plates  ;  Second 
Series,  31  Plates.  Complete  in  i  vol.,  4to,  price  2/.  \Q>s.  half 
morocco.  Either  Series  separate,  price  i/.  *]s.  each,  half  morocco. 
**  The  whole  of  the  designs  bear  evidence  of  their  being  the  work  of  an  artistic 

architect,  and  they  will  prove  very  valuable  and  suggestive  to  architects,  students,  and 

amateurs." — Building  News. 

The  Architect's  Guide. 

THE  ARCHITECT'S  GUIDE ;  or,  Ofhce  and  Pocket  Com- 
panion for  Engineers,  Architects,  Land  and  Building  Surveyors, 
Contractors,  Builders,  Clerks  of  Works,  &c.  By  W.  Davis 
Haskoll,  C.E.,  R.  W.  Billings,  Architect,  F.  Rogers,  and 
P.  Thompson.  With  numerous  Experiments  by  G.  Rennie, 
C.E.,  &C.     Woodcuts,  i2mo,  cloth,  price  3J.  dd. 
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Vitruvius'  Architecture. 

THE  ARCHITECTURE  OF  MARCUS  VITRUVIUS 
POLLIO.  Translated  by  Joseph  Gwilt,  F.S.A.,  F.R.A.S. 
Numerous  Plates.     i2mo,  cloth  limp,  price  5j. 

The  Young  Architect's  Book. 

HINTS  TO  YOUNG  ARCHITECTS.  By  George  Wight- 
WICK,  Architect,  Author  of  "  The  Palace  of  Architecture,"  &c.  &c. 
Second  Edition.    With  numerous  Woodcuts.    8vo,  7j-.,  extra  cloth. 

Drawing  for  Builders  and  Students, 

PRACTICAL  RULES  ON  DRAWING  for  the  OPERATIVE 
BUILDER  and  YOUNG  STUDENT  in  ARCHITECTURE. 
By  George  Pyne,  Author  of  a  "Rudimentary  Treatise  on  Per- 
spective for  Beginners."     With  14  Plates,  4to,  7^-.  6^.,  boards. 
Contents. — I.  Practical  Rules  on  Drawing — Outlines.     II.  Ditto — the  Grecian 
raid  Roman  Orders.     III.  Practical  Rules  on  Drawing — Perspective.    IV.  Practical 
Rules  on  Light  and  Shade.     V.  Practical  Rules  on  Colour,  &c.  &c. 

Drawing  for  Engineers,  &c. 

THE  WORKMAN'S  MANUAL  OF  ENGINEERING 
DRAWING.  By  John  Maxton,  Instructor  in  Engineering 
Drawing,  South  Kensington.  With  upwards  of  300  Plates  and 
Diagrams.     i2mo,  cloth,  strongly  bound,  4^-.  6d.  {^N'oiu  ready. 

"  Even  accomplished  draughtsmen  will  find  in  it  much  that  will  be  of  use  to  them. 
A  copy  of  it  should  be  kept  for  reference  in  every  drawing  office." — Engitiecring. 

"An  indispensable  book  for  teachers  of  engineering  drawing."  —  Mechanics' 
Magazine, 

Cottages^  Villas^  and  Country  Houses. 

DESIGNS  and  EXAMPLES  of  COTTAGES,  VILLAS,  and 
COUNTRY  HOUSES  ;  being  the  Studies  of  several  eminent 
Architects  and  Builders  ;  consisting  of  Plans,  Elevations,  and  Per- 
spective Views ;  with  approximate  Estimates  of  the  Cost  of  each. 
In  4to,  with  67  plates,  price  i/.  is.,  cloth. 

Weald s  Builder  s  and  Contractor's  Price  Book. 

THE  BUILDER'S  AND  CONTRACTOR'S  PRICE  BOOK 
(LocKWOOD  &  Co.'s,  formerly  Weale's).  Published  Annually. 
Containing  Prices  for  Work  in  all  branches  of  the  Building  Trade, 
with  Items  numbered  for  easy  reference,  and  an  Appendix  of 
Tables,  Notes,  and  Memoranda,  arranged  to  afford  detailed  infor- 
mation, commonly  required  in  preparing  Estimates,  &c.  Originally 
Edited  by  the  late  Geo.  R.  Burnell,  C.E.,  &c.    i2mo,  4j-.,  cloth. 

"  A  multitudinous  variety  of  useful  information.  With  its  aid  the  prices  for  all 
work  connected  with  the  building  trade  may  be  estimated." — Building  News. 

"  Carefully  revised,  admirably  arranged,  and  clearly  printed.  ...  A  reliable  book 
of  reference." — Engineer. 

"Valuable  to  the  builder  or  conXxz.zX.or.'"— Mechanics'  Magazine. 
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Handbook  of  Specifications. 


THE  HANDBOOK  OF  SPECIFICATIONS  ;  or,  Practical 
Guide  to  the  Architect,  Engineer,  Surveyor,  and  Builder,  in  drawing 
up  Specifications  and  Contracts  for  Works  and  Constructions. 
Illustrated  by  Precedents  of  Buildings  actually  executed  by  eminent 
Architects  and  Engineers,  Preceded  by  a  Preliminary  Essay,  and 
Skeletons  of  Specifications  and  Contracts,  &c.,  &c.,  and  explained 
by  numerous  Lithograph  Plates  and  Woodcuts.  By  Professor 
Thomas  L.  Donaldson,  President  of  the  Royal  Institute  of  British 
Architects,  Professor  of  Architecture  and  Construction,  University 
College,  London,  M.I.B.A.,  Member  of  the  various  European 
Academies  of  the  Fine  Arts.  With  A  Review  of  the  Law  of 
Contracts,  and  of  the  Responsibilities  of  Architects,  Engineers, 
and  Builders.  By  W.  Cunningham  Glen,  Barrister-at-Law,  of 
the  Middle  Temple.  2  vols.,  8vo,  with  upwards  of  11 00  pp.  of 
text,  and  33  Lithographic  Plates,  cloth,  2/.  is.    (Published  at  4/. ) 

"  In  these  two  volumes  of  i,  100  pages  'together),  forty-four  specifications  of  executed 
works  are  given,  including  the  specifications  for  parts  of  the  new  Houses  of  Parliament, 
by  Sir  Charles  Barrj',  and  for  the  new  Royal  Exchange,  by  Mr.  Tite,  M.P.  The 
latter,  in  particular,  is  a  very  complete  and  remarkable  document  It  embodies,  to  a 
great  extent,  as  Mr.  Donaldson  mentions,  '  the  bill  of  quantities,  with  the  description 
of  the  works,'  and  occupies  more  than  100  printed  pages. 

"Amongst  the  other  known  buildings,  the  specifications  of  which  are  given,  are 
the  Wiltshire  Lunatic  Asylum  (Wyatt  and  Brandon)  ;  Tothill  Fields  Prison  (R.  Abra- 
ham) ;  the  City  Prison,  Holloway  (Running)  ;  the  High  School,  Edinburgh  'Hamilton) ; 
Clothworkers'  Hall,  London  (Angel;  ;  Wellington  College,  Sandhurst  (J.  Shaw) ; 
Houses  in  Grosvenor  Square,  and  elsewhere  ;  St.  George's  Church,  Doncaster 
(Scott)  ;  several  works  of  smaller  size  by  the  Author,  including  Messrs.  Shaw's  Ware- 
house in  Fetter  Lane,  a  very  successful  elevation  ;  the  Newcastle-upon-Tyne  Railway 
Station  (J.  Dobson)  ;  new  Westminster  Bridge  (Page)  ;  the  High  Level  Bridge,  New- 
castle (R.  Stephenson")  ;  various  works  on  the  Great  Northern  Railway  (Brydone) ; 
and  one  French  specification  for  Houses  in  the  Rue  de  Rivoli,  Paris  (MM.  Armand, 
Hittorff,  Pellechet,  and  Rohault  de  Fleury,  architects).  The  last  is  a  very  elaborate 
composition,  occupying  seventy  pages.  The  majority  of  the  specifications  have  illus- 
trations in  the  shape  of  elevations  and  plans. 

"We  are  most  glad  to  have  the  present  work.  It  is  valuable  as  a  record,  and  more 
valuable  still  as  a  book  of  precedents. 

"About  140  pages  of  the  second  volume  are  appropriated  to  an  exposition  of  the 
law  in  relation  to  the  legal  liabilities  of  engineers,  architects,  contractors,  and  builders, 
by  Mr.  W.  Cunningham  Glen,  Barrister-at-law  ;  intended  rather  for  those  persons 
than  for  the  legal  practitioner.  Suffice  it,  in  conclusion,  to  say  in  words  what  our 
readers  will  have  gathered  for  themselves  from  the  particulars  we  have  given,  that 
Donaldson's  Handbook  of  Specifications  must  be  bought  by  all  architects." — Builder, 


Mechanical  Engineering. 


A  PRACTICAL  TREATISE  ON  MECHANICAL  ENGI- 
NEERING: comprising  Metallurgy,  Moulding,  Casting,  Forging, 
Tools,  Workshop  Machinery,  Mechanical  Manipulation,  Manufac- 
ture of  the  Steam  Engine,  &c.  &c.  With  an  Appendix  on  the 
Analysis  of  Iron  and  Iron  Ore,  and  Glossary  of  Terms.  By  Francis 
Cam  PIN,  C.E.  Illustrated  with  91  Woodcuts  and  28  Plates  of 
Slotting,  Shaping,  Drilling,  Punching,  Shearing,  and  Riveting 
Machines — Blast,   Refining,  and  Reverberatory  Furnaces — Steam 

Engines,  Governors,  Boilers,  Locomotives,  &c.     Demy  8vo,  cloth, 

pi«:e  \is. 


i8 
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Grantham  s  Iron  Skip-Building;  enlarged. 

ON  IRON  SHIP-BUILDING  ;  with  Practical  Examples  and 
Details.  Fifth  Edition.  Imp.  4to,  boards,  enlarged  from  24  to  40 
Plates  (21  quite  new),  including  the  latest  Examples.  Together 
with  separate  Text,  i2mo,  cloth  limp,  also  considerably  enlarged, 
By  John  Grantham,  M.  Inst.  C.E.,  &c.     Price  2/.  2j.  complete. 

Description  of  Plates. 


Hollow   and   Bar  Keels,  Stem   and  I 
Stern  Posts.  [Pieces.  . 

Side   Frames,    Floorings,  and   Bilge  j 

Floorings  coniimied — Keelsons,  Deck 
Beams,  Gunwales,  and  Stringers. 

Gunwales  continued — Lower  Decks, 
and  Orlop  Beams. 

Gunwales  and  Deck  Beam  Iron. 

Angle-Iron,  T  Iron,  Z  Iron,  Bulb 
Iron,  as  Rolled  for  Building. 

Rivets,  shown  in  section,  natural  size ; 
Flush  and  Lapped  Joints,  with 
Single  and  Double  Riveting. 

Plating,  three  plans  ;  Bulkheads  and 
Modes  of  Securing  them. 

Iron  Masts,  with  Longitudinal  and 
Transverse  Sections. 

Sliding  Keel,  Water  Ballast.Moulding 
the  Frames  in  Iron  Ship  Building, 
Levelling  Plates. 

Longitudinal  Section,  and  Half- 
breadth  Deck  Plan  of  Large  Vessels 
on  a  reduced  Scale. 

Midship  Sections  of  Three  Vessels. 

Large  Vessel,  showing  Details — Fore 
End  in  Section,  and  End  View, 
with  Stem  Post,  Crutches,  &;c. 

Large  ^^jj£'/,showing  Details — After 
End  in  Section,  with  End  View, 
Stern  Frame  for  Screw,  and  Rudder. 

Large  Vessel,  showing  Details— J/iV/- 
ship  Section,  half  breadth. 

Machines  for  Punching  and  Shearing 
Plates  and  Angle-Iron,  and  for 
Bending  Plates  ;  Rivet  Hearth. 

Beam-Bending  Machine,  Indepen- 
dent Shearing,  Punching  and  Angle- 
Iron  Machine. 


Double  Lever  Punching  and  Shearing 
Machine,  arranged  for  cutting 
Angle  and  T  Iron,  with  Dividing 
Table  and  Engine. 

^6.  3Tachines. — Garforth's  Riveting  Ma- 
chine, Drilling  aud  Counter-Sinking 
Machine. 

i6a.  Plate  Planing  Machine. 

17.  Air  Furnace  for  Heating  Plates  and 

Angle-Iron  :  Various  Tools  used  in 
•    Riveting  and  Plating. 

18.  Gumvale  ;  Keel  and  Flooring  ;  Plan 

for  Sheathing  with  Copper. 
i8rt.  Grantham's  Improved  Plan  of  Sheath- 
ing Iron  Ships  with  Copper. 

19.  Illustrations  of  the  Magnetic  Condi- 

tion of  various  Iron  Ships. 

20.  Gray's  Floating   Compass  and  Bin- 

nacle, with  Adjusting  Magnets,  &c. 

21.  Corroded    Iron    Bolt    in    Frame    of 

Wooden  Ship  ;  Jointing  Plates. 

22-4.  Great  Eastern — Longitudinal  Sec- 
tions and  Half-breadth  Plans — Mid- 
ship Section,  with  Details — Section 
in  Engine  Room,  and  Paddle  Boxes. 

25-6.  Paddle  Steam  Vessel  of  Steel. 

27.    Scarbrough — Paddle  Vessel  of  Steel. 

28-9.  Proposed  Passenger  Steamer. 

30.  Persian — Iron  Screw  Steamer. 

31.  Midship    Section    of   H.M.     Steam 

Frigate,  Warrior. 

32.  Iklidship    Section    of    H.M.    Steam 

Frigate,  Hercules. 

33.  Stem,    Stern,    and  Rudder  of  H.M. 

Steam  Frigate,  Bellerophon. 

34.  Midship  Section  of  H.M.  Troop  Ship, 

Serapis. 

35.  Iron  Floating  Dock. 


"An  enlarged  edition  of  an  elaborately  illustrated  work." — Builder. 

"  This  edition  of  Mr.  Grantham's  work  has  been  enlarged  and  improved,  both  with 
respect  to  the  text  and  the  engravings  being  brought  down  to  the  present  period.  .  .  . 
The  practical  operations  required  in  producing  a  shipare  described  and  illustrated  with 
care  and  precision." — Mechanics'  Magazine. 

"  A  thoroughly  practical  work,  and  every  question  of  the  many  in  relation  to  iron 
.shipping  which  admit  of  diversity  of  opinion,  or  have  various  and  conflicting  personal/ 
interests  attached  to  them,  is  treated  with  sober  and  impartial  wisdom  and  good  sense' 
.     .     .     .     As  good  a  volume  for  the  instruction  of  the  pupil  or  student  of  iron  nay^ 
architecture  as  can  be  found  in  any  language.  "—Pr^^rZ/Vrt/  Mechanics'  Jourrf 

"  A  very  elaborate  work.     .     .     .     It  forms  a  most  valuable  addition  to  the  hi-^ 
of  iron  shipbuilding,  while  its  having  been  prepared  by  one  who  has  made  the  §♦ 
his  study  for  many  years,  and  whose  qualifications  have  been  repeatedly  reco^ 
will  recommend  it  as  one  of  practical  utility  to  all  interested  in  shipbuilding."'' 
a7id  Navy  Gazette.  / 
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CARPENTRY,  TIMBER,  &c. 

Tredgold's  Carpentry^  new  &  enlarged  Edition. 

THE  ELEMENTARY  PRINCIPLES  OF  CARPENTRY  : 
a  Treatise  on  the  Pressure  and  Equilibrium  of  Timber  Framing,  the 
Resistance  of  Timber,  and  the  Construction  of  Floors,  Arches, 
Bridges,  Roofs,  Uniting  Iron  and  Stone  with  Timber,  &c.  To  which 
is  added  an  Essay  on  the  Nature  and  Properties  of  Timber,  &c., 
with  Descriptions  of  the  Kinds  of  Wood  used  in  Building  ;  also 
numerous  Tables  of  the  Scantlings  of  Timber  for  different  purposes, 
the  Specific  Gravities  of  Materials,  &c.  By  Thomas  Tredgold, 
C.E.  Edited  by  Peter  Barlow,  F.R.S.  Fifth  Edition,  cor- 
rected and  enlarged.  With  64  Plates  (i  i  of  which  now  first  appear 
in  this  edition),  Portrait  of  the  Author,  and  several  Woodcuts.  In 
I  vol.,  4to,  pulDlished  at  2/,  2s.,  reduced  to  i/.  5^'.,  cloth. 

"'Tredgold's  Carpentry'  ought  to  be  in  every  architect's  and  every  builder's 
library,  and  those  who  do  not  already  possess  it  ought  to  avail  themselves  of  the  new 
issue. " — Builder. 

"A  work  whose  monumental  excellence  must  commend  it  wherever  skilful  car- 
pentry is  concerned.  The  Author's  principles  are  rather  confirmed  than  impaired  by 
time,  and,  as  now  presented,  combine  the  surest  base  with  the  most  interesting  dispjay 
of  progressive  science.  The  additional  plates  are  of  great  intrinsic  value." — Building 
News. 

'"Tredgold's  Carpentry*  has  ever  held  a  high  position,  and  the  issue  of  the  fifth 
edition,  in  a  still  more  improved  and  enlarged  form,  will  give  satisfaction  to  a  very 
large  number  of  artisans  who  desire  to  raise  themselves  in  their  business,  and  who 
seeK  to  do  so  by  displaying  a  greater  amount  of  knowledge  and  intelligence  than  their 
fellow-workmen.  It  is  as  complete  a  work  as  need  be  desired.  To  the  superior 
workman  the  volume  will  prove  invaluable  ;  it  contains  treatises  written  in  language 
which  he  will  readily  comprehend." — Mining  Jojtrnal. 

Grandys  Timber  Tables. 

THE   TIMBER   IMPORTER'S,    TIMBER   MERCHANT'S, 

and  BUILDER'S    STANDARD   GUIDE.      By  Richard  E. 

Grandy.     Comprising  : — An  Analysis  of  Deal  Standards,  Home 

and  Foreign,  with  comparative  Values  and  Tabular  Arrangements 

for  Fixing  Nett  Landed  Cost  on  Baltic  and  North  American  Deals, 

including  all  intermediate  Expenses,  Freight,  Insurance,  Duty,  &c., 

&c.  ;   together  with  Copious   Information   for   the   Retailer  and 

Builder.      i2mo,  price  'js.  6d.  cloth. 

"Everything  it  pretends  to  be:  built  up  gradually,  it  leads  one  from  a  forest  to  a 

treenail,  and  throws  in,  as  a  makeweight,  a  host  of  material  concerning  bricks,  columns, 

cisterns,  &c. — all  that  the  class  to  whom  it  appeals  requires." — English  Mechanic. 

"  The  only  difficulty  we  have  is  as  to  what  is  not  in  its  pages.  What  we  have  tested 
of  the  contents,  taken  at  random,  is  invariably  correct." — Illustrated  Builder' s  Journal, 

Tables  for  Packing-Case  Makers. 

PACKING-CASE  TABLES  ;  showing  the  number  of  Superficial 
Feet  in  Boxes  or  Packing- Cases,  from  six  inches  square  and 
upwards.  Compiled  by  William  Richardson,  Accountant. 
Oblong  4to,  cloth,  price  3J.  (>d. 

Vfill  save  much  labour  and  calculation  to  packing-case  makers  and  those  who  use 
packmj-cases." — Grocer.  "  Invaluable  labour-saving  tables." — Ironmonger. 
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Scott  Burn^s  Introduction  to  Farming. 

THE  LESSONS  of  MY  FARM  :  a  Book  for  Amateur  Agricul- 
turists, being  an  Introduction  to  Farm  Practice,  in  the  Culture  of 
Crops,  the  Feeding  of  Cattle,  Management  of  the  Dairy,  Poultry, 
and  Pigs,  and  in  the  Keeping  of  Farm.-work  Records.  By  Robert 
Scott  Burn,  Editor  of  "The  Year-Book  of  Agricultural  Facts," 
&c.  With  numerous  Illustrations.  Fcp.  6j.  cloth. 
"A  most  complete  introduction  to  the  whole  round  of  farming  practice." — John 

Bull. 

"There  are  many  hints  in  it  which  even  old  farmers  need  not  be  ashamed  to 

accept." — Morning  Herald. 

Tables  for  Land  Valuers. 

THE  LAND  VALUER'S  BEST  ASSISTANT :  being  Tables, 
on   a  very  much   improved  Plan,   for  Calculating  the   Value   of 
Estates.     To  which  are  added.  Tables  for  reducing  Scotch,  Irish, 
and  Provincial  Customary  Acres  to  Statute  Measure ;  also,  Tables 
of  Square  Measure,  and   of  the  various  Dimensions  of  an  Acre  in 
Perches  and  Yards,  by  which  the  Contents  of  any  Plot  of  Ground 
may  be  ascertained  without  the  expense  of  a  regular  Survey  ;  &c. 
By  R.  Hudson,  Civil  Engineer.     New  Edition,  with  Additions  and 
Corrections,  price  4r.  strongly  bound. 
"  This  new  edition  includes  tables  for  ascertaining  the  value  of  leases  for  any  term 
of  years ;  and  for  showing  how  to  lay  out  plots  of  ground  of  certain  acres  in  forms, 
square,  round,  &c.,  with  valuable  rules  for  ascertaining  the  probable  worth  of  standing 
timber  to  any  amount ;  and  is  of  incalculable  value  to  the  country  gentleman  and  pro- 
fessional man." — Farmers  Journal. 

The  Laws  of  Mines  and  Mining  Companies. 

A  PRACTICAL  TREATISE  on  the  LAW  RELATING  to 
MINES  and  MINING  COMPANIES.  By  Whitton  Arun- 
DELL,  Attomey-at-Law.     Crown  8vo.  4^.  cloth. 

Auctioneer  s  Assistant. 

THE  APPRAISER,  AUCTIONEER,  BROKER,  HOUSE 
AND  ESTATE  AGENT,  AND  VALUER'S  POCKET  AS- 
SISTANT, for  the  Valuation  for  Purchase,  Sale,  or  Renewal  of 
Leases,  Annuities,  and  Reversions,  and  of  property  generally; 
with  Prices  for  Inventories,  &c.  By  John  Wheeler,  Valuer,  &c. 
Third  Edition,  enlarged,  by  C.  NoRRiS.  Royal  32mo,  strongly 
bound,  price  5^.  {^Recently  published. 

"  A  neat  and  concise  book  of  reference,  containing  an  admirable  and  clearly- 
arranged  list  of  prices  for  inventories,  and  a  very  practical  guide  to  determine  the 
value  of  furniture,  &c" — Standard. 

The  Civil  Service  Book-keeping. 

BOOK-KEEPING  NO  MYSTERY:  its  Principles  popularly  ex- 
plained, and  the  Theory  of  Double  Entry  analysed  ;  for  the  use  of 
Young  Men  commencing  Business,  Examination  Candidates,  and 
Students  generally.  By  an  Experienced  Book-Keeper,  late  of 
H.M.  Civil  Service.  Second  Edition.  Fcp.  8vo.  price  2j-.  cloth. 
"A  book  which  brings  the  so-called  mysteries  within  the  comprehension  of  the 
simplest  capacity." — Sufiday  Times. 

"It  is  clear  and  concise,  and  exactly  such  a  text-book  as  students  require." — 
Quarterly  Jonr7ial  of  Education, 
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Text-Book  for  Architects,  Engineers,  Surveyors, 
La7id  Agents,  Country  Gentlemen,  &c. 

A  GENERAL  TEXT-BOOK  for  ARCHITECTS,  ENGI- 
NEERS, SURVEYORS,  SOLICITORS,  AUCTIONEERS, 
LAND  AGENTS,  and  STEWARDS,  in  all  their  several  and 
varied  Professional  Occupations  ;  and  for  the  Assistance  and 
Guidance  of  Country  Gentlemen  and  others  engaged  in  the  Trans- 
fer, Management,  or  Improvement  of  Landed  Property ;  together 
with  Examples  of  Villas  and  Country  Houses.  By  Edward  Ryde, 
Civil  Engineer  and  Land  Surveyor.  To  which  are  added  several 
Chapters  on  Agriculture  and  Landed  Property,  by  Professor 
Donaldson,  Author  of  several  works  on  Agriculture.  With 
numerous  Engravings,  in  one  thick  vol.  8vo,  price  i/.  Ss.  cloth. 


CONTENTS. 


Arithmetic. 

Plane  and  Solid  Geometry. 

Mensuration. 

Trigonometry. 

Conic  Sections. 

Land  Measuring. 

Land  Surveying. 

Levelling. 

Plotting. 

Computation  of  Areas. 

Copying  Maps. 

Railway  Surveying. 

Colonial  Surveying. 

Hydraulics       in      connection 

with    Drainage,    Sewerage, 

AND  Water  Supply. 


i  Timber  Measuring. 
!  Artificers'  Work. 

Valuation  of  Estates. 

Valuation  of  Tillage  and  Tenant 
Right. 

Valuation  of  Parishes. 

Builders'  Prices. 

Dilapidations  and  Nuisances. 

The  Law  relating  to  Appraisers  and 
Auctioneers. 

Landlord  and  Tenant, 

Tables  of  Natural  Sines  and  Co- 
sines ;  FOR  Reducing  Links  into 
Feet,  &c.  &c. 

Stamp  L.aws. 

Examples  of  Villas,  &c. 


To  ivhich  are  added  Foicrteen  Chapters 
ON  LANDED  PROPERTY.     By  Professor  Donaldson. 


I. — Landlord  and  Tenant :  their  Position  and  Connections. 
II. — Lease  of  Land,  Conditions  and  Restrictions ;  Choice  of  Tenant, 

and  Assignation  of  the  Deed. 
III.— Cultivation  of  Land,  and  Rotation  of  Crops. 
IV. — Buildings   necessary    on   Cultivated    Lands  :    Dwelling-houses, 

Farmeries,  and  Cottages  for  Labourers. 
V. — Laying  out  Farms,  Roads,  Fences,  and  Gates. 
VI. — Plantations,  Young  and  Old  Timber. 
VII. — Meadows  and  Embankments,  Beds  of  Rivers,  Water  Courses, 
and  Flooded  Grounds. 
Chap.  VIII.— Land  Draining,   Opened  and  Covered  :   Plan,  Execution,  and 
Arrangement  between  Landlord  and  Tenant. 
IX. — Minerals,  Working,  and  Value. 
X. — Expenses  of  an  Estate. 

XI. — Valuation  of  Landed  Property  ;  of  the  Soil,  of  Houses,  of  Woods, 
of  Minerals,  of  Manorial  Rights,  of  Roj'alties,  and  of  Fee 
Farm  Rents. 
XII. — Land  Steward  and  Farm  Bailiff:  Qualifications  and  Duties. 
Chap.  XIII. — Manor  Bailiff,  V/oodreeve,    Gardener,  and  Gamekeeper:  their 

Position  and  Duties. 
Chap.  XIV. — Fixed  Days  of  Audit :  Half-yearly  Payments  of  Rents,  Form  of 
Notices,  Receipts,  and  of  Cash  Books,  General  Map  of  Es- 
Utes,  &c. 


Chap. 
Chap. 

Chap. 
Chap. 

Chap. 
Chap. 
Chap. 


Chap. 
Chap. 
Chap. 


Chap. 
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"  No  Englishman  ought  to  be  without  this  book!' 

EVERY  MAN'S  OWN  LAWYER ;  a  Handy-Book  of  the  Prin- 
ciples of  Law  and  Equity.       By  A  Barrister.      9th  Edition, 
carefully  revised,   including  a  Summary  of  the  New  Bankruptcy  ^  j 
Laws,    the  Fraudulent  Debtors  Act,  the  Reported   Cases   of  the  i|| 
Courts  of  Law  and  Equity,  &c.    With  Notes  and  References  to  the  ' 
Authorities.      i2mo,  price  6j-.  %d.  (saved  at  every  consultation), 
strongly  bound.  \_N(nu  ready. 

Comprising  the  Rights  and  Wrongs  of  Individuals ^  Mercantile  and  Com- 
mercial  Law,  Criminal  Law,  Parish  Law,  County  Court  Law, 
Game  and  Fishery  Laws,  Poor  MeiUs  Lawsuits. 

THE  LAWS   OF  : 


Bankruptcy. 

Bills  of  Exchange. 

Contracts  and  Agreements. 

Copyright. 

Dower  and  Divorce. 

Elections  and  Registration. 

Insurance. 

Libel  and  Slander. 


Mortgages. 

Settlements. 

Stock  Exchange  Practice. 

Trade  Marks  and  Patents. 

Trespass,  Nuisances,  etc. 

Transfer  of  Land,  etc. 

Warranty. 

Wills  and  Agreements,  etc. 


Also  Law  for 


Landlord  and  Tenant. 
Master  and  Servant. 
Workmen  and  Apprentices. 
Heirs,  Devisees,  and  Legatees. 
Husband  and  Wife. 
Executors  and  Trustees. 
Guardian  and  Ward. 
Married  Women  and  Infants. 
Partners  and  Agents. 
Lender  and  Borrower. 
Debtor  and  Creditor. 
Purchaser  and  Vendor. 
Companies  and  Associations. 
Friendly  Societies. 


Clergymen,  Churchwardens. 
Medical  Practitioners,  &c. 
Bankers. 
Farmers. 
Contractors. 

Stock  and  Share  Brokers. 
Sportsmen  and  Gamekeepers. 
Farriers  and  Horse-Dealers. 
Auctioneers,  House- Agents. 
Innkeepers,  &c. 
Pawnbrokers. 
Surveyors. 

Railways  and  Carriers. 
&c.  &c. 


**  No  EnglisJunan  oitght  to  be  ivitJioiit  this  hook .  .  .  any  person  perfectly  unin- 
formed on  legal  matters,  who  may  require  sound  information  on  unknown  law  points, 
will,  by  reference  to  this  book,  acquire  the  necessary  information  ;  and  thus  on  many 
occasions  save  the  expense  and  loss  of  time  of  a  visit  to  a  lawyer." — Engiiteer. 

**  It  is  a  complete  code  of  English  Law,  written  in  plain  language  which  all  can 
understand  .  .  .  should  be  in  the  hands  of  every  business  man,  and  all  who  wish  to 
abolish  lawyers'  bills." — Weekly  Times. 

"  With  the  volume  before  us  in  hand,  a  man  may,  in  nine  cases  out  often,  decide 
his  own  course  of  action,  learn  how  to  proceed  for  redress  of  wrongs,  or  recovery  of 
rights,  and  save  his  pocket  from  the  dreaded  consultation  fees  and  the  incalculable 
bills  of  costs." — Civil  Service  Gazette. 

"  We  have  found  it  highly  satisfactory  as  a  work  of  authority  and  reference,  and  a 
handy-book  of  information.  There  is  abundance  of  cheap  and  safe  law  in  this  work 
for  all  who  want  it." — Hock. 

"  A  useful  and  concise  epitome  of  the  law,  compiled  with  considerable  care." — Law 
Magazine. 

"  What  it  professes  to  be — a  complete  epitome  of  the  laws  of  this  country,  thoroughly 
intelligible  to  non-professional  readers.  The  book  is  a  handy  one  to  have  in  readi- 
ness when  some  knotty  point  requires  ready  solution." — Belfs  Life. 


Bradbtuy,  Evans,  &  Co.,  Printers,  "Whitefriarj ,  London. 


^  A  SELECTION  PROM  WEALE'S  SERIES.  f^lT  ^ 

t^  IVIECHANICAL   ENGINEERING,  &c.  .ijc^? 

v^  MECHANICS,  Rudimentary  Treatise  on ;  being  a  con-  5  ^^v^ ' 

/^•i       cise  Exposition  of  the  General  Principles  of  Mechanical  Science,  '^-^^3^^ 

kZ&       ^^^  ^^^^^^  Applications.     By  C.  Tomlinson.     Illustrated.     Is.  6d.  j if^"^^ 

P.V£'raf^TJe6',  for  the  Use  of  Beginners.    By  Chakles  ^^^ 

ToMLiKSON.     Illustrated.     Is.  6d.  '  S-T^,' 

CRANES,  the  Construction  of,  and  other  Machinery  for  .:?isf^'^^ 

Eaising  Heavy  Bodies  for  the  Erection  of  Buildings,  and  for  'tiZ^^^ 

Hoisting  Goods.    By  Joseph  Glynn,  E.R.S.,  &c.    Illustrated.    Is.  "r^,!^  : 

THE  STEAM  ENGINE;  a  Rudimentary  Treatise  on.  o^^^:^ 

By  Dr.  LauDx\er.     Illustrated.     Is.  itf^^/' 

THE  STEAM  ENGINE,   a  Treatise  on  the    Mathe-  ?^'§ 
matical  Theory  of,  with  Rtiles  at  length,  and  Examples  for  the  use 
of  Practical  Men.     By  T.  Baker,  C.E.     Illustrated.     Is. 

STEAM  BOILERS :  their   Construction  and  Manage- 
ment.    By  R.  Armstrong,  C.E.     Illustrated.     Is,  6d. 


AGRICULTURAL    ENGINEERING :    Farm   Build-  Xg^ 

ings,  Motive  Power,  Field  Machines,  Machinery,  and  Implements,  "i^^^ 

By  G.  H.  Andrews,  C.E.     Illustrated.     3s.  i^''!^  ■ 

CLOCKS,   WATCHES,  AND   BELLS.     By   Edmund  |:rf : 

Beckett  Denison,  LL.D.,  &c.  &c.     Fifth  Edition,  with  Appendix  jl^-^V/' 

and  additional  Illustrations.     3s.  6d.  ^^(^'c 

*^*  The  Ai)pendix  to  tJie  Fourth  Mid  Fifth  Editions,  separately,  Is.  r^^^i^  ' 

r^-!  THE  ECONOMY  OF  FUEL,  particularly  with  refer-  ^^J 

c<  ty^i        ence  to  Eeverberatory  Furnaces  for  the  Manufacture  of  Iron,  and   .^,  <^f 

to  Steam  Boilers.     By  T.  Symes  Prideaux.     Is.  6d.  .p^^Vc" 

MARINE'^  ENGINES  AND   STEAM   VESSELS,  a  ^'^' 

Treatise  on.   Together  with  Practical  Remarks  on  the  Screw  and  j  ic  ^'' 

Propelling  Power,  as  used  in  the  Royal  and  Merchant  Na\'y.   By  'r^^^!^ 

Robert  Murray,  O.E.,  Engineer-Surveyor  to  the  Board  of  Trade,  "r^-^  ^  ; 
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